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Two constant sign solutions for a nonhomogeneous
Neumann boundary value problem

Abstract. We consider a nonlinear Neumann problem with a nonhomoge-
neous elliptic differential operator. With some natural conditions for its
structure and some general assumptions on the growth of the reaction term
we prove that the problem has two nontrivial solutions of constant sign.
In the proof we use variational methods with truncation and minimization
techniques.

1. Introduction

Let Q C R be a bounded domain with a C1* boundary 912, where o € (0, 1]
is a positive constant. In this paper we are looking for smooth solutions to the
following Neumann problem

—diva(Vu(z)) = f(z,u(z)) a.e. in ,

Ou = on 02, (1.1)
ong
where E?Tua = (a(Vu(z)),n(z))gny with n(-) = (n1(:),...,nn(-)) the outward unit

normal vector on 9. On the continuous map a = (a;)¥;: RN — RY we impose
certain conditions (see Section to obtain a p-Laplacian type operator, which uni-
fies several important differential operators. Similar conditions are studied widely
in literature (see Damascelli [2], Montenegro [6], Motreanu-Papageorgiou [7]), as
they allow us to apply the regularity results of Lieberman [5]. The reaction term
f: Q@ xR — Ris a Carathéodory function. We assume that f(z,-) has a positive
and negative z-dependant zero and we are interested in the existence of constant
sign positive and negative solutions of Problem , imposing some growth con-
ditions on f(z,-) only near zero, without any control in +oc.
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The rest of this paper is organized as follows. In Section [2] we provide math-
ematical preliminaries and recall the main mathematical tools which will be em-
ployed in this paper. In Section [3| we formulate the assumptions on maps a and f
and provide a basic example of the reaction term f. Next we prove the existence
theorem using variational and truncation methods.

2. Mathematical background

In this paper we will denote by (-,-)g~ the scalar product in RY. Also || - ||
denotes the norm in Sobolev space W1P(Q). We will assume that 1 < p < co.
In the analysis of Problem (|1.1)) we will use the positive cone

ou

ony,

C’+={u601(§2)| u(z) >0 for all z € Q and =0on 80}

and its interior given by

intCy = {uecCy| u(z)>0foral z € Q}.

Below we present main mathematical tools which will be needed in the proofs
of our results.

DEFINITION 2.1
Let ¢: X O M — R be a functional on a subset M of the Banach space X. We
say that ¢ is

e weakly sequentially lower semicontinuous on M iff for each u € M and each
sequence {u, }n, € M such that u, — u weakly in X, we have

o(u) < liminf ¢(uy,),

n—oo

e weakly coercive iff
o(u) =00 on M.

llwll—o0

THEOREM 2.2 (25.D in Zeidler [9])
Suppose that the functional ¢: X O M — R has the following three properties:

1. M s nonempty closed convex set in reflexive Banach space X,
7. ¢ is weakly sequentially lower semicontinuous,
1. @ is weakly coercive.
Then ¢ has a minimum on M.

THEOREM 2.3 (1.7 in Lieberman [5])
Let h: Ry — R be a Ct-function satisfying
th'(t)
h(t)

0 < <c¢y forallt>0
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with some constants § > 0, co > 0. We define H(§) = fof h(t)dt. By WHH(Q) we
denote the class of functions which are weakly differentiable in the set Q) with

/ H(|Vu|)dz < oo.
)

Let a € (0,1], A, Ay, My > 0 be positive constants and let @ C RY be a bounded
domain with C* boundary. Suppose that A = (Ay,..., An): Q x [—My, Mo] x
RN — RY is differentiable, B: Q x [—~My, My] x RN — R is a Carathéodory
function and functions A, B satisfy the following conditions

(V, A2, 60, y), ) > hﬂj’)w, y# O (2.1a)

9 h(ly)
a—yin(Z,f,y) SAW, y # On, (2~1b)
A1, 0,9) — Az E2,9)] < A1+ (D) (121 — 22 46 — &%), (210)
B(a1, €1,0)] < A (14 (gDlyl) (2.1d)

for all zy, 29 €, &1,&5 € [~My, My and x,y € RN. Then any WHH(Q) solution
u of

div A(z,u, Vu) + B(z,u, Vu) =0
in Q with |u| < My in Q is in CYP(Q) for some positive B depending on o, A, §,
Co, N.

THEOREM 2.4 (5.3.1 in Pucci-Serrin [g])

Let Q@ C RY be a domain. Suppose that A € CY(RY) is such that function
s> sA(s) is strictly increasing in RT and sA(s) — 0 as s — 0. Let B €
L (2 x RT x RYN) satisfy the following condition

loc
B(z,&,y) > —r®(lyl) — p(€)

for all (z,€,y) € Q x [0,00) x RN such that |£| < 1, where k > 0 is a constant,
p: RT — R is non-decreasing on some interval (0,8), § > 0, ®(s) := sA(s) when
s> 0 and ®(0) := 0. For s > 0 we define

If either p =0 in [0,d], d > 0, or the following condition is satisfied
lim E - ds = o0
A8y TP ’
where P(s) = fos p(t) dt, then the strong mazimum principle for
div(A(|Vu(z)])Vu(z)) + B(z,u(z), Vu(z)) <0 (2.2)

holds, i.e. if u is a classical distribution solution of (2.2) with u(z9) = 0 at some
point zg € €, then u = 0 in Q. By classical distribution solution we mean a
function u € CY(Q), which satisfies [2.2) in the distribution sense.
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To deal with the boundary condition in Problem (l1.1f), we introduce the fol-
lowing function space framework, due to Casas-Fernandez [I]: for p’ € (1, 00) such
that 1% + ﬁ = 1 we introduce a separable Banach space

W7 (div,Q) = {v e LF (RN | dive € L'(Q)}
endowed with the norm
||UHWP’(div,Q) = ”U”LP’(Q,RN) + ||diVU||L1(Q)-

If Q has a Lipschitz boundary 99, we have that the space C*°(Q,R") is dense in
WP (div, Q) (see Lemma 1 in Casas-Fernandez [I]). We denote the space of traces
on &0 by W/P'2(9Q), endowed with the usual norm, and denote the trace of
u € WHP(Q) on 9Q by ~o(u). Let us also consider the space

TP(0) = WP (50) N L™=(Q)

endowed with the norm [|h[|zr00) = ||hllw/sr0a0) + Al (). We denote the
dual space of T?(92) by T~7 (9Q) and the duality brackets by (-,-)7. We have

TP(00) = {ro(u) | uwe W(Q)N L¥(Q)}.
Also there exists a unique linear continuous map

Yot WP (div, Q) — T~ (09)
such that -
f}/n(v) = (Uvn)RNa Vv € COO(QvRN)

From this result one can obtain the following Green’s formula.

THEOREM 2.5 (1 in Casas-Ferndndez [I])
Let a = (a;)N1: Q@ x (R x RY) = RN be a Carathéodory map, which satisfies

lai(z, 8,0 < ki(|sPh+1€[P7") + ka(2),  i=1,...,N

with some constant ky > 0 and a function ky € LP (Q). Then if u € WHP(Q) and
—diva(-,u, Vu) € L*(Q), then there exists a unique element of T~ (9Q), which

by extension we denote 687? , satisfying the Green’s formula

i/ﬂai(z,u@),vu(z»g; dz = /(;diva(z,u(z),Vu(z))v(z) dz+<%7%(v)>T

for allv e WhP(Q) N L>(Q).

3. Problem setting

In this section we formulate our assumptions on the continuous map a and the
Carathéodory reaction term f in Problem (1.1)).
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ASSUMPTION H(a);

The function a: RN — RN is such that a(y) = ao(|ly|)y for all y € RN, where
ag: [0,00) = [0,00), ag € C*(0,00), ag € C([0,00)) is such that ao(t) > 0 for
t>0.

ASSUMPTION H (a)2
There exist some constants 6, g, c1,c2,c3 > 0, ¢ € (1,p) and there exists a function

h € C1(0,00)p = p,p—_ll satisfying

th'(t)
< )
§ < o S co forallt >0, (3.1)
at’ ™t <h(t) S et 7Y forallt >0 3.2)
such that
h(lyl) N
IVa(y)| < es for all y € RV\{0}. (3.3)

[yl
ASSUMPTION H (a)3
For all y, & € RN such that y # 0 we have

(Va(y)§, ey >

Pl (3.4

ASSUMPTION H(a)4
There exists some constants u € (1,q] and T € (1, p] such that the map t — Go(t7)

is convex on (0,00) and lim; o+ U(t) =0, where Gy(t fo ap(s)sds.

ProrosiTiON 3.1
If assumptions hold, then Gq is strictly convex and strictly increas-
ing. Let

G(y) :=Go(ly),  yeRM.

Then G is strictly convez, G(0) = 0 and VG(y) = a(y) fory € RN\{0}. Moreover,
for all y € RN

G(y) < (a(y), y)r~- (3.5)
Proof. As ag > 0, Gy is strictly increasing. Thus the function ¢ — Go(t%) is

strictly inceasing on (0, 00). So Gy is also strictly convex, because from we
have for any A € (0,1), s,t >0, s # ¢

Go((1 =Nt +As) = Go(((1 =Nt + )\S)T'%) < Go(((1 =Mt + )\57)%)
< (1= NGo((t)7) + AGo((sT)7).
Here we have used the fact, that for 7 > 1 the function ¢ — t7 is strictly convex
n (0,00). To show that G is also strictly convex, let A € (0,1). Then by the

definition of the norm and the properties of Gy (strict monotonicity and strict
convexity) we get

GU(1 = N+ M) = Gol|(1 = Nu+ M) < Go((1— NJu| + Alo])
< (1 = AN)Go(Jul) + AGo(Jv])
= (1= XN)G(u) + A\G(v).
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To obtain the gradient of G, for i = 1,..., N and y € RV\{0} we compute

oG 0Gy al Yi

) = 52 () = Gl .
So o

VG(u) = 0|§/|y|) = ao(lyl)y = aly)

(see the definition of Gy in[H (a)4]). Next we show that inequality (3.5 holds. For
y = 0 the inequality is true. Let y € RV\{0}, b € RY. It follows from convexity
of G that

G(b) = G(y) + (VG(y), b — y)rn-

As VG(y) = a(y) and G(0) = 0, for b =0 we get

0> G(y) — (a(y), y)r~ -

LEMMA 3.2 (Properties of a)

If assumptions [H ( m- hold, then

(a) the map a: RN — RN is mazimal monotone and strictly monotone, i.e.

[(b—a(y),x—y)RN >0 VyeRN] = b=ua(z),
(a(x) —a(y),z —y)gy >0 forallz,y € RN, z £y,

respectively,

(b) there exists ¢4 > 0 such that for all y € RN
la(y)] < cally*=" + lylP~), (3.6)

(¢) for ally € RN we have

(a(y),v) ,p_ll . (3.7)

Proof. (a) Strict monotonicity of a is equivalent to the strict convexity of G (see
Zeidler [9], Proposition 25.10). As a is monotone and continuous, it is also maximal
monotone (Zeidler [9]).

(b) and (c) The proof is similar to the proof of Lemma 2.1 in Damascelli [2].
We use the fact that

1 N @
i)~ as(m) = [ 305
i=1

and, as a((0,...,0)) =0 by |H(a)4} from and (see [H(a)a)) we get (3.6).
Slmllarly, from and ((3.2) 1nwe get 1

(1 —y2))((y1)i — (y2)s) dt
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COROLLARY 3.3

If hypotheses hold, then for all y € RN

ooy < G < sl + ) (3.8)

Proof. To prove the first inequality we observe, that from (3.7) we have
c
ao(ly)yl* > Zfll|y|p for all y € RV,

So in particular
c
ap(s)s > 71137”_1 for all s > 0.

Thus

C1 C1

lyl vl
Gly) = Goll) = [ anlpsas> [T Eowtas - Oy

We prove the second inequality using the Cauchy-Schwarz inequality, Lemma [3:2]
and Proposition 3.1}

G(y) < (a(y), y)ry < la@)|ly| < callyl? + |y[*)

(see (B.5), B.9)-

ExaMPLE 3.4
Here we present some examples of maps satisfying hypotheses H(a):

(a) a(y) = |y|P~2y with 1 < p < co. This map corresponds to the p-Laplacian
operator defined by

Ayu = div(|Vul|P~2Vu), u € WhP(Q).
(b) a(y) = |y|P~2y + |y|? 2y with 1 < ¢ < p < co. This map corresponds to the
(p, q)-differential operator defined by
Apu+ Agu, u € WhP(Q).

(¢) a(y) = (1 + |y|*>)®=2/2y with 1 < p < oo. This map corresponds to the
generalized p-mean curvature differential operator defined by

div((1+ |V7¢L|2)(1’72)/2VU)7 u € WhHP(Q).

NOTATION 3.5
Let A: WHP(Q) — WLP(Q)* be defined by

(A(w),v) = /Q(a(Vu(x)), Vou(z)))ry dz, u,v € WHP(Q), (3.9)

where (-,-) denotes duality brackets for (W1P(Q)*, W1P(Q)). We will also denote
the duality brackets for (W, (Q)*, W, ?(Q)) by (-,-),. For a Carathéodory func-
tion f: @ x R — R let Ny: WHP(Q) — M(Q,R), where M(Q,R) is the set of all
measurable functions on 2, be defined by

Ni(u): Q2 2+ Np(u)(z) = f(z,u(z)) € R for u e WHP(Q).
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Our assumptions on the Carathéodory map f: 2 x R — R are the following.

ASSUMPTION H(f)1
For a.e. z € Q, f(2,0) = 0 and for every p > 0 there exists a, € L>(Q) 1 such
that for a.e. z € Q and every & € R we have

El<p = [f(z,9] < a(2).

ASSUMPTION H(f)2 -
There exist functions wy € WHP(Q) N C(Q) and constants c_, ¢4 such that

w_(2)<c. <0<cy <wy(z) forallzeQ,
fz,wy(2) <0< fz,w_(2)) for a.e. z € Q,
A(w_) <0< A(wy) in (WHP(Q))*, (3.10)

where A is defined by (3.9) and by (3.10) we mean that for any u € WP(Q) with
u >, the following inequalities hold

(A(w-),u) <0 and (A(wy),u)>0.

ASSUMPTION H(f)s
There exists 8o > 0 such that for a.e. z € Q and for all§ € R such that 0 < |€]| < dy,
we have

0< f(2,8)¢ < pF(z,§) and essQian(-,(So) >0

with F(z,&) = fo ztdtanduzsasmm

ASSUMPTION H (f)4
There exist cg,c1 > 0 and s,7 € R with s #r and s < p, s <7 <p<r <p*
(where T and p are the same as in |H(a)4)) such that for a.e. z € Q and for all
£EeR

f(z,6)¢ =z alé]® —algl". (3.11)
REMARK 3.6
Hypothesis [H (f) 5| implies that

Gl¢|t < F(z,€) for ae. z € Q and for [£] < do,

with some ¢z > 0.

REMARK 3.7
Let us consider

b(E) =l —ale" T, EeR. (3.12)

Then inequality becomes f(z,£)¢ > ¥(§)¢ for £ € R and a.e. z € £, so for
a.e. z € ) we have

f(z,8) 2¥(§), =0,

f(z,6) <¥(§), <.

Let & = (i ) 5. We can observe that ¥ >0 on (—oo, —&)U(0,&) and ¢ < 0 on
(—£0,0) U (&, 00). Also 1 is strictly increasing on (oo, —&y) and strictly decreasing
on (&, 00). Thus from |H(f)o| and (3.13)) we infer that for a.e. z € Q we have

(ws(2)) < 0 and P(w_(z) > 0.

(3.13)
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LEMMA 3.8
Let 1 < s <p<r with s <r. For any constants «, 3, 7y, given, if a, 3 > 0, then
we can find My, My > 0 such that for any € > 0 we have

ag® — B + 7§ < My — Myg”.

EXAMPLE 3.9

f(2,6) = () = o|€|572¢ — &1 |€]72¢ satisfies conditions Indeed,
we can easily observe that |[H(f)i| and [H(f)4| are satisfied. We have that £ > 1
and £ <1 (recall that 1 <s <pu<qg<p<r),so

J(9€ =ale —algl" < £ -alel - & -alel = nF (=9,

thus |H(f)s|is fulfilled. We set wy(z) = £& = i(i—‘f)i for z € Qand ¢y = i%”.
We have wy € WHP(Q) and Vwy = 0, so

(A(ws),v) = /Q (a(Vews (), Vo(a)) g di = 0

for any v € WHP(Q). Also
[z, 0 (2)) = P(w(2)) = (€)= 0
(see Remark [3.7). Thus [H(f)J]is also fulfilled.

4. Existence of two constant sign solutions

In this section we state the main result of this paper.

THEOREM 4.1
If hypotheses |H(a)1HH (a)4| and |H(f)1HH (f)4| hold, then Problem (1.1 has at
least two nontrivial constant sign smooth solutions

up €intCy  and vy € —int Cy.

Proof. First we prove the existence of nontrivial positive smooth solution ug. We
introduce the following truncation of the reaction term

R 0, if £ <0,
f+(2,£) = f(z’§)+§p*17 lfOSESw-‘r(Z)a (41)
fzw04(2)) + €71+ (&) — ¥(w(2), if € > wy(2),

where 1) is given by (3.12)). This is a Carathéodory function. Let
~ £
Polag) = [ Ptz
0
and consider the C!—functional 3, : W'P(Q2) — R, defined by

@+(u):/QG(Vu(z))dz—i—%Hu||§—/ﬂﬁ+(z7u(z))dz, u € WhP(Q).
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CLAIM
There exists ug € WHP(Q) such that

P+ (uo) = uevfélllg(m Py (u) =: My

It is clear that ¢, is weakly sequentially lower semicontinuous. We have
13+(Za§)
if € <0,
fo z,t)dt + 51’ if 0 <¢&<wy(z), (4.2)
J ) ) dt (€ = () £ (2)
+fi(z)w (£) dt — (€ — w (2)P(wy () + L7, i € > w(2).

As wy € C(Q), there exists 2o, z; € Q2 such that

w4 (20) = max w4 (2)
Z€Q

and

Y(ws(z1)) = Iznelél (Cows(2)°"t —Crwi(2)' 1) = gleigiﬁ(wﬂz))-

Also let us denote Q< :={z€ Q| 0<u(z) <wy(z)}and Qs :={z € Q| u(z) >
w4 (2)}. Then (see (4.2))

5
~ ~ 1
/F+(Zau(2))d22/F+(Zvu+(z))dzz > Ii+1;||u+||§,
Q Q i=1

z/ / (z,t)dtdz,
Q<
w+(z
:/ / (z,t)dtdz,
Q>

1'3:/Q tﬁ(»Z)f(Zﬂm(Z))dZ+/Q wi (2)(P(w(2)) = f(z,w4(2))) dz,

>

) c1
Iy =— — f - = ) d
, /Q>( wi () = Ly (o)1) d,

S

where

S r

From [H (f)a} |H(f)1]| we have

u4(2) w4 (20)
I g/ / f+(z,t)dtdz§/ / fT(z,t)dtdz
Qo Q- JO
w(z0)
<[ [T e
Q<

<wi(20) - [Q<|N - (@wy (z) L

= > (2t ()" = Dt (2 = ut (2w () d.
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and similarly,
Iy < wi(20) - (DN - |Gy (z0) 2o

From |H(f)o| and Remark we have
I < /Q Wi (2) (s (2)) — f(z,wy () dz < 0,

As 1 and w4 are continuous functions (see [H(f)2| and Remark and Q is

bounded, there exists constant ¢3 € R, such that
I4 < 63.

Using Lemma [3.8| we can find ¢4, ¢5, ¢g > 0, such that

= (Dot ()7 — D+t (@)l (1)) dz

S

IN

/ (E4—Esu+(z)p)dz=’c\4|9>|]v—85/ uy(2)Pdz
Q>

>
S Eﬁ - /C\5||U+H£

Then

By (u) = /Q G(Vu(z))dw%nunzf /Q Py u(2) dz

C1 C1 _
> — Vu'(z pderi/ Vu~ (2)||P dz
s [t @ s+ s [ o)
1 1 1
+ - S il + =
L e [ e C el U R
> /C\S +/C\9||u||pu
with some constants ¢7,¢cg € R, ¢g > 0 (see (3.8)). Hence @, is also weakly

coercive, so we can apply Theorem and obtain that there exists ug € WH?(Q)
such that

P+ (ug) = eniin P4 (u).
This proves the Claim.

By the Claim we get that (@) (ug) = 0 (see Zeidler [9], Proposition 25.11,
p.510). This implies
A(uo) + [uol"~?ug = Nﬁ (uo). (4.3)

We will show that ¢4 (ug) < 0, so ug # 0. By virtue of hypothesis |H (a)4] for
a given € > 0 we can find d; . € (0, dg] such that

Go(t) <ett Vt e (0,01,],
so by the definition of G for y € RY such that |y| < §; . we have

G(y) <elyl*.
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For @ € int Cy and ¢ € (0, 1) such that |V(ta)(2)| < 1. we get
/G IV (ta)(2)]) d= < te ]|V (@),

so by Remark for t € (0,1) such that ta(z) < min{dq ., cq} (see |[H(f)o] and
|V(ta)(z)| < min{dy e, cy} for a.e. z € Q, we have
P+ (ta) < thel| V(@) — cat”|ally

éallally

(see (4.2)). Choosing € < 2 we see that
IV (@)1l

P+ (uo) < 4 (ta) < 0= 4(0),

hence ug # 0.
In the next step we will show that

Aluo) = Ny (o). (1.4)
First we act on ([4.3) with —uy € W'P(Q2). Then

/Q (a(Tup(2)), V(~ug ()))) g 2 + /Q fuo(2)P~2uo (=) (—uy ) (2) dz
- /Q Fo(zu0(2)) (—un) ™ () dz = 0
(see (4.1))). By (B.7) we get

(=ug DG + [[(=ug)Il; <0,

so ug > 0 (because ug # 0).
Next on ([4.3) we act with (ugp — wy)™ € WHP(Q). Suppose that |[{ug >
w4 x> 0. Then

(A(ug), (uo —w4)*t / luo(2) [P~ (ug — wy) T (2) dz

/ (2 w4 (2)) + 10(2)P + (uo(2)) — (e (2))) (o — wy )+ (2) dz
/ fuo(2) [P~ (g — w4)* () dz + / £z w4 (2)) (o — w4 )(2)
{uo>w4 }
/{ ) }w(uo(z)) — P(we(2))) (o — wy)(2) dz
/ o (2) P~ o — w ) (2) dz + / F(2s w4 (2)) (o — w4 )(2) dz
{wo>wy}

< / luo(2)|P~H (ug — wi)T(2) dz
Q

< (Al o = w) )+ [ )P (o =) (2)
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(see , and Remark [3.7)), so
/{ N }(G(VUO(Z)) — a(Vwi(2)), V((uo — w4)(2)))ry <0,

a contradiction with the strict monotonicity of a (see Lemma |3.2)). Thus |[{ug >
w Hn =0, hence ug < w4 a.e. in Q. We have proved that

ug € [0,wy] and wg # 0,

where [0,w;] = {u € WHP(Q) | 0 < u(z) < wy(z) for a.e. 2 € Q}. Then, by
virtue of , we have that

N7 (uo) = Ny (uo) + [P >uo,

so by (4.3) we obtain (4.4)). Also up € L°(Q), as for a.e. z € Q we have |u(z)| <
wi(2) < wilo@)- By virtue of (3.6) and the representation theorem for the
elements of WP (Q) = (W, *(2))* (see Gasiniski-Papageorgiou [3], p.212), we
can obtain ,

diva(-, Vue(-)) € W7 (Q).

Next we act on (4.4) with v € C}(Q) and obtain

(—diva(-, Vug(-)),v)y = (Ns(uo),v), -

Thus
—diva(Vug(2)) = f(z,up(z)) a.e. in Q (4.5)

(recall that C(€2) is dense in W, ?(Q)). By Theorem [2.5{we have aaT“a e T (99)
satisfying the Green’s formula for operator a

N
ov ou
. dz = | —di dz+ (2%
zlzzl/ﬂa (VU<Z)>821 z /Q iva(Vu(z))v(z)dz + <5na 70(1))>T
for all v € WP(Q) N L°°(£2). Combining this with and we obtain

0
<u,’y0(v)> =0, YveWhP(Q)nL>(Q),
ong T
hence
ou
ong
(recall that vo(W1P(Q) N L>2(Q)) = TP(09)).
As will be proven below, by the regularity result of Lieberman (Theorem ,
we have ug € C;\{0}. Indeed, let h € C1(0,00) satisfy (3.1)) and (3.2). We take

A(z,¢,y) = aly), B(z,§,y) = f(2,£). Then (2.1a) becomes (3.4). Also (2.1b) is
satisfied by (3.3)), with A = c3. and (2.1d]) obviously hold, because for any

Ay > 0 we have |A(z1,&1,y) — A(22,&2,y)| = |a(y) — a(y)| = 0. We have

1B(21, &0, 9)| = £ (21, &0)] < @ (20) (21) < M@ (z0) [ £ < Ar(L+R(ly[])]y])

=0 inT " (09)
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for all y € RY, with Ay = |lay, (z)llz~. For such A and B, ug also solves
div A(z,u, Vu) + B(z,u,Vu) = 0. As 1 < ¢ < p we can easily check that uy €
WEH(Q), namely

[Vuo| ¢ e
/H(|VUO|)dZ = // h(t)dtdz g/ (7‘Vu0|q_~_ f|Vu0|p) dz
Q QJo aQ \¢q P
C2 Co Co
< = -~ el p
< Tl + (T + ) IVuoll
< 0

as ug € WHP(Q) (see (3.2)). So ug satisfies the assumptions of Theorem with
My = wy (%), hence uyg € CH#(Q) with some 3 > 0, depending on «, cg, c3, 5, N.
Thus ug is a smooth solution of Problem . From the strong maximum principle
(see Theorem , it follows that ug € int C;.. To prove that, in Theorem we
put A := ag. Then the map s — sA(s) is strictly increasing in R™ as Gy is strictly
convex (see Proposition . Also

L(s) = s%ao(s) — /0 tao(t) dt = /Os(tao(t) +2a(8)) dt

is a strictly increasing C'-function. From (4.5) and (3.13) we have, that there
exists some Ag > 0 such that for a.e. z € Q

—div ag(|Vuo(2)|)Vug(2) + Aoug(2)" ™! = f(z,u(2)) + Aouo(2)" ' > 0.
Thus ug € C1#(Q) is a classical distribution solution of
div ao(|Vuo(2)|) Vug — Aoug ' < 0.
For y ¢ RN and i, = 1,..., N we have that

0a;

0y;

() = a%(ao(m)yj) = aj () 42 + dao(ly).

where §;; is the Kronecker delta. Thus from we obtain for any s > 0
ap(s)s* + ag(s)s® > c1s7, s> 0. (4.6)
As for 0 < s < 1 we have af(s)s? > af(s)s?, it follows from that
L(s)ch/Stp_ldt:C—lspzc—lsr, 0<s<1.
0 p p
We define Lo(s) := <-s". We have that L, Lo: [0,1) — R are strictly increasing,

L(0) = Ly(0) =0 and L(s) > Lo(s) for any 0 < s < 1, so from Leoni ([4], p.6) we
infer that there exists some constant d, > 0 such that

L7 (s) < Lyt (s), 0 <s < ds. (4.7
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Setting p(s) := \gs" !, from (4.7) we obtain for any € < ({—052)%

where ¢g > 0 is a constant depending on \g, ¢, p, 7. Thus we have shown that the
assumptions of Theorem are satisfied and we are allowed to apply the strong
maximum principle as required.

Similarly, using the truncation

~ 0, if £ >0,
f-(2,6) =< f(z,6) + €71, if w_(z) <£<0,
fzw_(2) + 71 +4(8) —v(w_(2), if&<w_(z)

we prove the existence of the nontrivial negative smooth solution.
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