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Abstract. Recently, Haji Mohd and Darus [I] revived the study of coefficient
problems for univalent functions associated with quasi-subordination. In-
spired largely by this article, we provide coefficient estimates with k-th root
transform for certain subclasses of S defined by quasi-subordination.

1. Introduction

Denote by A the class of all analytic functions of the type

f) =24 az"  (z€U), (1)

where U= {z € C: |z| < 1}. Also denote by S the class of all analytic univalent
functions of the form in U. Let k be a positive integer. A domain D is said to

be k-fold symmetric if a rotation of D about the origin through an angle 2{ carries
27

D to itself. A function f is said to be k-fold symmetric in U, if f(e*% 2) = €% f(z)
for every z € U. If f is regular and k-fold symmetric in U, then

F(2) = brz + b1 2"+ bop 1 22T 4L (2)

Conversely, if f is given by , then f is k-fold symmetric inside the circle of
convergence of the series. For f € S given by , the k' root transformation is
defined by

F(Z) = [f(zk)}% =z+ bk+12’k+1 + b2k+12’2k+1 + ... (3)
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For two analytic functions f and g, the function f is quasi-subordinate to g
in the open unit disc U, if there exist analytic functions h and w, with |h(z)| < 1,

w(0) = 0 and |w(z)| < 1, such that —flgg is analytic in U and written as
f(2)
U
T <o) e

and it is denoted by
f(z) <4 9(2) (z €U)
and equivalently
f(z) =h(2)g(w(z))  (z€0).

It is interesting to note that if A(z) = 1, then f(z) = g(w(z)), so that f(z) <
g(z) in U, where < is a subordination between f and g in U. Also notice that if
w(z) = z, then f(z) = h(z)g(z) and it is said that f is majorized by g and written
as f(z) < g(z) in U (see [2]).

Let ¢ be an analytic and univalent function with positive real part in U,
©(0) = 1, ¢'(0) > 0 and let v map the unit disk U onto a region starlike with
respect to 1 and symmetric with respect to the real axis. The Taylor’s series
expansion of such a function is

0(2) =1+ Biz+ Boz® + B3z + ..., (4)

where all coefficients are real and By > 0.
Recently, El-Ashwah and Kanas [3] introduced and studied the following two
subclasses:

. _ S Llrzf(2)
Sq(fy,ga).f{fG.A. ;( s 71) <q0(2) — 1, ZGU,WE(C\{O}}
and
Kurg) = {rea: 22 ooy o1 zeu qec (o)
e ) Tl |

We note that, when h(z) = 1, the classes S; (7, ) and K, (7, ) reduce respectively,
to the familiar classes S*(v, ¢) and K(, ¢) of Ma-Minda starlike and convex func-
tions of complex order v (y € C\{0}) in U (see [4]). For v = 1, the classes S; (7, ¢)
and ICy(v, ¢) reduce to the classes S;(¢) and Ky(p) studied by Haji Mohd and
Darus [1]. When h(z) = 1, the classes S; (¢) and Ky () reduce respectively, to well
known subclasses S*(p) and K(y) introduced and studied by Ma and Minda [5].
By specializing

@(Z)Z%ija)z O<a<1)
o) = (122)" 0<s<)

the classes S* () and k() consist of functions known as the starlike (respectively
convex) functions of order « or strongly starlike (respectively convex) functions of
order [3, respectively.
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(9]

A function f € A given by (1)) is said to be in the class ./\/lg’>‘('y7 ), 0 £y €C,
0 > 0, if the following quasi-subordination condition is satisfied

1 2F3 (2) 2FY(2)

where
Fa(z) = (1 =N f(2) + A2 f'(2)
‘We note that,
L M3O(, ) := Mi(7, ),

2. ./\/12(1,90) = ./\/lg(go), [T, Definition 1.7, p.3],

>

S;(1,¢) :=Ss(p), [ Definition 1.1, p.2],

5. Mé’o(’y,go) =IKq(v,¢), [3, Definition 1.3, p.

6. Kq(1,¢) :==K4(v), [L Definition 1.3, p.2],
7. For0#y€C,0< A <1,

MO (7,90) = Py, A, )

2f'(2) + A2 f"(2)

;((1—5) P +5(1+ ﬂ(z))—l) < () —1

0<A<1).

0,0 o Q* z .
M (vs ) =S (7, %),  [3 Definition 1.1, p.680],

681],

1
- {fe“‘“ 5((17)\)f(z)+>\zf’(

8. For0#£~e€C,0< A<,

M (7, 9)
=Ko, A 0)

= {f cA: l(Zf/(Z) +(1+ 2)\)22f//(2) + )\Z3f/”(2:)

gl 2f'(z) + Az2f"(2)

(=€),

3 —1) <4 p(2) — 1, ZEU}.

—1) <4 () - 1.

ZGU}.

Inspired by the papers of [T}, [3, 6] [7, ]], we obtain the upper bounds |bg41| and

|bagy1| for f € Mg’)‘('y, ©). Also, we investigate the Fekete-Szego results for the
class Mg’/\(% v) and its special cases. In order to discuss our results we provide

the following lemmas.

LemMA 1.1 ([9)

Let w be an analytic function with w(0) =0, |w(z)| <1 and let

w(2) = urz +ugz? + ... (z €U).

Then fort € C,

lug — tu?] < max[1; |¢]].



[10] Nanjundan Magesh and Jagadeesan Yamini

LeMMA 1.2 ([9])
Let h be an analytic function with |h(z)| < 1 and let

h(z) = ho+ hiz + ho2® + ... (z€U). (6)

Then
lho| <1 and |h,| <1—1|hol>? <1 (n>0).

LeMmMmA 1.3 ([10])
Let w be the analytic function with w(0) = 0, |w(z)| < 1 and given by (5). Then
|wi] <1 and for any integer n > 2,

|Un| S 1 — |u1|2.

2. Main result

Unless otherwise stated, throughout the sequel, we set f is of the form and

¢, h and w are given by , @ and , respectively.
In the following theorem, we find Fekete-Szgeo result for f € Mg’)‘(’y, ©).

THEOREM 2.1
Let f € /\/lg’)‘(%w) and let F' be given by . Then

7| B1
[ L L

§ — 5
B + max{By, |20 ELE R0 | B2 4 | By} )

2k (1 + 20)(1 + 2)\)

|bort1] <

and for p e C,

E(1+0)Z(1+N)2
2%(1 + 20)(1 + 2)\)

b b2 |<Iv|{Bl+max{Bh\7“*3‘”’”“”*‘*’“”““““*2”|B%+|BQ|}}
2k+1 = MY%411 = :

Proof. Since f € ./\/lg’)‘(’y, ©), there exist ¢ and w with

lp(z)] <1, w(0)=0 and |w(z)|<1

such that
1 2 F4(2) 2FY(2) B
- (-9 IO o(1+ 0 )=1) =hEewE) -1 ()
and
h(z)(p(w(z)) — 1) = hoBius z + [h1 Biug + ho(Biug + Boui)|z® +.... (8)

From (7)) and we get

%(1 +0)(1+ Nas = hoBrus (9)
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and

1

; [2(1 + 2(5)(1 + 2)\)&3 — (1 + 3(5)(1 + )\)2a§] = h1Biuj + hoBius + hoBgu%. (10)

Equation @ yields

vhoBiuy
=" - 11
T A0+ N (11)
By subtracting from (E[) and using we obtain
Y YhE B (1 +30)\
= h1B hoB hoBs + ————= 12
as 2(1—}—26)(14—2/\)[1 1u1 + ho 1U2+(0 2+ (1+0)2 ) 1} (12)
For a given f € S of the form , we define F' by
F(z) = [f(})]%
_ a2 41 as k—1N\ 91 opt1
= P [P (G )l
=z+ bk+1zk+1 + b2k+122k+1 + ...
where E 1
a a —
bt = 2 bap = 2 — ( e )ag and so on. (13)
It follows from , and that
oo =92 YBiu
TR T R+ 01+ A
and
_ G (k1Y e
b = 3 = (G ) o8
2 2
B ~y[h1Byu1 + hoBiug + (hoBa + %ﬁm)uﬂ
N 2k (14 26)(1 + 2))
B (k: - 1) v2h3 Biu?
2k2 / (140)2(14+ )2
For p € C we get
bokt1 — by
’}/Bl Bg ’yhoBl(l + 36)
= h h =+
k(1 1 20)(1 + 2>\){ v+ o (2 + [Bl Tt ep
~ YhoBi(1+26)(1+2X) | yhoBi(1 —2u)(1+26)(1 + 2>\)] 2)}
(I146)2(1+ )2 E(146)2(1+N)? s

Since h is analytic and bounded in U we have

ol <1 —1]hol* <1 (n>0).
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By using this fact and the well-known inequality

|U1| S 1a
from Lemma [I.3] we conclude that
7| B1
b L L R —
b1l < k(L+68)(1+A)

and

|bak+1 — Mbi+1|
[v1B1 —Bs
1 |22
= 2k(1+25)(1+2>\){ #u = | B
(14 36)k — 7(1+28)(1 + 20k + 7(1 — 22)(1 + 28)(1 + 2))
(L 0)2(1+ \)2

hOBl] u? ‘ }

In view of Lemma [I.I} we have

1+36)k —2u—k 1426) (142X
Y {B1 + max{By, | XUHREECAC IR0 | B2 4 |By|})

2k (1 + 20)(1 + 2)\)

|bok41 — fibjyq| <

When g = 0, we obtain

E(1+0)2(1+N)2
2k (1 + 26)(1 + 2

|’Y‘{Bl + maX{Bl, |'y(1+35)k+(17k)'y(1+26)(1+2)\) |B% + |BQ|}}
|bok+1| < :

Hence we obtained the required inequalities of Theorem [2.1]

3. Concluding remarks and corollaries

In light of the special subclasses of the class Mg’)‘('y, ©), we have the following
corollaries and remarks.

REMARK 3.1
For § = A = 0 and v = 1, Theorem reduces to [6, Theorem 2.1, p.619]. For
0 =A=0and v =k =1, Theorem reduces to [I, Theorem 2.1, p.4].

COROLLARY 3.2
Iff e IC(](’Ya(pL then

17| B1
. < —-
|bk+1| — 2]€ ?
) [7I(k +3)

ol
bopse| < 7[3 {B
|b2kt1] 1 + max P

2
< Gk Bi + \Bz|H
and for p € C,

[y[lk +3(1 —2p)|
1 4k

lbokss — b2 | < 6—k[31+max{B B§+|BQ\H.
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REMARK 3.3
For v =k =1, Corollary reduces to [I, Theorem 2.4, p.7].

REMARK 3.4
Taking A = 0 and v = 1, Theorem coincides with [6] Theorem 2.2, p.620].
Also, for \=0and v =k =1, Theoremreduces to [1, Theorem 2.10, p.10].

COROLLARY 3.5
If f € Py(v, A, ), then

7| B1
b < s
‘ k+1| = k(1+)\)’
[y]11 + (1 — k)2

k(1 + 12

|bor41] < %(M [31 -I-maX{Bh

1+2)) B%+|B2|}]

and for p € C,
|bort1 — ﬂbiﬂ\

ol (1= 20) (1 +2X) — 2kA| |,
= 2k(1+ 2)) {Bl o+ max {Bl’ (A2 VBT + \BzIH.

COROLLARY 3.6
Iff e ICq('Ya)\7<P)7 then

bl < g2,

[b2k+1] < 6k(112)\) [31 + max {Bl, 3¢ Z}?()i):)\k)(zl - B+ ‘BZ|H
and for u € C,
|b2k41 — Mbi+1|

< ak(mzx) (B, + max { B, 13(1 — 2@2}{;23;“1 “ e )]

REMARK 3.7
For v =1 and k = 1, Corollary corrects the results in [8, Theorem 2.1, p.195].

REMARK 3.8
For k = 1, the results discussed in present paper coincide with the results obtained
in [L1].
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