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On asymptotic cyclic contractions

Abstract. W& introduce asynatotic oydic contractions as a generdlization
of gdic contradtions. The new type of mggpings is casidered under the
recently introduced property UC for pairs of suosets of metric goeces We
showthat there may be nore than ae best proximity point.

1. Introduction

Let pn:[0.oc) —» [0, 00) be a seguence of functions uniformly convergent to
a continuous function p: [0. o0) —r [0, 00) for which p{r) < r forr > 0. In 2003
Kirk [6] pointed out the following generalization of the well-known Banach’s Con-
traction Principle and the Boyd-Wong fixed point theorem:

Theorem 1.1 ([6], Theorem 2.1)
Suppose (M, d) is a complete metric space and suppose T: M —M is an asymptotic
contraction, i.e.,

d(Tn(x),Tn{y)) < ipn(d(x,y)), X,y £M

for which the mappings pn are also continuous. Assume also that some orbit of
T is bounded. Then T has a unique fixed point z £ M , and Toreover the Picard
sequence (Tn(x))*=1 conuerges to z for each x £ M.

Almost simuttaneously a similar problem was considered by Jachymski and
Jézwik in [5]. More precisely, they proved that if T is a uniformly continuous
mapping, the assumptions on pn may be weakened, i.e., functions ipn need not
be continuous and it suffices to assume the limit function ip to be upper semicon-
tinuous and such that limr_>00(r —p(r)) = 00. Moreover, it is not necessary to
suppose the boundedness of some orbit (T n(x)).

More recently, these results were generalized by Suzuki. In [8] Suzuki intro-
duced the so-called asymptotic contractions of Meir-Keeler type. Specifically,
Theorem 4 in [8] gives us the following corollary devoted to the Kirk‘s contrac-
tions:
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T heorem 1.2

Let (X,d) be a complete metric space and let T be a continuous, asymptotic
contraction on X. Then there exists a unigue fixed point z £ X. Moreover,
limn_j0OTnx = z for all x £ X .

At the same time, the Banach’s Contraction Principle was generalized for the
case of so-called cyclic contractions.

Definition 1.3

Let A and B be nonempty subsets of a metric space X and suppose that a mapping
T: A(J B —= AU B is such that T(A) C B, T(B) C A and there exists k £ (0.1)
for which

d(T(x),T(y)) < (1 —k)d{x,y) + kd(A, B) for all x £ A, y £ B.
Then T is called a cyclic contraction.

In [9] it has been shown that there exists a unigue best proximity point for these
kinds of mappings, i.e., a point z £ A for which d(z,T(z)) = d(A,B), under the
assumption that the pair (A,B) satisfies property UC. The precise definition may
be found in Section 2. Moreover, the seguence of Picard iterations (T 2n(x)) has
been proved to be convergent to 2 for all x £ A. Later on, further developments
were considered on this topie by weakening assumptions on T (see [1] and [9]) or
on sets A and B (see [2] and [4]). Our main goal in this work is to give an answer
whether for asymptotic cyclic contractions of Kirk’s type, mappings introduced
below for the first time, there is at least one best proximity point z £ A such that
T2n (x) -4 z for all x £ A. We will suppose that the pair (A, B) satisfies the same
property UC as in [9].

2. Preliminaries

Let us begin with some notations. Let A and B be two subsets of a metric
space (X,d). By d(a,B) and d(A,B) we denote:

d(a. B) = inf{d(a, b)\ b£ B};

d(A,B) = inf{d(a.B)\ a £ N}.

Now we proceed to some definitions which we will need in the seguel. The first
one gives us a precise definition of an asymptotic cyclic contraction.

Definition 2.1

Let A and B be nonempty subsets of a metric space X and suppose that a mapping
T:AUB -U AuB issuchthat T(A) C B. T(B) C A. Moreover, assume that there
exists a seguence (Pn)%Li of functions defined on [d(A.B), 00) and satisfying the
following properties:

(i) (ipn) tends uniformly to an upper semicontinuous function ga \d(A, B ), oo) —=
[<f(.4. B). 00);

(ii) ip(r) < r for eachr > d(A.B);
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(iii) d(Tn(x),Tn(y)) < qn(d(x,y)) for all x GA, y GB and n GN.
Then T is called an asymptotic cyclic contraction.

Next we define the property UC.

Definition 2.2

Let (X,d) be a metric space and let A and B be nonempty subsets of X. A pair
(A, B) is said to satisfy the property UC, if for each pair ((rn)™=1, (Xn)%Li) °f
seguences of points of A and a seguence (yn)%.Li of B such that d(xn,yn) —d(A, B)
and d(x'n,yn) —d(A,B), the convergence d{xn,x'n) —0 holds.

A natural guestion here is to find conditions under which a pair of subsets of
a Banach or a metric space satisfies the property UC. In the case of a Banach
space X and assuming that A is convex, it was proved in [9] that any such pair
(A. B) has the property UC if X is, in addition, uniformly convex. If Toreover
A is supposed to be relatively compact, it suffices that A' is uniformly convex in
each direction. Now let us consider geodesic metric spaces. In this case (A, B)
satisfies the property UC if A is convex and A is a uniformly convex metric space
with monotone modulus of convexity (see [2]). For precise definitions the reader
may check [3].

3. Main results

Now we are able to proceed to the main result of the paper. More precisely,
we will present an existence result of the best proximity point for an asymptotic
cyclic contraction T: AUB —AuB. We will also provide some examples showing
the significance of the assumptions in our result are needed.

Theorem 3.1

Let A and B be nonempty subsets of a m,etric space X such that A is complete
and the pair (A,B) satisfies the property UC. Moreouer, suppose that T: AUB —
A UB is an asymptotic cyclic contraction that is continuous. Then there is a best
proximity point z GA and T2n(x) —z for all x G A.

Proof. Let usfix x GA and y GB. We want to show that
d(Tn(x),Tn(y))->d(A,B). (3.1)

First let us notice that the seguence (d(Tn(x),Tn(y))) is bounded. Indeed, the
uniformly convergence of (pn) and properties of T imply that

d(Tn(x),Tn(y)) < ipn(d(x,y)) < <p(d(x,y)) + 1

for almost all n G N.
Now let (kn) be an increasing subseguence of natural numbers chosen in such
a way that

nIi_n>1)[)d{Tkn(x),Tkn(y)) =r> <p(r) > d(A.B).
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Since (ipn) tends uniformly to the upper semicontinuous function < one may
find i € N for which

2ip(r) +r
<p(d(TN'(x),TN'{y))) <

and N2 such that for n > N2 we obtain

?2(r) + 2r
d(Tn+N'(x), Tn+N'(y)) < Vn(d(TN'(x),TN{y))) <

which leads to
li d K" T K" \Y +2
| 50) ( (X), (y)) < (rg r

a contradiction.
On account of (3.1) and properties of sets A and B, we have

d(T2n(x), T 2n+2(x)) -> 0. (3.2)
Now let £ > 0 and suppose that there are seguences (kn) and (mn) for which
d{T2k" (x), T2m+1(x)) > d(A.B) + e. (3.3)

According to (3.1)-(3.2) we may assume that mn is chosen in such a way that

d(T2k" (x), T2Zr+1(x)) <d(A,B)+£, pe .,m, - 1} (3.4)
Therefore
nli[g d(T2k" (1), T2m'I+1(x)) = d{A, B) + e (3.5)
and Toreover,
nIlg ‘mn —kn) — 00. (3.6)
Indeed, the boundedness of such a numerical seguence together with (3.1) contra-

dicts (3.5).

In next step we will show that (3.3) leads to a contradiction. This part of the
proof was inspired by the one given by Suzuki in [8, Theorem 3]. From (i)—ii) it
follows that there is S> 0 such that

4>r) < <pld(A. B) + e)2+ d(A.B) + e < d(A,B) + e

for each r G (d(A,B) + e —S d(A, B) + e), which guarantees that

it(r) < max lip{d{A,B)+e)+d{A,B)+i_-d(A-B)+£_5} .

for r < d(A, B) + £ On account of (i) one can find N G N such that

M + d(A.B)+e
PN (r) < 5 forr < d(A,B) + £.
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Combining this with (3.4)-(3.6) and (iii) we get

d{T2k"{x),T2m" +1{x))

< d(T2k,+2N(x), T2mn+1(x)) + Y d(T2"+2k(x), T 2kr,+2k+2(x))

k=0
N- 1
< 9N (d{T2k” (x),T2m" - 2N+1(x))) + Y d{T2k"+2k(x),T K" +2k+2(x))
k=0
N- 1
< AN + Y  d(T2kn+2k(x), T 2k" +2k+2(x))
2 fc=0

< d{A,B) + e

for n large enough, which contradicts (3.3).

Thus Lemma 2 in [9] impiies the fact that (T 2n(x)) is a Cauchy seguence and
since A is complete, T 2n(x) —>z. Moreover, sifice T is continuous we get that z is
a best proximity point, i.e., d(z,T(z)) = d(A,B).

To finish the proof we have to get d(T2n(xi),T 2n(x2)) -> 0 for all xi,X2 £ A,
but this follows directly from (3.1) and property UC of the pair of sets (A, B).

Remark 3.2
1. If we compare the above result with the ones given by Suzuki in [8, Theo-
rem 3], it is worth to notice that it does not suffice to assume that there is
at least one continuous mapping T2n+1, n £ N. To see it the reader may
consider ExaTtpie 3.3.

2. In contrast to the case of asymptotic contractions (see [5, Theorem 2],
[6, Theorem 2.1] and [8, Theorem 3]) or cyclic contractions (compare with
[9, Theorem 2]), the best proximity point z obtained in our main theorem
does not have to be unigue (see ExaTtpie 3.4). Moreover, z is not necessary
a fixed point of T 2.

As it has been mentioned before we are going to show examples supporting
to the necessity of assumptions in Theorem 3.1. The first one shows that the
continuity of T cannot be weakened by the continuity of some iteration T 2n+1.

Example 3.3
Let us define a seguence (zn) C R as
20 =0, Zt =2, z2= —1, z3- 1, z2n+2= —+2n-l r2n+3 = 1+ ME£ N.
Then defining a mapping T and sets A and B by T(z,_i) = zn,n e N and
4 = {zo, z2,74,...} and B = {zb z3,2z5,...},

we obtain that T:AuB —»AuBisan asymptotic cyclic contraction such that T3
is a continuous mapping. Indeed, since d(A,B) = 1 one may take ip(a) = ¢Y- It
is sufficient to consider pairs with one element egual to zq or z3. In any other case
it is easy to c.heck that d(Tn+2(u),Tn+2(v)) < ip(d(u.v)), u € A, v€ B, ne N.
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1. Ifu=zoand v= Z2n-ii n ® 2, then

=1+ N < i, me N
2. Taking v = Z3 and u = Z2n, we obtain
d(Tm(), Tm(y)), <1+ w5, + gshas < REAMWV) + =L meN.
3. In the same time u = zg and v = Z3, imply
+3(«), M« (»)) = 1+ A+ 545§ V(d{u,v)) + 2L, m € N.

Hence ifm = g+ for all m > 3.
Moreover, the pair (A, B) satisfies property UC and T 2n(z2m- 2) tends to zo if
n — 00, but 20 is not a best proximity point.

Example 3.4
Let us slightly modify the above exaTpie. More precisely, let us consider a se-
guence (zn) ¢ IR2 and two points z' and z" defined by

20- (0.-1), 2= (1.-1), Za- y- g2¥T'°)ir;m+l= (1+72,0), neN;

r'=(0,0), z" = (1.0).

Taking T(z,_i) = z,, T(z') = z", T(z") = Z',
A ={z4z0,22,mm} and B = {z", zi, Z3,..

we obtain that T:iU B -4 AuB is a continuous asymptotic cyclic contraction
with two best proximity points ro and z'. Indeed, let us take <p(r) = d(A,B) = 1
for each r > d(A, B). Then fixing u £ A and v £ B we get

d (T » ,r» ) <d(Tn(z0), Tn(Zl)) < 1+ ~ +i- = v(d(u,v)) +

for all n £ N. It suffices to define a seguence {ipn) as qn(r) = <p(r) + 32-n for all
r>d(A.B)and n £ N.

The last exaTtpie is devoted to properties of the pair of sets (A,B). It is
worth to notice that it is still an open guestion whether the property UC may be
weakened. In case of cyclic contractions it was shown in [2, 4] that the property UC
may be taken out by the property WUC and under some additional assumptions on
the metric space by the property HW. Under the assumptions considered in [7] the
reader may find examples proving the existence of cyclic Meir-Keeler contractions
without best proximity points. For precise definitions the reader may check [2, 4, 7].
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Example 3.5
Let us consider the set of natural numbers N and the function d:NxN->[0, 00)
defined by

0, i=3,
- - i-i-1
d(i,j) = d(j.i) =
£ e ')
k=1
It is elear that (N, d) is a complete metric space. Indeed, the fact that
2<d(i,k) <4=2+2<d(ij) +d(jKk), i,k G{1,2,..}, rd | bk

triyially proves the triangle ineguality.

Let A be the set of all odd numbers and B the set of all even numbers, and
consider the mapping T:(N,d) — (N, d) given by T{i) = i+ 1. Then T is a cyclic
contraction on A UB so this is also an asymptotic cyclic contraction with no best
proximity points.
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