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Abstract. The notions of a dual pseudo-Q algebra and a dual pseudo-QC
algebra are introduced. The properties and characterizations of them are
investigated. Conditions for a dual pseudo-Q algebra to be a dual pseudo-QC
algebra are given. Commutative dual pseudo-QC algebras are considered.
The interrelationships between dual pseudo-Q/QC algebras and other pseudo
algebras are visualized in a diagram.

1. Introduction

G. Georgescu and A. Iorgulescu [6] and independently J. Rachunek [I5], intro-
duced pseudo-MV algebras which are a non-commutative generalization of MV-
algebras. After pseudo-MV algebras, pseudo-BL algebras [7] and pseudo-BCK al-
gebras [8] were introduced and studied by G. Georgescu and A. Torgulescu. A. Wal-
endziak [I8] gave a system of axioms defining pseudo-BCK algebras. W.A. Dudek
and Y.B. Jun defined pseudo-BCI algebras as an extension of BClI-algebras [5].
Y.H. Kim and K.S. So [II] discussed on minimal elements in pseudo-BCI alge-
bras. G. Dymek studied p-semisimple pseudo-BCI algebras and then defined and
investigated periodic pseudo-BCI algebras [3].

A. Walendziak [19] introduced pseudo-BCH algebras as an extension of BCH-
algebras and studied ideals in such algebras.

The notion of BE-algebras was introduced by H.S. Kim and Y.H. Kim [I0].

B.L. Meng [13] introduced the notion of Cl-algebras as a generalization of
BE-algebras and dual BCK/BCI/BCH-algebras. R.A. Borzooei et al. defined
and studied pseudo-BE algebras which are a generalization of BE-algebras [I].
A. Rezaei et al. introduced the notion of pseudo-CI algebras as a generalization
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of pseudo-BE algebras and proved that the class of commutative pseudo-CI alge-
bras coincides with the class of commutative pseudo-BCK algebras [16]. Recently,
Y.B. Jun et al. defined and investigated pseudo-Q algebras [9] as a generalization
of Q-algebras [14].

In this paper, we define dual pseudo-Q and dual pseudo-QC algebras. We in-
vestigate the properties and characterizations of them. Moreover, we provide some
conditions for a dual pseudo-Q algebra to be a dual pseudo-QC algebra. We also
consider commutative dual pseudo-QC algebras and prove that the class of such
algebras coincides with the class of commutative pseudo-BCI algebras. Finally, the
interrelationships between dual pseudo-Q/QC algebras and other pseudo algebras
are visualized in a diagram.

2. Preliminaries

In this section, we review the basic definitions and some elementary aspects
that are necessary for this paper.

DEFINITION 2.1 ([5])
An algebra X = (X;—,~,1) of type (2,2,0) is called a pseudo-BCI algebra if it
satisfies the following axioms: for all x,y,z € X,

psBCL) (z = y) ~ ((y = 2) ~ (x = 2)) =1,

psBCLy) (2~ y) = ((y v 2) = (2~ 2)) = L,

psBCI3) 2 = ((x =2 y)~y)=1land z~ ((x ~y) =y =1,

r—r=x~zxr=1,

pSBCI4

psBCl;) e wy=y~zr=1 = z =y,

( )
( )
( )
( )
( )
(psBClg) 2 »y=1 <= z~y=1

Every pseudo-BCI algebra X satisfying, for every x € X, condition

(psBCK) z - 1=1

is said to be a pseudo-BCK algebra ([12]).
From [4] it follows that a pseudo-BCl-algebra X = (X;—,~-,1) has the fol-
lowing property (for all z,y € X)

(psEx) 2 = (y~ 2) =y~ (z — 2).

DEFINITION 2.2 ([I7])
A (dual) pseudo-BCH algebra is an algebra (X; —,~, 1) of type (2,2,0) verifying
the axioms |(psBCI4)H(psBClg)| and |(psEx)|

REMARK 2.3
Obviously, every pseudo-BCI algebra is a pseudo-BCH algebra.
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DEFINITION 2.4 ([16])
An algebra X = (X; —,~, 1) of type (2,2,0) is called a pseudo-CI algebra if, for
all z,y,z € X, it satisfies the following axioms:

(psCLy) z s ax=x~ 2 =1,
(psCly)) 1 5z =1~z =z,

(psCI3) = (y ~ 2) =y ~ (z = 2),
(psCly) z > y=1<«<= z~y=1.

REMARK 2.5

Since every pseudo-BCH algebra satisfies [(psCI; )H(psCly )l pseudo-BCH algebras

are contained in the class of pseudo-CI algebras.
A pseudo-CT algebra X = (X; —, ~, 1) verifying condition
(psBE) z w5 1=z~ 1=1,

for all x € X, is said to be a pseudo-BE algebra (see [1]).

PROPOSITION 2.6 ([2])
Any pseudo-BCK algebra is a pseudo-BE algebra.

In a pseudo-CI algebra X we can introduce a binary relation “ < ” by
r<y<=r—oy=1<=xwy=1 for all z,y € X.

An algebra X = (X; —,~,1) of type (2,2,0) is called commutative if for all
xz,y € X, it satisfies the following identities:

(i) (z—=y)~y=(y—x)~az,
(i) (x~y) »y=(y~z) >z

From [2] (see Theorem 3.4) it follows that any commutative pseudo-BE algebra
is a pseudo-BCK algebra. By Theorem 3.9 of [I6], any commutative pseudo-CI
algebra is a pseudo-BE algebra. Therefore we obtain

PROPOSITION 2.7

Commutative pseudo-CI algebras coincide with commutative pseudo-BE algebras
and with commutative pseudo-BCK algebras (hence also coincide with commutative
pseudo-BCI algebras and with commutative pseudo-BCH algebras).

DEFINITION 2.8 ([9])
An algebra X = (X;%,90,0) of type (2,2,0) is called a pseudo-Q algebra if, for all
x,y,z € X, it satisfies the following axioms:

(psQ1) zxx=xz0x =0,
(psQ2) zx0=2z00=u=x,

(psQ3) (z*xy)oz=(zoz)*y.
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3. Dual pseudo-Q algebras

DEFINITION 3.1
An algebra X = (X; —,~, 1) of type (2,2,0) is called a dual pseudo-Q algebra if,
for all z,y, z € X, it verifies the following axioms:

(dpsQi1) z vz =2~z =1,
(dpsQq) 1 5 x =1~z =u,
(dpsQs) z = (y~z2) =y~ (z — 2).

In a dual pseudo-Q algebra, we can introduce two binary relations <_, and
<. by
r<,y<=zr—y=1 and z<,y<=zc~y=1

PROPOSITION 3.2
Let X = (X;—,~,1) be a dual pseudo-Q algebra. Then X is a pseudo-CI algebra
if and only if <, =<_,.

EXAMPLE 3.3

(i) Let X = {1,a,b,¢,d}. Define binary operations — and ~» on X by the
following tables ([16]):

—>‘1abcd W‘labcd
1 |1 abcd 1 |1 abdbcd
a |l 1cecl a |1 10bcl
blidi1d ™y liada11 4
c |1 d11d c |1d1l11d
dl|11¢ecl d|11%becl

Then X = (X;—,~>,1) is a dual pseudo-Q algebra which is not a pseudo-

BCI algebra, since b # c and b — ¢ = ¢ ~» b =1 (that is, does not
hold in X).

(ii) Let X = {1,a,b,c}. Define binary operations — and ~» on X by the follow-
ing tables:

and

Then X = (X; —,~, 1) is a dual pseudo-Q algebra which is not a pseudo-CI
algebra, because b - c=1but b~ c=c.

By definition, we have

ProrosiTION 3.4
Any pseudo-CI algebra is a dual pseudo-Q algebra.
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REMARK 3.5
The converse of Proposition does not hold. See Example

PROPOSITION 3.6
Let X be a dual pseudo-Q algebra. If one of the following identities:

1) (y—x)—mz=y—uz,
2) (y—=z)mz=y~uz,
@) (y~z)mr=y—uz
) ywa)waz=y—u,
®) (y~wa)wrz=y~u,
©6) (y~wa)mz=y~u
(N y—=a2)wz=y—u
B) (y—z)—mzx=y~=z

holds in X, then X is a trivial algebra.

Proof. Suppose, for example, that is satisfied. Let z € X. Applying [(dpsQ1)}
and [(dpsQy)| we have

l=z—oz=(@—z)mzr=1->z==x
Thus X is a trivial algebra.

ProPOSITION 3.7
Let X be a dual pseudo-Q algebra. If one of the following identities:

1) (y—z)—mz=z—y,
2 y—=a)wz=z~y,
@) ywa)—mz=x-—y,
@) ywa)wz=z—y,
(B) ywa)wr=x~y,
6) (y~z) 2 z=r~y,
(M (y—=z)=z=0—y,
8 (y—zx)—mr=x~y

holds in X, then X is a trivial algebra.
Proof. The proof is similar to the proof of Proposition [3.6]

PROPOSITION 3.8
In a dual pseudo-@Q algebra X, for all x,y,z € X, we have:

(1) if1<,zorl<,z thenx =1,
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Q) z<l,y—z2 <= y<,x~ 2,

(
B)z—=1l=z~1,
@) =y =l=@—=>1) @y~ ad@x~y ~1=(@~1) —(y—1),
(5) ife <Ly, thenx—1=y—1,

(
(

6) ifc <.y, thenz~1=y~1,

)
)
)
)
)
)

Ny—=((y—=z)~z)=1andy~ ((y ~x) > x) =1,
Proof. [1)] Let 1 <_, z. Then 1 — z = 1. Now, by [(dpsQz)| we obtain = = 1.

Similarly, if 1 <., x, then x = 1.
[(2) Let z,y, 2 € X. By [[dpsQs)}

xwm(y—2)=1<= y—(z~2)=1
Consequently,holds.
[B)Wehave z v 1 =2 — (z~z) =z~ (x> z) =2~ 1
Let z,y,z € X. Then

=y =l=@—y) = [(z—=1) ~(x—1)
=(x—=1)~[(z—y) = (x—>1)
=@=>1)~[z—=y) = (@@= Y~y
=@ ~[z—=y) =Y~ (z—=y)
=@y~ ((z—=y) = (z—=y)
=@—=1)~(@y~1)

The proof of the second part is similar.

[B)Let 2 <, y. Thenz wy=1landsoy > 1l=y~1l=y~ (z >y) =
r=>(y~y)=xz—1 Thusy—>1=2—1

@ The proof is similar to the proof of
By |(dpsQs)| and [(dpsQ, )| we get

y=(y—a)~a)=@y—a)~y—z)=1

and
y~((y~z)—2r)=(Yy~z) > (y~r) =1

A dual pseudo-Q algebra X = (X; —, ~», 1) satisfying the conditions |(psBCI; )
and [(psBClIy )|is said to be a dual pseudo-QC algebra. The following example shows
that there exist pseudo-Q algebras which do not satisfy [(psBCI; )| or |(psBCI5 )|
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EXAMPLE 3.9

(i) Dual pseudo-Q algebra from Example satisfies |(psBCI, )| but it does
not satisfy [(psBCI; )| since

(a—=b)~((b—=c)~(a—c)=b~(1~c)=c#1.

(ii) Let X = {1,a,b,¢,d,e, f,g,h}. We define the binary operations — and ~»
on X as follows ([I7]):

=11 a b c de f gh ~|1 a b c de f g h
1|11 abcde fgh 1|11 abcde fgh
a |11 11de fgh a |11 11de fgh
b |1l ¢c11de f gh b |1 ¢ 1 1de fgh
c |l c¢cblde fgh dclcbldefgh
dldddd1lghe f ™ dlddddi1lhnhgfe
e leeee hlg fd e leeee gl hdf
FAfrfrffghlde fAPfrffhgled
g|lh hhhe fd1lyg g|lh hhh fdelyg
hlggggfdehl hlg ggge fdh]1

Then X = (X;—,~,1) is a dual pseudo-Q algebra which does not satisfy
[(psBCI, )| and |(psBCIs)l Indeed,

(c—=a)~((a—=b)~(c—=b))=c~>(1~b=c~b=b#1
and
(c~a)— ((a~b) = (cwb))=c—>(1—=b)=c—=b=b#1.

(iii) Let X = {1,a,b, c}. Define binary operations — and ~» on X by the following
tables:

and

Then X = (X;—,~, 1) is a dual pseudo-QC algebra.

LEMMA 3.10
Let X = (X;—,~,1) be a dual pseudo-QC algebra and x,y € X. Thenx —y =1
if and only if v ~~ y = 1.

Proof. Let © — y = 1. Using |(dpsQ2)| and [(psBCI, )| we obtain

zy=z~>1wy)=01-=z)»((z—=2y)~(1-y)=1
Similarly, if x ~ y =1, then x — y = 1.
From Lemma [3.10| we have
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ProrosiTION 3.11
Any dual pseudo-QC algebra is a pseudo-CI algebra.

REMARK 3.12
The converse of Proposition does not hold. See Example

ProrosiTiON 3.13
FEvery pseudo-BCI algebra is a dual pseudo-QC algebra.

Proof. Let X be a pseudo-BCI algebra. It is easy to see that X satisfies

that is, it is a dual pseudo-Q algebra. Moreover, X obviously satisfies
psBCI; )| and [(psBCIL,)l Consequently, X is a dual pseudo-QC algebra.

REMARK 3.14
In a dual pseudo-QC algebra, <_,=<_,. Set <=<_, (=<..).

PRrROPOSITION 3.15
Let X be a dual pseudo-QC algebra and z,y,z € X. Then:

(1) ife<y theny—z<zx—=zandy~~z <z~ z,
(2) ife<y thenz—ozx<z—-yand z~x <z~ y.
Proof. Let x <y. Then z — y = 1. By |(dpsQ2)|and |(psBCI; )| we have

(y—=2)~(@—=2)=1~(y = 2)~ (x> 2))
=@—=y)~(y—2)~(@—2)
=1.
Hence y — z < x — z. The proof of the second part is similar.
Let x <y. Hence z — y = 1. Applying|(dpsQz2)|and |[(psBCI; )| we obtain

z=2)=>(zoy) =1~ ((z—2)=(z2—vy)
=@ y) = (2 2) > (=)
— s a) s (e y) = (2 )
=1.

Hence z — < z — y. Similarly, z ~ & < z ~> y.

THEOREM 3.16
Let X be a dual pseudo-Q algebra. Then X is a pseudo-QC algebra if and only if
it satisfies the following implications:

¥ y<sz=ao—-y<.,z—2

()%) y<s 2= x>y <, T~ 2.

Proof. If X is a pseudo-QC algebra, then it satisfies and by Proposi-
tion Conversely, suppose that implications and |(+x)| hold for all x,y, z €
X. By Proposition y <5 (y = z) ~ z. Using|(x)|we get x — y <., x —
((y = z) ~ 2). Hence (z = y) ~ (z = ((y = 2) ~ 2)) = 1. Applying we
obtain (z — y) ~ ((y = z) ~ (¢ — 2)) = 1, that is, [[psBCI)| holds. Similarly,
using we have
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ProrosITION 3.17
Let X be a dual pseudo-QC algebra. Then X is a pseudo-BCI algebra if and only

if it verifies |(psBClI5 )|

Proof. Let X be a dual pseudo-QC algebra satisfying |(psBCl;)l Clearly, X verifies
psBCI, psBCls)| and |(psBCI4)l The axiom ows from Proposi-
tion [3.8[(7)} By Lemma holds in X. Therefore, X is a pseudo-BCI
algebra.

The converse is obvious.

ProrosiTION 3.18
Let X be a dual pseudo-QC algebra and x,y,z € X such that v <y and y < z.
Then x < z.

Proof. Applying [(dpsQ2)| and [(psBCI; )| we get

x—=z=1~ (= 2)
=1~ (1~ (z—2))
=(@—=y)~((y—=2)~(r—2)
=1,

and therefore x < z.

COROLLARY 3.19
If a dual pseudo-QC' algebra X satisfies the condition then (X;<) is

a poset.

THEOREM 3.20
If X is a commutative dual pseudo-QC algebra, then it is a pseudo-BCI algebra.

Proof. Tt is sufficient to prove that |(psBCIs)| holds in X. Let z,y € X and x —
y=1y~ x=1. Then

z=loa=@Hy~wa)rr=@wy sy=1loy=y
Therefore, X satisfies [(psBCls)l Thus X is a pseudo-BCI algebra.
From Theorem B.20] it follows

COROLLARY 3.21
Commutative dual pseudo-QC algebras coincide with commutative pseudo-BCI al-
gebras.

4. Conclusion

Denote by psBCK, psBCI, psBCH, psCI, psBE, dpsQ, and dpsQC the
classes of pseudo-BCK, pseudo-BCI, pseudo-BCH, pseudo-CI, pseudo-BE, dual
pseudo-Q, and dual pseudo-QC algebras respectively. By definition, psBCK C
psBCI and psBE C psCI C dpsQ. From Remarks [2:3]and [2.5] we obtain psBCI
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C psBCH C psCI. Moreover, that psBCI C dpsQC C psCI follows from
Propositions [3.13 and 311}

By Proposition 2.7 and Corollary [3:21] commutative pseudo-QC algebras co-
incide with commutative algebras pseudo-BCK, -BCI, -BCH, -CI, -BE.

Now, in the following diagram we summarize the results of this paper and the
previous results in this filed. An arrow indicates proper inclusion, that is, if X
and Y are classes of algebras, then X — Y denotes X C Y. The mark X Sy
means that every commutative algebra of X belongs to Y.

dpsQ

psBE

dpsQC

PrROBLEM 4.1
Is it true that every commutative dual pseudo-Q algebra is a pseudo-BCK algebra?
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