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Unstable (Stable) system of stable (unstable) 
functional equations

Afastract. In this notę the answer to a ąuestion by Z. Moszner from the paper 
[1] about connections of stability of separate eąuations and the system of 
them, is given.

Let. K. denote the class of real functions K. =  { / : R  —» R }. In  th is notę, the 
follow ing functional eąuation (or the system o f eąuations) is considered

L ( f )  =  R ( f )  (or L ^ f )  =  i? r ( / ) ,  L 2( f )  =  R 2( f ) ) , (1)

where /  G K, L , L u  L 2, R, Д 2: /С -»■ К,.

D e f in it io n

We say th a t the eąuation (or the system o f eąuations) (1) is stable in the class IC, 
i f  for еѵегу e >  0 there exists a <5 >  0 such th a t for еѵегу function g G K. satisfying

\ L ( g ( x ) ) - R ( g ( x ) ) \ < 6

(or |L i(p (x ))  -  R !(g {x )) \  <  5, \L2(g{x)) -  R 2{g{x))\ <  S)

for i G l ,  there exists a solution /  G K. of eąuation (or the system o f eąuations) 
(1) such tha t

| / ( x )  — g (x ) | <  г for x  G R.

I t  is observed in  [1] th a t a system of two stable functional eąuations may be 
unstable, e.g. the system

\ f (x ) \  =  f ( x )  and | / ( x ) |  =  - f ( x )

in the class { / :  R -> R \  {0 } } .  S im ilarly, a system of functional eąuations may be 
stable even though the eąuations of th is system are unstable, e.g. the system

f ( f ( x ) )  =  x  and f ( f { x ) )  =  1

in  the class fC. These Systems have no Solutions.
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P r o b l e m

Is this situation possible only i f  the system has no Solutions?

This is Problem 8 in  [1]. The answer to th is problem is negative. 
We consider the follow ing system o f functional eąuations in  fC:

( l / O )  -  1| -  / 0 ) +  ! )  ' / 0 ) =  o

and

E ( f ( x ) )  =  O,

here E (u )  denotes the integer part o f u.

(2)

(3)

P r o p o s it io n  1
The equations (2) and (3) -  considered in the class K, -  are stable separately, but 
not as a system. Howeuer there is an obuious solution /o =  0.

Proof. O ne can observe eas ily  th a t  th e  sets o f  S o lu tions o f  th e  eąua tions (2) 
a nd  (3) -  in  th e  class K. -  are as fo llo w s :

Sol(2) =  { /  G K, : /(1R) C [1. +oo) U {0 } }

and

Sol(3) =  { /  G К  : / ( R ) C [0 ,1 ) } .

Therefore

S o l(2 )n S o l(3 )  =  { /o  = 0 } .

То ргоѵе the s tab ility  o f eąuation (2), take e >  0 and pu t S :=  m in { | ,  | } .  Set 

L(u )  =  (|m — 1| — u  +  1) • u  for u € R.

Let g G K, and

\L(g(x ))\ < 6  for і е К .
Since

ffO) < ==> 0 0 0 )) l = 2(1 -  50)) • І50)І > 1 -  50) > ^

we conclude tha t

5(K ) С [ -  ^ ,+ o o ) .

We also have

( 5 0 )  G [ -  л  0 ( 5 0 ) ) l  =  2(1 -  5 O ) ) ' Ip O ) | <  <5) = +  |5 0 ) l  <  5 <  ^  (4) 

sińce 2(1 — g{x))  >  1 in th is case. Могеоѵег,

5 0 )  G
Г1
- , 1 )  Л L ( g O)) =  2(1 -  g(x))  ■ g(x) <  8 1 -  5 0 )  <  6 <  2  (5 )

sińce 2g(x)  >  1 in  th is case.
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Define

/ 0 ) :=  < 1 +<$, 

I PO ),

Evidently /  £ Sol(2). Могеоѵег,

i f  -  \  <  g(x)  <  
i f  5 <  g{x)  <  1, 
i f  g(x)  >  1.

l/O) ~50)
ІзО)|, if -  \  < ffO) <
1 ~  9{x)  +  8, i f  \  <  5 (^) <  1, 
0, i f  g(x) >  1.

By (4) and (5) we have

| f ( x )  — g(x)  | <  £ fo r x e R .

The proof of s tab ility  o f eąuation (2) is finished.
То ргоѵе the stab ility  o f eąuation (3), take £ >  0 and pu t 6 :=  m in {^ ,£ } .  Let 

g € К  and

\E(g(x))\ <  S for r e i .

We have

g(x) £  [0, 1) for i £ l ,

so g is a solution o f eąuation (3). This ends the proof o f s tab ility  o f eąuation (3).
То ргоѵе th a t the system o f eąuations (2) and (3) is not stable, take gn {x) =  

1 — ^  for n £ N and i £ i  We have

Tl —  1
E(gn(x)) =  0 and L(gn (x )) =  2 • — r — for n £ N, x  £ R.

n z

Let e :=  For еѵегу 8 >  0 there exists an integer no >  3 such th a t L(gna(x)) <  8 
and obviously gnu (x) >  s fo r x  £ R.

Now, let us consider the follow ing functional eąuations

( l /O )  -  1| -  / 0 )  +  1) • 1/0)1 +  | £ ( / 0 ) ) l  =  0 (6)

and

(l/O) + 1| + /О) + 1) • 1/0)1 + |S(-/0))l = 0 (7)
for f  £ JC.

P r o p o s it io n  2
The eąuations (6) and (7) are unstable separately and the system of these eąuations 
is stable. The function fo =  0 is  only solution of (6) and of (7) th.us of the system 
of eąuations (6), (7).
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Proof. То ргоѵе the non-stab ility  o f eąuation (6) i t  is sufficient to  consider the 
functions gn(x) =  1 -  i  fo r n  € N  and i £ l .  S im ilarly, to  ргоѵе the non-stability 
of eąuation (7) we can consider gn(x) =  — 1 +  T fo r я е М  and x  € R. То ргоѵе 
the s tab ility  o f the system of these eąuations, take e >  0 and pu t 6 :=  i .  Set

L \ (u )  =  (|u — 1| — u +  1) • |u| +  |i?(u)| for u € R

and

L 2(u) =  (|u +  l j  +  u +  1) ■ |u| +  \E (—u)\ for u € R.

Let g £ K. and

\L i(g (x )) \  <  S and \L2(g(x))\ <  S for x  £ R.

We have

(g(x) <  0 or g(x) >  1) L i(g (x ) )  >  \E{g(x))\ >  1.

Могеоѵег,

0 <  g(x) <  1 L 2(g{x))  >  \E ( -g (x ) ) \  =  1.

From the above g(x) =  fo (x )  =  0. This ends the proof o f s tab ility  o f the system 
of eąuations (6), (7).

R e m a r k  1
We say th a t eąuation (or the system o f eąuations) (1) is superstable in the class 
KL (b-stable in the class IC, respectively), i f  for еѵегу function g £ /С for which 
L(g (x ))  -  R (g(x))  (or L i{g {x ) )  -  R i (g (x ) )  and L 2(g(x)) -  R 2(g(x)))  is bounded, 
g is bounded or g is a solution o f (1) (there exists a solution /  G fC o f (1) such 
th a t g{x) — f ( x )  is bounded, respectively).

I t  is easy to see th a t the superstability o f the eąuations of the system implies 
superstability of the system. The converse im plica tion is not true. Indeed, the 
boundedness o f the functions g(2x ) —g(x)  and g(2x )+ g (x )  implies the boundedness 
o f the function g, so the system

/ ( 2z) =  f ( x )  and / ( 2x) =  - f { x )

is superstable. The function

g{x) :=
i f  x  G A  :=  { x  G R  : x  =  2k, к £ Z } ,  

i f  x  G R \  A,

(8)

is unbounded and g does not satisfy the eąuation / ( 2x)  =  f ( x ) ,  but the function 
g(2x) — g(x)  is bounded. Sim ilarly, the function

f ( - l ) fe-/c, i f  x  € .4 
\  0. i f  x  € R \  A.

is unbounded and g is not a solution o f the eąuation / ( 2x) =  —f ( x ) ,  but the 
function g (2x)+ g(x )  is bounded. Therefore the eąuations in (8) are not superstable 
separately.
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We encounter the same situation fo r b-stability. Namely, the system (8) is 
b-stable and the eąuations o f th is system are not b-stable. I f  we consider the 
system

L i  (Д ж )) =  [ f ( x ) - x ] - f ( x )  =  0 and L 2{ f ( x ) ) =  f ( x ) - ( x + - ^ - ^ j  - f ( x ) =  0

then one can observe th a t th is system is not b-stable. Indeed, for g(x) =  x  
the functions L \{g (x ) )  and L 2(g(x)) are bounded and f ( x )  =  0 is the uniąue 
solution of the system. The separate eąuations of th is system are b-stable, e.g. for 
j (g(x) — x) ■ g(x) | <  M  we have |g(x)  — x\ <  y /M  or |^(x)| <  y /M .  The function

f ( x )  ■■=
i f  |g(x)  — x\ <  y /M ,

i f  j<?(x) — x\ >  y /M  and |g(x)| <  y /M ,

is a solution o f the eąuation L i ( f ( x ) )  =  0 and g(x) — f ( x )  is bounded.

R e m a r k  2
I f  at least one of the eąuations o f the system is stable (or superstable, or b-stable, 
respectively) and еѵегу solution o f th is eąuation is a solution o f the second eąuation 
o f the system, then the system is stable (or superstable, or b-stable, respectively).

R e m a r k  3
The stab ility  o f the system L i ( f )  =  R i ( f )  and L 2{ f )  =  i?2( / )  is equivalent to  the 
stab ility  of the eąuation

І В Д ) - Д і ( / ) |  +  | І 2( / ) - В Д ) | = о .
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