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On asymptotic cyclic contractions

Abstract. We introduce asymptotic cyclic contractions as a generalization 
of cyclic contractions. The new type of mappings is considered under the 
recently introduced property UC for pairs of subsets of metric spaces. We 
show that there may be morę than one best proximity point.

1. In troduction

Let p n : [0. oc) —»• [0, oo) be a seąuence o f functions un ifo rm ly convergent to 
а continuous function p: [0. oo) —)• [0, oo) for which p { r )  <  r  for r  >  0. In  2003 
K irk  [6] pointed out the follow ing generalization of the well-known Banach’s Con- 
traction Princip le and the Boyd-W ong fixed point theorem:

T heo r em  1.1 ([6 ], T h e o r e m  2.1)
Suppose (M , d) is a complete metric space and suppose T: M  —> M  is an asymptotic 
contraction, i.e.,

d (T n( x ) ,T n {y)) <  ipn (d(x ,y )) ,  x, y £ M

fo r  which the mappings p n are also continuous. Assume also that some orbit of 
T  is bounded. Then T  has a unique fixed point z £ M , and тогеоѵег the Picard 
sequence (Т п (х ))^=1 conuerges to z fo r  each x  £ M .

Almost simułtaneously a sim ilar problem was considered by Jachymski and 
Jóźwik in  [5]. Morę precisely, they proved th a t i f  T  is a uniform ly continuous 
mapping, the assumptions on p n may be weakened, i.e., functions ipn need not 
be continuous and i t  suffices to  assume the lim it function ip to  be upper semicon- 
tinuous and such th a t lim r _>00(r  — p ( r ) )  =  oo. Могеоѵег, i t  is not necessary to  
suppose the boundedness o f some o rb it (T n(x)).

Morę recently, these results were generalized by Suzuki. In  [8] Suzuki in tro ­
duced the so-called asymptotic contractions of M eir-Kee ler type. Specifically, 
Theorem 4 in [8] gives us the fo llow ing corollary devoted to  the K ir k ‘s contrac­
tions:
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T heorem  1.2
Let (X , d) be a complete metric space and let T  be a continuous, asymptotic 
contraction on X .  Then there exists a uniąue fixed point z £ X .  Могеоѵег, 
lim n_j.00 T nx  =  z fo r  all x  £ X .

A t the same tim e, the Banach’s Contraction Principle was generalized for the 
case o f so-called cyclic contractions.

D e f in it io n  1.3
Let A  and В  be nonempty subsets o f a m etric space X  and suppose th a t a mapping 
T: A(J  В  —> A U  В  is such th a t T (A )  С B, T (B )  C A  and there exists к £ (0.1) 
for which

d (T (x ) ,T (y ) )  <  (1 — k )d {x , у ) +  kd(A, В ) for all x  £ А, у £ В.

Then T  is called a cyclic contraction.

In  [9] i t  has been shown th a t there exists a uniąue best p rox im ity  po int for these 
kinds o f mappings, i.e., a po in t z £ A  for which d (z ,T (z ))  =  d (A ,B ) ,  under the 
assumption th a t the pair (A , В ) satisfies property UC. The precise definition may 
be found in  Section 2. Могеоѵег, the seąuence o f Picard iterations (T 2n(x)) has 
been proved to  be convergent to  2 fo r a ll x  £ A. Later on, fu rther developments 
were considered on th is topie by weakening assumptions on T  (see [1] and [9]) or 
on sets A  and В  (see [2] and [4]). Our main goal in  th is work is to  give an answer 
whether for asym ptotic cyclic contractions o f K irk ’s type, mappings introduced 
below for the firs t tim e, there is at least one best p rox im ity  po int z £ A  such tha t
T 2n (x) -4 z for a ll x  £ A. We w ill suppose th a t the pair (А, В ) satisfies the same 
property UC as in  [9].

2. Prelim inaries

Let us begin w ith  some notations. Let A  and В  be two subsets o f a metric 
space (X ,d ) .  By d (a ,B )  and d (A ,B )  we denote:

d(a. В ) =  in f{d (a , b)\ b £ B } ;  

d (A , B )  =  in f{d (a . B)\ a £ Л }.

Now we proceed to  some definitions which we w ill need in  the seąuel. The first 
one gives us а precise defin ition o f an asym ptotic cyclic contraction.

D e fin it io n  2.1
Let A  and В  be nonempty subsets o f a m etric space X  and suppose th a t a mapping 
T : A U  В  -U A u B  is such th a t T (A )  С В . T (B )  С А. Могеоѵег, assume tha t there 
exists a seąuence (<Pn)%Li o f functions defined on [d (A .B ),  oo) and satisfying the 
fo llow ing properties:

(i) (ipn) tends un ifo rm ly to  an upper semicontinuous function <p: \d(A, В ), oo) —>■ 
[<f(.4. B ).  oo);

(ii) ip(r) <  r  for each r  >  d(A. В );
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( iii)  d (T n( x ) ,T n(y)) <  <pn (d(x ,y ))  fo r a ll x  G А, у G В  and n G N.

Then T  is called an asymptotic cyclic contraction.

Next we define the property UC.

D efin it io n  2.2
Let (X ,d )  be a m etric space and let A  and В  be nonempty subsets o f X .  A  pair 
(А, В ) is said to  satisfy the property UC, i f  for each pair ( ( r n )™=1, (Xn)%Li) ° f  
seąuences of points of A  and a seąuence (yn )%Li o f В  such th a t d(xn , yn ) —> d(A, В ) 
and d(x'n ,yn ) —> d (A ,B ) ,  the convergence d{xn ,x'n ) —>• 0 holds.

A  natura l ąuestion here is to  find conditions under which а pair o f subsets of 
a Banach or a m etric space satisfies the property UC. In  the case o f a Banach 
space X  and assuming th a t A  is сопѵех, i t  was proved in [9] th a t any such pair 
(А. В ) has the property UC i f  X  is, in addition, un ifo rm ly сопѵех. I f  тогеоѵег 
A  is supposed to be re lative ly compact, i t  suffices th a t A ' is un ifo rm ly сопѵех in 
each direction. Now let us consider geodesic m etric spaces. In  th is case (А, В ) 
satisfies the property UC i f  A  is сопѵех and A  is a uniform ly сопѵех m etric space 
w ith  monotone modulus o f convexity (see [2]). For precise definitions the reader 
may check [3].

3. M a in  results

Now we are able to  proceed to the main result of the paper. Morę precisely, 
we w ill present an existence result of the best p rox im ity  po int for an asymptotic 
cyclic contraction T: A U  В  —> A u B .  We w ill also provide some examples showing 
the significance o f the assumptions in  our result are needed.

T heorem  3.1
Let A  and В  be nonempty subsets of a m,etric space X  such that A  is complete 
and the pa ir  (A , B) satisfies the property UC. Moreouer, suppose that T: A  U В  —> 
A U B  is an asymptotic cyclic contraction that is continuous. Then there is a best 
proximity point z G A  and T 2n(x) —> z fo r  all x  G A.

Proof. Let us fix  x  G A  and у G B .  We want to  show tha t

d (T n( x ) ,T n ( y ) ) - > d ( A , B ) .  (3.1)

F irs t let us notice th a t the seąuence (d (T n( x ) ,T n (y ))) is bounded. Indeed, the 
uniform ly convergence o f (<pn) and properties o f T  im p ly  th a t

d (T n ( x ) ,T n (y )) <  ipn (d (x ,y ))  <  <p(d(x, у)) +  1

for almost all n G N.
Now let (kn) be an increasing subseąuence o f natura l numbers chosen in  such 

a way tha t

lim  d {T kn( x ) ,T kn(y)) =  r >  <p(r) >  d (A .B ) .
n —>oo
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Since (ipn ) tends un ifo rm ly to the upper semicontinuous function <p, one may 
find Лгі € N for which

<p(d(TN' ( x ) , T N'{y ) ) )  <
2ip(r) +  r

and N 2 such th a t for n >  N 2 we obtain

d (T n+N' ( x ) , T n+N'( y ) )  <  Vn(d (T N' ( x ) , T N'{ y ) ) )  <
?(r) +  2 r

which leads to

lim  d (T k" ( x ) , T k" (y ) )  <  V(r ) + 2 r
n—>00 3

a contradiction.
On account o f (3.1) and properties o f sets A  and B, we have 

d (T 2n (x), T 2n+2(x))  -> 0. (3.2)

Now le t £ >  0 and suppose th a t there are seąuences (kn ) and (m n ) for which 

d {T 2k" (х), Т 2тПп+1(х)) >  d(A. B )  +  e. (3.3)

According to  (3.1)-(3.2) we may assume th a t m n is chosen in  such a way tha t

d (T 2k” ( x ) , T 2r + l (x)) < d ( A , B ) + £ ,  p e .. ,m „  -  1}. (3.4)

Therefore

and тогеоѵег,

lim  d (T 2k” (1 ), T 2m’l+ 1(x))  =  d{A, B ) +  en—> OO

lim  (m n — kn) — 00.n—> OO

(3.5)

(3.6)

Indeed, the boundedness o f such a numerical seąuence together w ith  (3.1) contra- 
dicts (3.5).

In  next step we w ill show th a t (3.3) leads to  a contradiction. This part of the 
proof was inspired by the one given by Suzuki in  [8, Theorem 3]. From ( i)—(ii) it 
follows th a t there is S >  0 such tha t

4>{r) <
<p{d(A. B )  +  e) +  d(A. B )  +  e 

2 <  d (A ,B )  +  e

fo r each r  G (d(A, B )  +  e — S, d(A, В ) +  e), which guarantees tha t 

■ ip { d { A , B ) + e ) + d { A , B ) + i
i f { r )  <  max - . d ( A . B ) + £ - 5 }  = :  M

for r  <  d(A, B )  +  £. On account of (i) one can find N  G N such tha t

<P2N (r)  <
M  +  d(A. B ) + e  

2
for r  <  d(A, В ) +  £.
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Combining th is w ith  (3.4)-(3.6) and ( iii)  we get 

d {T 2k" { x ) , T 2m" + 1{x))

<  d (T 2k,,+2N (x), T 2mn+1(x)) +  Y  d (T 2k" + 2k( x ) , T 2kr,+2k+2(x))
k=0

N- 1
<  <p2N (d{T2k” ( x ) , T 2m" - 2N +1(x)))  +  Y  d {T 2k'‘+ 2k( x ) , T 2k’' +2k+2(x ))

k=0
N- 1

<  A ^  +  Y  d (T 2kn+2k(x ) , T 2k" +2k+2(x))
2  fc=0

<  d {A ,B )  +  e

for n  large enough, which contradicts (3.3).
Thus Lemma 2 in  [9] impiies the fact th a t (T 2n(x )) is a Cauchy seąuence and 

sińce A  is complete, T 2n(x) —> z. Могеоѵег, sińce T  is continuous we get th a t z is 
a best p rox im ity  point, i.e., d (z ,T (z ))  =  d (A ,B ) .

To finish the proof we have to  get d (T 2n( x i ) , T 2n (x2)) ->  0 for a ll x i , X 2 £ A, 
but th is follows d irectly from  (3.1) and property UC o f the pair of sets (A, B).

R em a r k  3.2
1. I f  we compare the above result w ith  the ones given by Suzuki in [8, Theo- 

rem 3], i t  is w orth  to  notice th a t i t  does not suffice to  assume th a t there is 
at least one continuous mapping T 2n+1, n £ N. To see i t  the reader may 
consider Е ха тр іе  3.3.

2. In  contrast to  the case o f asymptotic contractions (see [5, Theorem 2], 
[6, Theorem 2.1] and [8, Theorem 3]) or cyclic contractions (compare w ith  
[9, Theorem 2]), the best p rox im ity  po in t z obtained in our main theorem 
does not have to  be uniąue (see Е ха тр іе  3.4). Могеоѵег, z is not necessary 
a fixed point o f T 2.

As i t  has been mentioned before we are going to  show examples supporting 
to the necessity o f assumptions in  Theorem 3.1. The firs t one shows th a t the 
continuity o f T  cannot be weakened by the continu ity  o f some ite ra tion  T 2n+1.

E xam ple  3.3
Let us define a seąuence (zn) C R as

Zo =  0, Zł =  2, Z 2 =  —1, z3 =  1, Z 2 n + 2 =  —  ^ 2 n -l  ’ г 2 п + 3  =  1 +  П £ N.

Then defining a mapping T  and sets A  and В  by T ( z „ _ i )  =  zn , n  e N and

.4 =  {zo, z2, Z4, . . . }  and В  =  { z b  z3, z5, . . . } ,

we obtain tha t T : A u B —» A u B i s a n  asymptotic cyclic contraction such th a t T 3 
is a continuous mapping. Indeed, sińce d ( A ,B ) =  1 one may take ip(a) =  (~ Y -  I t  
is sufficient to  consider pairs w ith  one element eąual to  zq or z3. In  any other case 
it  is easy to c.heck th a t d (T n+2(u ) ,T n+2(v)) <  ip(d(u.v)), u € A, v € B , n  e N.
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1. I f  u =  zo and v =  Z2n - i i  n  Ф 2, then

=  1 +  ^  <  i ,  m e  N.

2. Taking v =  Z3 and u =  Z2n, we obtain

d (T m( u ) ,T m(v)) <  1 +  —  +  - - - *  <  tp(d(u,v)) +  — Ц -,\  V /  V / /  — ^ 771 3 m + 2 n - 3  —  r \  \  i  / /  3 т - 1  •

3. In  the same tim e u =  zq and v =  Z3, im p ly

Й (Г ” +3( « ) , Г “ « ( » ) )  =  1 +  ^  +  5 ^ 5  i  V(d{u ,v ))  +  2 L ,

777 e N.

m € N.

Hence i fm =  <p +  for a ll m  >  3.
Могеоѵег, the pair (А, В ) satisfies property UC and T 2n(z2m- 2) tends to zo i f  

n —> 00, bu t 20 is not a best p rox im ity  point.

E xam ple  3.4
Let us sligh tly m odify the аЬоѵе ехатр іе . Morę precisely, let us consider a se- 
ąuence (zn ) c  IR2 and two points z' and z "  defined by

z0 =  (0. -1 ) ,  Z\  =  (1. -1 ) ,  Z2 n =  (y ~  g2^” T ’ ° )  i г 2п + 1 =  ( l  +  ^ , o ) ,  n e N;

г ' =  (0, 0), z "  =  (1. 0).

Taking T ( z „ _ i )  =  z „, T (z ')  =  z", T (z " )  =  z',

A  =  { z 1, zo, Z2, ■ ■ •} and В  =  { z " ,  z i ,  Z3, ..

we obta in th a t T : i U B  -4  A u B  is a continuous asymptotic cyclic contraction 
w ith  two best p rox im ity  points го and z'. Indeed, let us take <p(r) =  d (A ,B ) =  1 
for each r  >  d(A, B ).  Then fix ing  u £ A  and v £ В  we get

d ( T » , r » )  <  d (T n (z0) , T n(Z l)) <  1 +  ^  +  i -  =  v (d (u ,v ))  +  ^

fo r a ll n £ N. I t  suffices to  define a seąuence {ipn) as <pn (r)  =  <p(r) +  32-n for all 
r  >  d(A. В ) and n £ N.

The last ехатр іе  is devoted to  properties o f the pair of sets (A ,B ) .  I t  is 
w orth  to  notice th a t i t  is s till an open ąuestion whether the property UC may be 
weakened. In  case of cyclic contractions i t  was shown in  [2, 4] th a t the property UC 
may be taken out by the property W U C  and under some additional assumptions on 
the m etric space by the property HW . Under the assumptions considered in  [7] the 
reader may find examples proving the existence o f cyclic M eir-Kee ler contractions 
w ithou t best p rox im ity  points. For precise definitions the reader may check [2, 4, 7].
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E xam ple  3.5
Let us consider the set o f natura l numbers N and the function d : N x N - > [ 0 ,  oo) 
defined by

0,

d ( i , j )  =  d ( j , i )  =
i - i - 1

£
k= 1

2fc ’

i = 3 ,

i  <  j .

I t  is elear th a t (N, d) is a complete m etric space. Indeed, the fact tha t

2 <  d(i,k) < 4 =  2 +  2 < d(i, j) +  d(j,k), i , j ,k G { 1 , 2 , . . . } ,  гф j  ф к

tr iy ia lly  proves the triangle ineąuality.
Let A  be the set of a ll odd numbers and В  the set o f a ll even numbers, and 

consider the mapping T : (N, d) —> (N, d) given by T { i )  =  i  +  1. Then T  is a cyclic 
contraction on A  U В  so th is is ałso an asym ptotic cyclic contraction w ith  no best 
p rox im ity  points.
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