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Abstract. Let X (t,w) = {z((w); t > 0} be a Markov process defined on
a probability space (€2, F, P) and valued in a measurable space (E,£). In
this paper, we give the definitions of o-algebras prior to a and post-a and
discuss their properties. At the same time, we prove that the strong Markov
property holds for an arbitrary Markov process, that is, we prove that the
Markov property is equivalent to the strong Markov property.

1. Introduction

Let X (t,w) = {z¢(w); t > 0} be a stochastic process defined on a probability
space (€, F, P) and valued in a measurable space (E,£). So for every A € &,
{w: z(w) € A} € F, where (E,€) is an abstract space and ¢ is the time pa-
rameter. The points of F are denoted as x,y,.... The sets of £ are denoted as
A, B,.... For convenience, suppose that £ contains all sets of simple points of E,
that is, {z} € & for every = € E.

Throughout this paper, suppose that X (¢,w) is non-interruptive Markov pro-
cess unless mentioned. Otherwise, we may enlarge the state space F to E = EU{d}
by joining a single point d with d ¢ E into F, and change X(t,w) into non-
interruptive process X (t,w) on E. Tt does not affect all conclusions in this paper.

Let a(w) be a random variable which might be co. In order to show that x,
is well defined when o = oo, choose a random variable 5(w) valued in (E,E), and

define 2 (w) 2 B(w). Then x4 (w) is well defined for all w € Q. Now, define
F(xq) as

Fl#a) £ {0t (Taw) (@), aw) € A} A€ & x B(0,00))}, (1.1)

where B([0,00]) is a Borel o-algebra generated by [0,00]. {(x,s)} is an atom of
& x B([0,¢]) for every z € E, s € [0,00], namely, {(z,s)} € £ x B([0,00]), and
does not contain any proper subsets of £ x B([0, 00]). It follows that {z(.)(w) =
x} N{a(w) = s} is an atom of F(z4). Since a(w): Q@ — RT 2 [0, 00] is a mapping
from ) to RJr, and z;(w): Q — F is also a mapping from Q to F for every fixed
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t > 0, it follows that 4. (w) is a mapping from Q to E x R™. Note that
E x B(]0,00]) is a o-algebra, therefore F(z,) is a o-algebra by [2, Property 2.2.2].

DEFINITION 1.1
F(xq) is called the o-algebra generated by (. (w).

The core of the Markov process is the Markov property which is the base of
theoretic and applied research on Markov process. But we often need a stronger
property: “the strong Markov property”. We know that “present” in the explana-
tion of the Markov property is a fixed time ¢ which has nothing to do with w. But
in many problems, “present” is required to be a random time «(w) which may take
different values according to different w, such as hitting time. Let n4(w) be the
hitting time of A € £. Whether X (¢,w) satisfies Markov property at time 74 (w).
Note that n4(w) depends on w. So the strong Markov property is distinct from
the Markov property.

More precisely, this problem is explained as follows: Let X (¢, w) 2 {z¢(w); t >
0} be a Markov process defined on a probability space (€2, F, P) and valued in
a measurable space (F, &), f(x) be a E-measurable bounded real-valued function
defined on (E, &), that is, for any Borel subset B of (—o0, 00), we have

{z: f(z)e B} €&. (1.2)
Let a(w) be a random variable. Does the following equality
E(f(@t4a)INS] = Elf (@i4a)[F(a)l,  Po,-ace.

hold? Here N is a o-algebra prior to a generated by X (¢,w), which is defined
in Section 2.1; Q, = {w: a(w) < co}; F(-) denotes the smallest o-algebra on
generated by all sets of bracket.

In order to prove (1.2), many scholars made great efforts, and obtained many
fine results. The first one who thought (1.2) should be seriously proven is Doob
(1945). To make (1.2) hold, what should we do?

(1) What restricted conditions should «(w) have?

(2) How to define the o-algebra prior to a(w) so that it includes the special case
a(w) = constant?

(3) How to define the function f(z) so that f(z;) is a random variable and
E[f(z¢)|F(zq)] is N -measurable?

The questions above were mentioned in [1, P106].
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2. o-algebra prior to a(w) and its properties
2.1. The definition of the o-algebra prior to a(w)

Recall the o-algebras N 2 F(zs(w); s < T) and N© = Flzs(w); s < T),
generated by the trajectory of X (¢,w) prior to T, are defined by

NTé]—"(:vs( );S<T (Ux_l ) (2.1)
s<T
and
N+éf(xs(w);S§T)éF< Ux;l(c‘f)), (2.2)
s<T

respectively. In particular, taking T" = co, we have

Neo —]-'( U xsl(g)) and N —]-'( U x51(5)>.

s<o0 s<oo

Here z;1(€) 2 {{zs(w) € B} : B € &}. Intuitively, F(zs(w); s < T) o

F(zs(w); s < T) is the o-algebra generated by the stochastic process prior to
T of X(t,w), that is, generated by the two stochastic precesses (xs(w); s < T')
and (x5(w); s < T), respectively. Of course, here T is a constant that has nothing
to do with w. How to define the Na(w) and N;(w) if o is a random variable?
Similarly to the way of defining N7 and /\/’;r , they are defined as follows: Let
y(w) =z (w) if t < a(w); Gr(w) = 2y (w) if t < a(w). Put Y(t,w) = {y(w); t >0}
and Y (t,w) = {7:(w); t > 0}. Then they satisfy:

Y(t,w) = (X(t,w); t <a(w))
and

Y(t,w) = (X(t,w); t < a(w)).
That is, {y(w) € B} = {z(w) € B, t < a(w)} and {7 (w) € B} = {z,(w) €
B, t < aw)} for any t > 0 and B € &, where when ¢t = oo, {2¢(w) € B, t <
a(w)} = 0 and {z(w) € B, t < a(w)} = {B(w) € B, a(w) = oo}, respectively.
By the definition of a stochastic process, Y (t,w) and Y (t,w) are two stochastic
processes prior to a(w) of x(¢,w), that is, the two processes end at time ¢ < a(w)
and t < a(w), respectively.

From (2.1), (2.2) it follows that the o-algebras prior to a of X (¢,w) are defined

by

Mo 2 Flurs <o) 27 €) (23)
and t<oo
NF 2 Fguw) t < o0) 2 f( U <5>), (2.4)

respectively. When ¢t = oo, 7; ' (£) is defined by 7; *(€) 2 {{w: B(w) € B, afw) =
oo} : B € &} Obviously, if a(w) =T (constant), Ny, = Np and NJ = N
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DEFINITION 2.1

N, and N} defined by (2.3) and (2.4), respectively, are called o-algebras prior to
a of X(t,w).

2.2. The properties of o-algebra prior to a(w)

We now discuss the properties of N, and AN, which are the foundations of
studying the strong Markov property.

THEOREM 2.2

Fla) CNay; F(a) TN

Proof. The proofs of both statements are similar, we only prove the first re-
lation. Since {zs(w) € E} = Q, we have

{a(w) > s} = {z:(w) € E, a(w) > s} = {ys(w) € E} € Na.
It is well known that F(a) = F(a(w) > s; s > 0). Hence, the theorem is valid.

THEOREM 2.3

Let
II={{zy, € A1,...,m, € Ay, > s}:
n>1it <...<t,<s; Ay,..., A, €E}
H+:{{xt1€Ala"'7xtn EAn,OLZS}:
n>1it <...<t, <s<oo; A,..., A, €E}
where for s = 0o, {4, € A1,...,21, € Ap, > st =0 and {xy, € A1,...,2¢, €

Ap,a> st ={ay, € Ar,... 2, € Ap, a« =00}, Then
F(II) = N, and  F(II) =N,
Proof. {xy, € A1,...,x, € Ay, a0 > s} = {yy, € A1,...,y, € Ap, ys €
E} € N,, hence, F(II) C N,. Again, for every t > 0 and A € &, obviously,
{ye € A} = {zy € A, a >t} € II. Therefore, No = F(U, o y,H(&)) € F(ID),

from which and above it follows that F(II) = N,. Similarly as above we obtain
FAIt) = NF.

THEOREM 2.4
Let a(w) be a nonnegative random variable. Then

No SN

Proof. For any t; < tg < ... < t,, < s < t, from {z, € Ay,..., 24, €
Ap, a >t} € Nt we get

{z, € A1, . 2, € Ay, 0> s}:ltilm{:zrt1 €A, ... 1, € Antn{a >t} e N
s

Here limy s{zy, € A1,...,2¢, € An} N {a > t} is defined by U, {zy, €
A1, xe, € A} N{a > a,} for an arbitrary sequence of number {a,}n>1,
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an s as n 1 oco. We easily verify that lim {x:, € A1,... 21, € At N{a >t}
has nothing to do with the chosen {a,},>1. Hence, by Theorem 2.3, the theorem
is proven.

THEOREM 2.5
Let a(w) be a stopping time with respect to N;~, that is, {a <t} € N;* for every
t>0. Then An{a <t} €N and An{a <t} € N for every A € Nf.
Proof. Suppose that A has the following shape
A={xy, € Ay,...,2, € Ap, > s}

foranyn >landt; <...<t, <sand Ay,..., A, € E. Obviously, An{a <t} =
{w, € A1,... 2, € AN {s < a <t} € Nj". So, by A-7-system method and
Theorem 2.3, the first assertion is obtained. Again, AN{a <t} = limy AN{a <
u} € N, which is the other assertion.

3. o-algebra post-a(w) and its properties

3.1. The definition of the o -algebra post-a(w)

1>

Let wy(w) = 2 (w) if a(w) < t and w,(w) = :vt(Aw) if a(w) <t. Set W(t,w)
{wi(w); t >0} = (X(t,w); a(w) < 1). W(tw) = {w(w); t > 0} = (X(t,w);
a(w) < t). That is, {w(w) € B} = {z(w) € B, a(w) < t} and {w;(w )
B} = {z(w) € B, afw) < t} for any t > 0 and B € £. Here for t =
{z1(w) € B, a(w) <t} ={8(w) € B, a(w) < oo} and {x;(w) € B, a(w) < t} =
{B(w) € B}, respectively. We adjoin a point A with A ¢ E to E to expand E into
E = EU{A}, and set & 2 F(E, {A}). Let

~

m

- A fw(w), t>a(w), ri(w), t>alw),
W (w) = {A, t<alw) { t < a(w);
= AN wt(w)v t> O‘(w)v ( )7 > O‘(w)v
wi(w) = {A, t<aw) { t < a(w).

Then W (t,w) 2 {@(w); t > 0} and W(t,w) 2 {@(w); ¢ > 0} are changed into
non-interruptive processes on (E , & ), respectively. The state A is the starting point
of W (t,w) and W (t,w), that is, for all w € Q, W (t,w) and W (t,w) start from state
A, and stay time at A is a(w), then the w enter into E to move according to the
primary trajectory. The o-algebras post-a /N and N are defined by

N & Fliy(w) t < 00) 2 ]-'( wtl(g)) (3.1)

and

oNT 2 F(wg(w); t < 00)

1>

f( U @;1(5)), (3.2)

t<oo

respectively. Here when t = oo, w; ' (£) and 11‘);1(8) are defined by w; ! (€) 2
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{({B€B,a<x}: Beé&}andw;  (€) 2 {{B € B} : B € &}, respectively. By

the definition of F(-) on €2, obviously,

N=rF(Ju @) o= Jw@).

t<oo t<oo

DEFINITION 3.1
oN and N7 defined by (3.1) and (3.2) are called o-algebras post-a of X (¢,w),
respectively.

Intuitively, o or o N7 is the o-algebra generated by the stochastic process
post-a of X (¢,w).

3.2. The properties of the o-algebra post-a(w)
Similarly to the proof of Theorem 2.2 we obtain the following theorem.
THEOREM 3.2
Fla) S oN;  Fla) SN
THEOREM 3.3
Fla) € Flza).

Proof. Since {zq)(w) € E} = Q, from (1.1), it follows that {a € B} ¢
Flza).

THEOREM 3.4
Let

F={{a<s,xy €A1,...,m, €EAn}t:n>1,s<t1<...<tp, A1,..., A, €&}
and

M={{a<s, x4, €Ay,...,24, €A} n>1, <t < ... <ty,
Al,...,AnEL‘:},

where when s = 0o, {a < s, x, € A1,...,x, € Apt ={a<oo, € Ay,...,B€
Anl and {a< s,z € Ay,... 0, € A} ={B € A1,...,8€ A,}. Then

F() = N and  F(IT)= NT.
Proof. The proof is analogous to the proof of Theorem 2.3.

THEOREM 3.5

N C N

Proof. By Theorem 3.4, {a < w, 24, € A1,..., 24, € An} € N T. So
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{Od< S, Tty eAl,--.,Itn EAH}:B%{QSU; Tty EAl?"'7:Etn eAn} GOLN+7

where limqo{a < u, 2, € Aq,..., 2, € A,} is defined by ;2 {a < a;, 24, €
Aq, ... 2, € Ay} for any sequence of number {a,}n>1, an T s as n T co. When
s=o0, {a<s, xy €A1,...,74, EAp} ={a< oo, € Ay,...,f €A} € NT
from the definition of , N+ and Theorem 3.2. So {«a < s, 24, € Ay,..., 1y, €
Ap} € 2N for every s < co. By Theorem 3.4 the proof is accomplished.

THEOREM 3.6
Let X(t,w) be an arbitrary stochastic process defined on a probability space
(Q, F, P) and valued in measurable space (E,E). Then

F(za) SN F(za) € oNT.
Proof. For any A € £, obviously,
{w: zaw)(w) € A} = {w: Za(w) (W) € A} N{w: a(w) < oo}
= Jluw:s@eanfw: aw)=s) (33

+{w: f(w) € A} N{w: a(w) = cx}.
By Theorem 2.3 and Theorem 2.4, for every s > 0,
{w: zs(w) € A N{w: a(w) = s}
={w: zs(w) € A} N{w: a(w) > s} (3.4)
—w: zs(w) € AN{w: a(w) > s} e N},
Now we prove
U {w: 2s(w) € Ay n{w: a(w) =s}) e N (3.5)

by virtue of transfinite induction. Suppose that < is well ordering on [0, 00) with
the first element ag. By (3.4),

U ({w: z:w) € A} n{w: a(w) = s})

) ={w: z4(w) € A} N{w: a(w) =ap} € NI
Suppose that
U({w s as(w) € AAN{w: a(w) =s}) e N

for any a with a < T. Chosen an increasing sequence {a; : i > 1,a; < T}
satisfying that for any given number ¢ < T, there exists a; such that ¢ < a;. So
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Hence,

U {w: zs(w) e A} N{w: alw) =s})

s=T

= U {w: zs(w) € A} N{w: a(w) =s}) (3.6)

s=<T

+{w: zr(w) € A}N{w: a(w) =T} e N.

Transfinite induction implies that (3.6) holds for any T € [0,00). Again, take an
increasing sequence {T; : i > 1} satisfying that for any given number s € [0, 00),
there exists a T; such that s < T;. So

U (w: ziw) € Ay n{w: a(w) = s})

_U{U({w: rs € A}N{w: a=s})| e NJ.
1=1 =s=<T;

Again, {w: f(w) € A}N{w : a(w) = 0o} € N from the definition of NJ. Hence,
by (3.3), {w: za((w) € A} € N. By Theorem 2.2,
{w: (za(w),a(w)) € A x B} = {z4(u)(w) € A} N {a(w) € B} € Nf

for every B € B([0, 00]). Note that ExB([0,00]) = F(AxB; A€ &, B € B([0,]),
and {Ax B; A€ &, B € B([0,0])} is a m-system. So, by A-m-system method,
it follows that F(z,) C N}, Again, {w: B(w) € A} N{w: a(w) = oo} € JNT
from the definition of oAt and Theorem 3.2. Similarly to the proof of the fact
F(zo) CNT, we get F(xg) C o NT.

4. The strong Markov property

Suppose that ©4 denotes the shift operator, that is
@S(f(tl + 5,0, + S)) = f(tl, e 7tn)

for any natural number n and function f(¢y,...,t,) of n-variables defined on n-
dimensional real number space R". Generally, if s = s(w) is a function of w, then,
for |s(w)| < 00, Oy denotes the shift as follows:

Gs(w)(f(tla cee 7tn)) = f(tl - S(W), cee 7tn - S((U))
= Z f(tl —Uy...yby — U)X{S(w):u}.

—oo<u<oo

More generally, if f = f(t1,...,tn, T5w)(w)) is also a function of 2, (w), then,
for |s(w)| < 00, O 4 denotes the shift as follows:

es(w) (f(tla sty Ts(w) (w)))
= f(tl - S(w)a ceytn — S(w)v'rs(w) (w))
= Z Z f(tl — Uy .oy ln — U, I)X{s(w):u,ms(w)(w)zw}(w)v

—oo<u<oo zeF
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where X{s(w):u)ms(w)(w):w}(w) is an indicator relative to {s(w) = u, Tyw)(w) =
I}, that is, X{s(w):u,ms(w)(w):m}(w) =1lifw € {s(w) = u, xs(w)(w) = :Z?} and
X{s(w):u,ms(w)(w):x}(w) = 0 otherwise.

DEFINITION 4.1
X (t,w) is called a homogeneous Markov process if

p(sa t + ST, A) = p(ou t7 €, A)u
where p(s,t; 2, A) is the transition probability function of X (¢,w).

Let wyp € {zs; = x}. For an arbitrary £-measurable bounded real-valued
: A
function f(x), by [2, Theorem 5.2.5], E[f (t1.s)|2s](wo) (= E[f (ze1s)|F (24)](wo))
may be denoted by K(s,t + s;z, f(2i4+s)). So E[f(x¢1s)|zs](w) may be denoted
as Y pep K(s,t+ 82, f(0146)) X, =0y (W) = K (s, + 532(w), f(2114))-

DEFINITION 4.1’
X (t,w) is called a homogeneous Markov process if for an arbitrary £-measurable
bounded real-valued function f(x), such that

>

Elf (wigs)|as] = OE[f (wrrs)|ws] = K (0, 25(w), f(20)) = Eo, [f(z)]. (4.1)

Let f = Xa(x), A € F. By Markov property, (4.1) holds if and only if

ElXA(zi16)|zs](w) = p(s,t + s;25(w), A) = Z p(s,t+ 852, A) Xy, =z} (W)
Tk
= Z p(0,t; 2, A) Xy, =2} (w)
rck
=p(0,t;25(w), A), Pr,)-ae.

So, by L-system method (Appendix B, Theorem B.5), it follows that the two
definitions are equivalent.

LEMMA 4.2

f(xy) is x; Y (E)-measurable real-valued function if and only if f(x) is a &-measu-
rable real-valued function defined on a measurable space (E,E). So f(xt) is a
random variable if f(x) is a E-measurable real-valued function defined on a mea-
surable space (E,E).

>

Proof. Let g(w) = z¢(w). Then g(w) is a measurable mapping from (2, F)

to (E,&) for any fixed t > 0. If we rewrite f(zi(w))(w) = f o g(w), from [2,

Theorem 2.2.13] f(z:(w)) is a z; '(€)-measurable (so it is also F-measurable)
mapping from 2 to R(é R U {oo}) if and only if there exists a £-measurable

real-valued function f(z) such that f(z:(w)) = f o g(w).
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LEMMA 4.3
Let X (t,w) be an arbitrary Markov process defined on a probability space (2, F, P)
and valued in a measurable space (E,E), [ be a E-measurable bounded real-valued

function defined on a measurable space (E,E). Put zs(w) = E[f(zigs)|xs] =
K(s,t+ s;25(w), f(2e45)). Set

Hy={z(w)}, H=|J H.
s<oo
Let B(H) denote the o-algebra generated by all Borel subsets in H. Then:

(1) Z(s,w) 2 {zs(w) : s > 0} is a stochastic process defined on a probability
space (2, F, P) and valued in a measurable space (H,B(H)).

(2) Z(s,w) is a martingale relative to o-algebra filtration {NF; 0 <s <t}.

Proof. (1) First, we prove zs;(w) is a random variable for any fixed s.

2s(w): Q2 — R 2 {00} UR is a F(z,)-measurable real-valued function (here as-
sume without loss of generality that the mathematical expectation may only value
+00) by the definition of conditional mathematical expectation, namely, for every
Borel subset A of R,

{w: zg(w) € A} ez HE) C F. (4.2)

Let B(R) be the Borel -algebra generated by RU{oc}. Then B(H) C B(R), from
which and (4.2) it follows that

{w: zs(w) e A} e F (4.3)

for every A € B(H). From (4.3) it follows zs(w) is a random variable valued
in a measurable space (H,B(H)) for every fixed s > 0. Therefore, Z(s,w) is a
stochastic process valued in a measurable space (H,B(H)) from the definition of
stochastic process.

(2) Since Z(s,w) = E[f(x:)|N;](w) by Markov property, for any s < u,
E[Z(u,w)|NST = E{E[f(z)IN,[IINS} = Elf (@)INS] = Z(s,w),  Pyy-ace,
from which it follows (2) is valid.

Note. z(w) is also regarded as a composite mapping with z4(w) as interme-
diate variable and w as independent variable.

LEMMA 4.4
Let a(w) be an arbitrary nonnegative random variable. Set

Then
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(1) e (W) L aw), o™ (w) T aw) asn 1 oo,
(2) Fla™) € FlamD), Fa™) c F@l™) for every n > 1,
(3) F(a) = F(al®) = F().

Here F(a™) £ F(U;Z, F(a)); F@™) 2 FUIZ, F@)).

For the convenience of representation, [0, 5] and X, (% <a<k) are marked by
(0, 5] and X' (8 <a< i} Tespectively throughout this paper.

Proof. (1) By the property of construction of measurable function it fol-
lows (1).

(2) Set A,(c") ={El <a< £} foreveryk=1,2,...,n2", Agﬂ)n 1 ={a>n}
Obviously,

Fla™y=F(AM; 1<k <n2"+1). (4.4)
For 1 <k < n2",

W (201 %k —1y (2k—1 2%
A = {7( ) ca< b { G <@ S gy} € F@)(45)

gn i1 = Tgnil gl = gnil
(n+1)2" 141

fa>ny= Y AUV e Fa). (4.6)
k=n2n+141

The first assertion of (2) follows from (4.4)—(4.6). Similarly we get the second
assertion of (2).

(3) Obviously, F(a(™) C F(a) for every n > 1, hence, F(a(>)) C F(a). Next
we prove F(a) € F(al®)). Tt is well known that F(a) = F({a > s}; s > 0
Hence, it is sufficient to prove {a > s} € F(al®)) for any s > 0. Set a, =
min(s—;n, 2’1 >0,1<k<n2") and K,, = s—ay, Obviously, (K, o0) | [s,00)
as n T oo, where (Kn,oo) | [s,00) is defined by 2, (K,,00) = [s,00). Hence
{a>s} =N {a> K,} € F(a!*®)) since {a > K,} € F(a™) C F(al>). In

the same manner as above it follows the rest part of (3).

The intuitive idea of Lemma 4.4 is that: the interval [0,00) is partitioned
into n2"™ + 1 many pairwise disjoint little intervals [0, 2%], (2%, 2%], , (%, nl,
(n,00). We then construct two simple function a(™ (w) and al™ (w), whose val-
ues in every little interval are taken the maximum and the infimum values of
a(w) in the corresponding little interval. (But a(™(w) take value n + 1 in lit-

tle interval (n,00)), respectively. We have the same conclusion as Lemma 4.4 if
[0,n] = 22 1(al(€n)1, a,(c )] is an arbitrary partition of [0,n] into a sequence of pair-
wise disjoint little intervals. This partition method is given a token “B(Q("))”,
called it partition method “B(2(™)". Let d™ = maxi<g<pan (a,(c") - a,(l)l). dm
is called the distance of B(2(™).
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LEMMA 4.4’
Let a(w) be a nonnegative random variable. For every n > 1, [0,n] is partitioned

into n2™ many pairwise disjoint little intervals [0, agn)], (agn), aé")], ce (a;’;)n_l, nJ

2 (ai@_l, ag;)n], and these partitions satisfy the following conditions:
(a) For every n > 1, every such a little interval of partition method “B(2(™)”
18 equal to the sum of such two disjoint little intervals of partition method

B(2(n+1))
(b) lim,, 00 d™ = 0.
Let
n2™
alm (w) = ; a;ﬂ"))({al(c@l<a§a§cn)}(w) +(n+ 1)X{a>n} (w);
n2™
d(—n) (w) = Z al(c@lx{awl<a§a§!l)}(w) + N a>n) (w).
k=1
Then

(1) 6" (W)} a(w), a%(w) T aw) asn 1 oc,
(2) F(am™) c Famt), Fa™) < Fa"*") for every n > 1,
(3) F(a) = F(@>) = F(@").

Here F(a™)) £ F(UZ, F(a™)); F(a'™) 2 FUZ, F@a™)).

LEMMA 4.5
Let a(w) be a nonnegative random variable. Then

(1) Na@ c Na(:lﬂ) for everyn > 1,
(2) Na(j‘) C Na(:lﬂ) for everyn > 1,

(3) Na :Naim) :Naim)

Proof. (1) Let II,, = {{z, € A1,...,2,, € A} N {oe(,") > st om > 1

t1 < oo <ty < 85 Ay, Ay € E} for every n = 1,2,.... By Theorem 2.3

it follows that NV ) = F(II,) for every n = 1,2,.... Suppose, without loss of
k

2(k—1) 2k—1)

k1 |. Then s must lie in either the interval (S, Sarr

PR
or the interval [22’,2111, zfﬁl].

If s € (20, 251), then
(n) :{<n>>£}:{ ﬁ}
{a" > s} a2 o o> o |

(a0 5 g = {a(,"“) > 2;:11} = {O‘ = E}

generality, that s € (
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Hence,

(n+1) ) (n+1) _ 2k —1
{O[_ >S}—{O[_ >S}+{O[_ —W},

from which it follows that
{z, € A1, .. 1y, € AR} N {a(:l) > s}
= {Itl S Al, vy Xy, € Am} N {a(_n—i-l) > S}

" 2k — 1
—{:vt1eAl,...wtmeAm}m{aUDZ }

2n+1
= {Itl €Ay, ... , T, € Am} N {a(_""‘l) > S}

2% — 1
_@heAh””mmeA@Hﬂs<aT“%g2H1}

By Theorem 2.2 and Theorem 2.3 as t,, < s < 2212111 it follows

. 2% —1
{o, € Ay, oy, € A} 0 {5 <o < ont1 }

={wy € Ay,... 2, € Ay} N {a&nﬂ) > st {a&nﬂ) < S

S Na(n+1),
this and (4.7) yield
{xn, € AL, 2, € Ay N {a™ > s} €N i (4.8)

2(k—1) 2k—1
for every s € ( §n+1), ST )-

Ifse [%, %), obviously,

{O‘(—nH) > st = {Oé(fﬂ) > 2k } = {oz > ﬁ} = {oe(,") > 2%} = {oz(,") > s},

from which it follows that

{21, € Avyooyy, € Ay N {a™ > s} € N i (4.9)
for every s € [34, 5757).

If s = 2%, an analogous treatment of (4.8) implies

{2, € Aty € Ay n{a™ > s} € N i, (4.10)

from (4.8)-(4.10) it follows that II,, € N (n+1). Hence, by Theorem 2.3, we get
Na(") = F(11,,) C Na(n+1) for every n > 1.

(2) By an analogous treatment of (1) we complete the proof of (2).
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(3) Obviously, N () € Ny by N ) € N, for every n. Next we prove Ny, C
./\/a(oo). Set a, = min(% — 5 2% —s>0,1<k<n2"; K, =s+ay,, from
which it follows (Kp,00) 1 (s,00) as n 1 0o, where (K, 00) 1 (s,00) is defined by
UoZ (K, 00) = (s,00). Therefore, by {zy, € A1,..., 2, € Ap}N ("> K.} e

N C N, and {a™ > K,} 1 as n 1, it follows that

{z1, € Av,... 24, € Ay, a > s}
= lim{xy, € A1,..., 2, € A, oz(_") > K,} ENa(m>,
ntoo -

this and Theorem 2.3 gives Ny € N (). Finally, Ny = N (). In the same

manner one can prove No =N ), No = N_ ().

LEMMA 4.6

Let X (t,w) be an arbitrary Markov process defined on a probability space (Q, F, P)
and valued in a measurable space (E,E), [ be a E-measurable bounded real-valued
function defined on a measurable space (E,E), a(w) be a stopping time, that is,
{a <t} € N; for every t > 0. Put

Z(s,w) 2 E[f (2)|,) ().

Suppose that Z(s,w) is a /\/'S"Zr(é Nuss N )-adaptive process which is uniquely

determined by Z(s,w) according to [7, Theorem 3.5]. Then
E[f(xt”xa] = Z(OZ((U), W), P{agt} —a.e.
that is,
X{agt}E[f(It”xa] = X{agt}Z(a(w)vw)v P]:(wa)ia'e"

Proof. Take

n2™

am (w) = Z a/](cn)X{agl—)1<aSal(cn)}(W) + (n + 1)X{a(w)>n} (w),
k=1

and the corresponding to partition of [0,n] = Zinl (aén_)l, a,(cn)] satisfies that ¢ is
a partition point when n > t. So there exists K, with 1 < K,, < n2™ such that
{a <t} = 2221{“1(@71)1 <a< a,(c")}. Take {al(:) :n>1,1<k<n2" CD,
where D is defined as that in [7, Theorem 3.5], for every A € &,

/ E[f (z0)|a] P(dw)
2o (A){a<t}

- [ s@Paw)

oo (A){as<t}
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Ky

- BN, Pl
Pl (A (el <a<al™)
Ky

= E[f(xtﬂxagcn)] P(dw)
k=1

mgl(A){aEC")1<a<a(n)}

= / Z Z(aén), ) {a£@1<aga§€n)}(w) P(dw)
1

ext (A){a<ty 7=

=

- / Z( ak”),w))({&(n):ain)}(w)P(do.))
vt (A){asty
= / Z(@"™, w) P(dw)
25! (A){a<t}
= / lim Z(a™ | w) P(dw)
25! (A){a<t}
_ / Z(a(w),w) P(dw),
25! (A){a<t}

where 2,1 (A) = {w: x, € A}. The first equality follows from the definition of
conditional expectation; the second equality follows from z_*(A4) N {aén_)l <a<

a,(cn)} € F(zo) € N and Theorem 2.5; the third equality follows from Markov
property; the seventh equality follows from dominated convergence theorem; the
last equality follows from [7, Theorem 3.5]. Similarly to the above proof we obtain

/ Xpaen Blf (@) |2a) P(dw)
25" (A){a<u}

— [ FeenZa)e) Pav)
ws (A {a<u}
for every u > 0, from which and A-m-system method it follows
[ FesBU@lmP@) = [ XesnZaw)w) P
x5 (A){aeB} x5 (A){aeB}
for every B € B([0,0]), Note that F(z,) = F(z;'(A){a € B}; A€ &, B €
B([0,00])). From which and A-7-system method it follows, for every C' € F(z,),

/ Koty ELf (@0))za] P(dw) = / Koty Z(a(w), w) P(dw). (4.11)
C C
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Since E[f(x¢)|z,m] is a measurable function with x ) (w) as intermediate variable
k k

and w as independent variable, that is, there exists a function K ((Lk S, f(xy))

n (B,€) such that B[f(zo)le,m] = K™ t;x a5 f (@), So, by 2, The-
orem 2.2.13|, we have that E[f(z¢)|x ] is both £-measurable (in this case,
E[f(z¢)|z ] is regarded as defined on si)ace (E,&)) and F(z ) )-measurable (in
this case, E’[f(xtﬂx (u)] is regarded as defined on space (Q,f(:ba(km))). Rewrite

n)y & n n n
Z(z,a") £ K™ t;z, f(z)). Let 20 (z,5) = Yk Z(x,al >)X{am<ssw}.
Hence Z(™ (z,5) is € x B([0, 0o])-measurable (see [9, Section 2.6, Problem 8]). So
limytoe Z™ (2, 5) is also € x B([0, oo])-measurable. Since {a,(cn)_: n>1,1<k<
n2"}  C D, and Z(s,w) is right continuous and Z(a™(w),w) =
Ky n
Yoty Z(x, al(C ))X{ai@ﬁa(w)ﬁa(ﬁ)} by |7, Theorem 3.5], then

Z(a(w),w) = lim Z(a™ (w),w) = lim 2™ (z, a(w)).

ntoo ntoo

Thus Z(a(w),w) is F(z4)-measurable by [2, Theorem 2.2.13]. By Radon—Nikodym
Theorem and (4.11) the proof of theorem is comleted.

REMARK 4.7
We easily verify a(™ (w) and a™ (w) are stopping times if a(w) is a stopping time.

In fact, for any ¢ > 0, if 2% <t<n+1,lettingan:max(a,(€) t> 2’fl,1§k§

n2"), then {a(™ <t} = {a(" <ap}={a< an} € N5 if t > n + 1, obviously,
{a™ <t} =Q e N if t < 2L, obviously, {a(™ <t} =0 € N;. So a(") (w) is a

stopping time. Similarly as above we obtain that a(™ (w) is also a stopping time.

LEMMA 4.8

Let X (t,w) be an arbitrary Markov process defined on a probability space (2, F, P)
and valued in a measurable space (E,E), let f(x) be a E-measurable bounded real-
valued function defined on (E,E), a(w) be a stopping time. Then

E[f(xtﬂ/\/’d(f)} =F [Z(d(n) (w), w)|/\/&(:l)] ) P{agfn}*(]}.e..
Namely,

Ko<t E[f () Nym] = X{agﬁ}E[z(am)(w),w)|Na£n)], Py, -a-e. (412)

In particular, if X (t,w) is a homogeneous Markov process,

E[f(z)Wyon] = E{Osm Z(@™ (@), @) Ny} Plasr,)a-e..
Namely,

X{agT’n}E[f(xt”N@(j)} = X{agfn}E{de)Z(&(”)(w),wﬂj\f@@}, PN&@ ~a.e..

Here T,, = max(ay, ()¢ > a(n) 1<k <n2"); OzmZ@™(w),w) =3, 5 K(0,
t—al"(w);, f(xt—a(")(w))X{m&(n):w}( w) = K(0,t — ™ (W); 2500, f(T4_atm (w))-
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REMARK 4.9
If &™) (w) > ¢ for some w, then Oy )Z(&( )(w),w) might not be well defined.
)

In this case, we may give Oz ()2 (& )(w),w) an arbitrary value. Obviously, it
does not affect our conclusion. So we plight it in this way throughout this paper.

Proof. For every n > 1, set

(n)

B p i tatsyimdnys = {20 € A1z, € An} 0 {a™ > s},

{B m>1,t<...<t,<s

Ay, ... Ay €EY,

(t1,A1)(t2,A2) (b, Am)s

N:max(k: tZal(Cn),lngnTl).

Using the abbreviation B 2 {z1, € A, my, € A} N {d(_n) > s} we have

N

[ t@ran=> [ sepan). @)

k=1

B{a'™<T,} B{a{"M <a<a{™}

Since a(w) is a stopping time,

{a,(;i)l <a< a,(cn)} ={a< a,(cn)} —{a< a eNT, o (4.14)
Let K, = min(k: 1 <k < n2", (™ > s) When k > K, by t1 <ta < ...ty <
s < a,(cn), it follows that {z;, € A1,...,2¢,, € A} € N, - This and (4.14) give
{z¢, € Av,... 21, € A} N {ak 1 <a<a n)} e N7t a for every k > K,,. Again,

for k < K,,, we obviously have B{a;C <a<a n)} heNt ) Therefore, using
Markov property, (4.13) is changed into

| s P

B{a'™ <T,}

>

k=

—

E[f@)IN,,] P(dw)

[

B{agi)1<a§a§c”)}

I
WE
—

B[f (@)l ] Pldw) (4.15)

E
Il
—

B{a(k")1<a§a§c")}

Il

=
—

N

Qi

z
&
o
£

>
Il

1
B{agi)1<a§a§c”)}

= / Z(a™ (w),w) P(dw).

B{a"™ <T,)
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Let

A= {B : / flay) P(dw) = / Z(a"™ (w),w) P(dw), B ENa(n)}.

B{a" <T,} B{a™ <T,}
It B =0,
/ f(xt)P(dw):Z | Bl Paw)
(a0 <7 =), Caga™)
~ / 2(@™ (), w) Pdw),
{a"™ <,y

where the first equality follows from the Markov property and the definition of
conditional expectation and (4.14). Again it could be easily verified that A satisfies
the other conditions of A\-system. Therefore, A is a A-system. Hence, by A-m-system
method, it follows that A O F(II,,) = N_ ), namely,

/ﬁ F(ae) P(dw) = / 2(a™ (w), w) P(dw)

B{a"™<T,} B{a™<T,}
for any B € N@m). From which and definition of conditional expectation we get

/ E[f(:vt)|/\/'d@] P(dw)

B{a"™<T,}

= / E[Z(d(") (w),w)|/\/'d<f)} P(dw).

B{a"™<T,}

(4.16)

If X (t,w) satisfies homogeneity, the last integrand of (4.15) is O 4m Z(a™ (w),w).
So the last integrand of (4.16) is changed into E{@am)Z(a(" (w), W)V (m} By

Radon—Nikodym Theorem we obtain the lemma.

LemMmA 4.10

Let X (t,w) be an arbitrary Markov process defined on a probability space (Q, F, P)
and valued in a measurable space (E,E), [ be a E-measurable bounded real-valued

function defined on a measurable space (E,E) and let a(w) be a stopping time.
Then, for anyt; < ... <ty <sand Ay,...,An €E,

Elf(w¢)|zs] P(dw)
{mtl €AL,...,x¢,, EApm, =5}

- / E[f (21)|a] P(dw).

{mtl €A1,...,Tt,, EAm,a=s}
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Proof. Since E[f(x:)|zs](w) = Z(s,w) is a martingale relative to o-algebra
filtration {N;"; s < t}, by |7, Theorem 3.5], E[f(x¢)|zs] = E[Z(s,w)|N]. Again,
{xy, € A1, ... 2, € Ay, a = s} € N, so

E[f (z4)]s] P(dw)
{ztleAl ..... Tt,, EAm,a=s}
= / E[Z(s,w)|N] P(dw)

{z¢, €A,..., Tt,, EAm,a=s}

= Z(s,w) P(dw)
{zt, €A1, 1y, EAm,a=s}
- / E[f (2)lra] P(dw),

{Itl €AL,..,x¢t,, EApm,a=s}
where the last equality follows from Lemma 4.6.

LEMMA 4.11

Let X (t,w) be an arbitrary Markov process defined on a probability space (2, F, P)
and valued in a measurable space (E,E), [ be a E-measurable bounded real-valued
function defined on a measurable space (E,E) and let a(w) be a stopping time.

Then

Elf(z)|Na] = ElZ(o(w), w)[Na],  Pra<s —a.e.. (4.17)
Namely,

Xia<ty E[f (20)No] = o<y ElZ(a(w), w)|Na], P, -a.e.. (4.18)
In particular, if X (t,w) is a homogeneous Markov process, then

E[f(xt)v\/'ﬂt] = E{Ga(w)Z(a(w)aw>|Na}v P{agt}ia'e"
Namely,

X{agt}E[f(:Et)lNa] = X{agt}E{Ga(w)Z(a((‘u)v w)"/\[a}? PNa —a.c..

Proof. N_u) €N @+ for every n > 1 by Lemma 4.5. Set

Zn = Xt E[f@)Nym ] Xo = Xen B[Z(@" (), w) V]

Then {Z,; n > N} is a martingale with respect to o-algebra family {Na("); n >

N}. From above and (4.12) it follows that {X,,; n > N} is also a martingale with
respect to o-algebra family {Na“‘)? n > N}. So, by the property of conditional

expectation we get, for any n > m > N,

Xin = E[XalN;m] = B{X(a<cr} E[Z(@™ (), w) Ny [ IWzom }

4.19
= Xjacr E[265 (@), )N,y ]. @19)
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Here the third equality is a consequence of the fact that Xy,<7,y is Na(m)'

measurable if m > N. Next, take {a,(cn) :n>1,1<k < n2% C D, where
D is given by [7, Theorem 3.5], then

nli{go X{QSTN}Z(d(")(w),w) = X{o<tn1 Z(0(w),w), P-ae. (4.20)

By the convergence theorem of a martingale (see [3, Corollary 2.13]) and Lem-
ma 4.5,

lim lim Z, = Xo<n Elf(2:)|Na], P-ae. (4.21)

N —00 n—00
Again, from (4.19), (4.20) and the convergence theorem of a martingale it follows
that

lim lim X,,
N —o00 m—o0

= lim lim lim X, E[Z(a ()(w),w)|Naim>} (4.22)

N —00 m—00 n—r00
= X{agt}E[ ( ( )a )|Nﬂt]
By (4.12), (4.21), (4.22) we obtain (4.17). By (4.17), for any B € N,

/X{agt}E[f(wtﬂNa]P(dW) = /X{agt}E[Z(Oé(w)M)INa]P(dW),
B B

this yields (4.18). If X (¢,w) is a homogeneous Markov process, then the right-hand
side of (4.19) is changed into

Xzt E{Oatm Z(a™ (W), )N om }.
Note that Z(s,w) is right continuous, so (4.22) is changed into
lim  lim X, = Xa<iy E{On () Z (a(w), w) N}

N —r00 m—»00
THEOREM 4.12 (THE STRONG MARKOV PROPERTY)
Let X (t,w) be an arbitrary Markov process defined on a probability space (Q, F, P)
and valued in a measurable space (E,E), [ be a E-measurable bounded real-valued

function defined on a measurable space (E,E) and let a(w) be a stopping time.
Then

E[f(z)N]] = E[f(z1)|zal,  Pa<eya-e..

Further,
Xia<ty Elf (20)INT] = Xia<ey Elf (z0)|7a],  Pyy —a.e.. (4.23)
In particular, if X (t,w) is a homogeneous Markov process, then
Elf(z)ING] = [Bo, (f(zt-0a))l,  Pla<ey-a-e.. (4.24)
Further,
Xia<ty Blf (20)INS] = Xja<ty (B, (f(#1-a))], Pyt -ace, (4.25)

where Eﬂﬁa(w) (f(xt—a(w))) = Z;EGE (O t— a( ) ( Tt—a(w) ))X{ma(w):m}(w) =
K(0,t — a(w); Taw), f(Ti—a(w))) for every w € Q wzth a(w) <
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Proof. For any t; <t <...<t, <s<tset

B+:{xt1 eAla"'vxtm EAM}Q{QZS}7
C={xy, € Ay,....04, € A} N{a=s};
B={x, € Ay,...,2¢,, € Ay} N {a > s}.

Then Bt = B+ C. From Theorem 2.3 and Theorem 2.2 it follows that B N {«a <
t} € Ny. Again, CN{a <t} =C € N, from above we have

E[f(z) NG P(dw)

B+{a<t}
= [ t@ip@+ [ )@
B{a<t} C{a<t}
/ ELf () Vo] P(dw) / ELf ()N P(dw)
B{a<t} C{a<t}
= [ BN PAo)+ [ Elfln] Pl
B{a<t} C{a<t}
= [ Zlaw.v) P(aw) + / Blf(ele] P(d)
B{a<t} {zt, €A1, 24y, €EAm N {a(w)=5}
/ E[f(z:)|xq] P(dw) / E[f(z¢)|xq] P(dw)
B{a<t} C{a<t}
= [ Bl P,
Bt{a<t}

where the third equality follows from Lemma 4.11 and Markov property; the fifth
equality follows from Lemma 4.6 and Lemma 4.10. By the A-m-system method,

E[f(z)|N;f] P(dw) = / ELf (20)|ra] P(dw)

B{a<t} B{a<t}

for any B € N . Next, it is required to verify that E[f(z;)|xs] is N -measurable
by the definition of conditional expectation. Since E[f(z:)|2a] is F(24)-measu-
rable by the definition of conditional expectation, E[f(z¢)|7s] is N -measurable
from F(x,) C N according to Theorem 3.6. Again, if X (¢,w) is a homogeneous
Markov process, similarly to the above proof we obtain (4.24) and (4.25).

Note that if a(w) = s (constant), then F(z,) = F(zs) and N = N;. The
following corollary is a consequence of Theorem 4.12.

COROLLARY (MARKOV PROPERTY)
Let X(t,w) be an arbitrary stochastic process defined on a probability space
(Q,F, P) and valued in a measurable space (E,E), [ be a E-measurable bounded
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real-valued function defined on a measurable space (E,E). If X(t,w) satisfies
(4.23), then X (t,w) is a Markov process, that is, X (t,w) satisfies
E[f(@)IN] = Elf()|zs], Py -ae

for any 0 < s <t.
In particular, if X (t,w) satisfies (4.25), then X (t,w) is a homogeneous Markov
process, that is, X (t,w) has property:
E[f(@)INJ] = Eo [f(z1-s)], Py -a.c.
for any 0 < s <t.

By the same method used in the proof of Theorem 4.12, Theorem 4.12 is
extended as follows:

THEOREM 4.12’ (THE STRONG MARKOV PROPERTY)

Let X (t,w) be an arbitrary Markov process defined on a probability space (2, F, P)
and valued in measurable space (E,E), f(x1,...,xy,) be an-dimensional E™-measu-
rable bounded real-valued function defined on a measurable space (E™,E™) and let
a(w) be a stopping time. Then

Elf (e, 20, IS = Elf (e, - 20, |2al, Pla<min(ty,... tn)} —0-€..
Further,
X{agmin(tl ..... tn)}E[f(:Etu e 7xtn)|N;]
= X{agmin(tl,...,tn)}E[f(Itla cee 7Itn)|xa]7 P/\/:[ —a.c..

In particular, if X (t,w) is a homogeneous Markov process, then

Blf (e 20,1 = [Boo (f@t-as -, Tt—a))]s Pra<min(ty,... 1)} ~0-€--

Further,

X{agmin(tl,...,tn)}E[f(Itla cee 7Itn)|N;]
= X{agmin(tl,...,tn)}[Ema (f(xtlfﬂtv s 7Itn*0¢))]7 P,/\/:[ —a.c..

THEOREM 4.13 (THE STRONG MARKOV PROPERTY)

Let X (t,w) be an arbitrary Markov process defined on a probability space (2, F, P)
and valued in a measurable space (E,E), &(w) be o Nt -measurable, and E|£| < oc.
Then

E[EIN]] = El¢|za),  Pa,-ae. (4.26)

Proof. 1If {(w) = Xia<s} Xz, €A1} {ar, €A,}, Where s <1 < ... < t,, taking
flry, .o x,) = X{ztleAl}...{wtneAn} in Theorem 4.12’ yields

Xia<s} B[X(a, e Ay fan, ea,} NG
= Xa<s} B X(z, e} fa,, ea,}|Ta],  Po,-ae.
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By Theorem 2.2 and Theorem 3.3,

E[X{aSS,mtl €AL,..., mtneAn}lN;] (4 27)
= E[X{ags,mtl €A1, ws, €EALY} |'r0¢]a Pﬂaia'e"

Set

L = {all integrable functions};
H = {all {(w) which satisfy (4.26)}.

Then H is L-system. Since Xia<s, 20, €A1, 21, €4, € H for any n > 1 and
0<s<t; <..<t,and Ay,..., A, € & from (4.27), again, N = F({a <
S,y €A, oy, €A n>1,0<s<t; <... <ty A1,..., A, € E) from
Theorem 3.4, by L-system method it follows that #H includes all N "-measurable
functions in L.

THEOREM 4.14 (THE STRONG MARKOV PROPERTY)

Let X (t,w) be an arbitrary Markov process defined on a probability space (Q, F, P)
and valued in a measurable space (E,E), f(x) be a E-measurable bounded real-
valued function defined on a measurable space (E,E) and let a(w) be a stopping
time. Then

Elf (wea)N] = Elf (zira)lea], P, ace. (4.28)

In particular, if X (t,w) is a homogeneous Markov process, then
Elf(@i4a)INS] = Eo, [f(20)],  Po,-a.c.. (4.29)

Proof. By Theorem 3.2 and Theorem 3.4, similarly to the proof of (3.5), it
follows that

{Zt4a € A} ={a<t+a, 1414 € A}
= J{a<t+s, e An{a=s})+{B €A, a=o0}

s< o0

€ JNT

for every A € € and ¢ > 0, that is, Z444 is o /N T-measurable. Therefore, f(z¢+q)
is o/ T-measurable from |2, Theorem 2.2.13|. So f(7;14) is also F-measurable.
Hence f(z¢14) is a random variable, that is, for every B € B((—o0, x0)),

{w: f(xi4a) € B} € F. (4.30)

Again, E|f(zi+4)| < 0o, which follows from f(z) is bounded. Hence, from The-
orem 4.13 we get (4.28). Next, if X (t,w) is a homogeneous Markov process, we
shall prove (4.29). Set

n2™

. k
fM @)=Y o Xt <i@ <y T (0 DX p@)sn) = nd(p@)<-n)s
k=—n2"+1
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. k-1 k
A;>={x; o <f@ < g} (m2t 1<k <02t

n2n+1 ={z: f(z)>n};
_nzn ={z: f(z) < —-n}.

Since f(z) is E-measurable, then Agcn) € & for every —n2" < k < n2™ 4+ 1. Again,

because z;(w) values in a measurable space (£, £), if f(z) is replaced by X, ) (z)
k
n (4.30), it follows that Xiry, o (w)catmy is F-measurable. Again, by (4.28), for
k
every n and —n2"” <k < n2" +1,

E[X{MmeAgl)ﬂN;] = E[X{maew)}m}

for every w € Qo — Npk, where N, is a P-null measurable set and satisfies
Ny € Q, from which it follows that

X{a:S}E['X{mHaEAEC")} |N°-‘i_] = E[X{QZS}X{$t+a€A§cn)}|Ia]
= E[X{a:s})( A(n)}lxa]

{zi4s€
= X{QIS}E[X{QQ+5€A§C")} |za ]

= Mo Bea [Xy e a0

for every w ¢ Nyi, where the first equality follows from (4.28) and X{,—s is
F(xq)-measurable according to Theorem 3.3; the last equality follows from (4.25).
Note that N, does not depend on s. Then

Xlacoo} B[X,, . camyWI] = Xlacoo) Bae [ X, c a0y]
for every w € Q, — Ny,. Hence,
X{a<oo}E[f(n) ($t+0t)|N;] = X{a<oo}EIa [f(n) (It)]

for every w € Q4 — N, where N is defined by kaan" Ny,i. Further, by
monotone convergence theorem we obtain

X{a<oo}E[f(xt+a)|N;] = X{a<oo}Ewa [f(xt)]
for every w € Qo — N, where N = |J22; N(™), thus yields (4.29).
By the above theorem and corollary we have the following statements.

THEOREM 4.15

Let X(t,w) be an arbitrary stochastic process defined on a probability space
(Q, F, P) and valued in a measurable space (E,E), f be a E-measurable bounded
real-valued function defined on a measurable space (E,E) and let a(w) be a stopping
time. Then the following statements are equivalent:
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(1) (Markov property) For any t > 0,
BE[f(x)|N] = Elf (21)]xs], Py+-a.e
for any 0 < s <.
(2) (the strong Markov property) For anyt >0,
Elf (z) NS = E[f (z4)|zal, Pro<yy-a.e..

Further, we have
Xia<tyBlf (@)INS] = Xa<y Blf (z0)|zal,  Pyy-a.e.,

(3) (the strong Markov property) Let &(w) be o N -measurable, and E|¢| < oo.
Then

E[§|N;] :E[§|{L’a], PQOL*(],.G..
(4) (the strong Markov property) For anyt >0,

E[f(2t4a) NG| = E[f (140)|al,  Pa, -a.e..

Appendix A. Theorems and concepts cited in this paper
For convenience of the reader, we list all theorems used in this paper.

THEOREM A.l ([2] PROPERTY 2.2.2)
Let f be a mapping from Q to E, H be a o-algebra of E. Then f~1(H) is a
o-algebra of Q.

THEOREM A.2 ([2] THEOREM 2.2.13)
Let Q be a set, (E,&) be a measurable space, [ be a mapping from Q to E. Then

¢ is a f~H(E)-measurable function from Q@ to R 2 RuU {oo} if and only if there
exists a E-measurable real-valued function g on (E,E) such that ¢ = go f. And if
@ is bounded or finite, then g is bounded or finite.

THEOREM A.3 ([2] THEOREM 5.2.5)
Let & be a random variable defined on a probability space (2, F,P), C be a o-
subalgebra of F, B be an arbitrary atom of C. Then, for any w € B,

E(&|C)(w) = constant.

Further, if P(B) > 0, then
1
BEC) ) = 55 [ €4P
B

for every w € B.
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THEOREM A.4 ([2] THEOREM 5.3.1)

Let & be a random variable defined on a probability space (0, F, P), E€ exist, [ be
a measurable mapping from (Q, F) to (E,E). Then, there exists a £-measurable
function g, which is Py-almost everywhere uniquely determined by E(§|F(f)), de-
fined on (E, &) such that

E¢IF(f)=gof, Prp-a.e.,
where g satisfies

[opitan = [ ¢paw)

A =14

for every A € €, where Py is a probability measure derived by f, that is, Py satisfies
Pp(A) = P(f~1(A)) for every A€ E.

THEOREM A.5 (INTEGRABLE TRANSFORM THEOREM; [2] THEOREM 3.4.1)
Let f be a measurable transformation from the a measurable space (Q,F) to
the measurable space (E,E); g be a measurable function defined on (E,E); n be

a measure on (2, F); s be a derived measure on (E,E) by f, that is, ps(B) =
w(f~Y(B)) for every B € £. Then

go fdu= /gduf,
F-1(B) B

which means: if one of the two integrals exists, then the other also exists, and the
two integrals are equal.

THEOREM A.6 (EXTENDED FOLLMER LEMMA; [7] THEOREM 3.5)

Let X (t,w) be a martingale with respect to o-algebra filtration {Fy; t > 0}, D be
a countable dense subset of Ry.. Then there exists a F;, -adaptive process X (t,w),
which satisfies the following properties:

(1) The every trajectory of X(t,w) is right continuous, and there exists a null
measurable w-set N such that

X(t,w) = seljij)nlu X(s,w)

for everyt >0 and w € Q2 — N.

(2) There exists a null measurable w-set Ny such that, for every t > 0 and
weN— Ny,

X(t—,w) = se}l%ﬁnsﬁ X(s,w)

exists and is finite, and

X(t—w) = SeljijrréﬁX(s,w).
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(3) For everyt >0, X(t,w) = E[X(t,w)|F], P-a.e..

(4) X(t,w) is a martingale with respect to o-algebra filtration Fiy.

Here Ry = [0,00); {Ft; t > 0} is a o-algebra filtration, that is, if s < t, then
‘Fsgft;"/——'t+:ms>tfs-

THEOREM A.7 ([3] COROLLARY 2.13)

Let {F,; n > 0} be a monotone increasing o-subalgebra family of F, Y be an
integrable random variable, Foo 2 F(Uprg Fn)- Set
X, = E[Y|F,]

for every n > 0. Then we have

(1) {X,, n >0} is uniformly integrable.

(2) X, » E(Y|Fx), P-a.c., and E|X,, — E(Y|Foo)| = 0 as n — 0.
THEOREM A.8 (RADON-NIKODYM THEOREM; [2] THEOREM 3.7.6)
Let 11 be a o-finite measure on o-algebra A of Q. If the set function ¢ defined on
A is o-finite and o-additive and p-continuous, then there exists a A-measurable

finite function f defined on (Q, A) such that ¢ is the indefinite integral of f on
a measurable space (Q, A, 1), and f is pa-almost surly uniquely determined by .

THEOREM A.9 (TULCEA THEOREM; [2] THEOREM 5.4.5)
Let (Qn, An), n=1,2,... be sequence of measurable spaces. Set Q™) = ITh; e,
AT =TT Ak, QO = T2, Q, AP =T[22 Ap. Let Po(wi,. .. wno1, An),
(Wiseo oy wn_1,4,) € Q=Y 5 A n = 2.3,... be the transition probabilities;
Pi(A),A € Ay be the probability on Ay. Then there exists only one probability
measure P(>) on A) such that

P (C(B™)) = p")(BM)

and
P(")(B(")):/.../XB<n)(w1,...,wn)Pn(wl,...,wn_l,dwn)...Pl(dwl).
Q1 Qn,

Here C(B™) indicates the cylinder set based on B™; B ¢ A,

THEOREM A.10 (FUBINI THEOREM; [2] THEOREM 4.2.1)
Let (4, Aiy i), it = 1,2 be two o-finite measurable spaces, f be nonnegative Ay X
As-measurable function. Then

/ fdpr X pa = /( /f(whwz)dm(wz)) dpr (w1)

Q1 xQo Q4 Qo
- / ( / f(wl,m)dm(wl)) djiz (@w).
Qo Q
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DrINITION A.11 ([2] DEFINITION 5.1.3)

Let (2,A, P) be a probability space, {B,} C A be a countable subdivision of {2,
that is, @ = >°>° | B, and BN B; = 0,7 # j. Put G = F(B,;n =1,2,...).
Suppose E¢ exists. The following G-measurable function in the sense of equivalence
(that is, we may give an arbitrary value on null measurable set of G, such as. If
P(B,,) =0, then E({|B,) may be given arbitrarily.)

E(£G) = Z (¢]Bn)Xp, (w)
is called the conditional expectation of £ given G.

Appendix B. The concepts of A-system and L-system

Here we will introduce the concepts of A-system and L-system, the A-m-system
method and £-system method mentioned in this paper, which are taken from [1,
Appendix].

DriniTION B.1
A system II of subsets of a set 2 is called a w-system, if A; € I, A3 € II =
A1As € 11

DrINITION B.2
A system A of subsets of a set {2 is called a A-system, if it has the following
properties:

(1) Qe A;

(2) Ay e N, Az e A ATNAy =0 = AL U Ay € A;
(3) A e A,As e A,AL DAy = A — Ay €N
(4)

4) A, e A A, T An=1,2,... = AcA.

THEOREM B.3
(1) If the system M of subsets of a set Q) is a w-system, and is also a \-system,
then M is a o-algebra.

(2) If A-system A contains w-system II, then A O F(II).

When we make use of Theorem B.3, we call this method A-7-system method.
Let £ be a family of functions defined on 2, and satisfies:
if €(w) € L, set
§(w) if {(w) >0
n(w) = :
0 if £(w) <0

then n(w) and n(w) — &(w) lie in L.

DrINITION B.4
A set L of functions is called L-system, if it satisfies the following conditions:



The research on the strong Markov property [63]

(1) 1 € L, where the 1 is the function whose functional value is equal to 1;
(2) For two arbitrary functions in L, their linear combination lies in L;

(3) If &u(w) € L0 < & (w) 1T &(w), and &(w) is bounded or lies in £, then
&(w) € L.

THEOREM B.5
If a L-system L contains the indicator function Xa(w) of every set A of w-system
I1, then L contains all F(II)-measurable function in L.

When we make use of Theorem B.5, we call this method L-system method.

Appendix C. The concepts of partial ordering

We recall the concepts of partial ordering and three important theorems from
real analysis (such as [8]).

DriniTION C.1
Let S be an arbitrary set. S is said to be a partially ordered set, if there is a binary
relation “=<” called a partial ordering, defined on S with the following properties:

(1) o =z for all z € S (reflexive),
(2) x 2y,y 2z = z <X zforall z,y,z €S (transitive),
(3) x 2y,y 22 = x =y forall z,y € S (antisymmetric).

DriniTION C.2
A partially ordered set S is called a totally ordered set if it follows z <y or x <y
for any z,y € S.

DriniTION C.3

Let S be a partially ordered set, xg lies in S. z is said to be the maximal element
of § if it follows x = z¢ for every x € S with zg < z; x¢ is said to be the minimal
element of S if it follows z = g for every x € S with x < xg.

DriniTION C.4

Let S be a partially ordered set, M be a subset of S, a lies in S. « is said to be
an upper bound of M in § if it follows x < « for all z € M; « is said to be a lower
bound of M in § if it follows a < z for all x € M.

DriniTION C.5

Let S be a partially ordered set, A be a subset of S. « is called a minimum element
of A if v is a lower bound of A and « lies in A; « is called a maximum element of
A if a is an upper bound of A and « lies in A.

DriNniTION C.6

A partial ordering “<” on § is said to be a well ordering if for every nonempty
subset of S has the minimum element. S is called well-ordered set if there is a well
ordering defined on S.
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THEOREM C.7 (ZORN LEMMA)
Let S be a partially ordered set. If every totally ordered subset A of S has an upper
bound in S, then S has a mazimal element.

THEOREM C.8 (WELL ORDER THEOREM)
FEvery set can be well ordered.

THEOREM C.9 (PRINCIPLE OF TRANSFINITE INDUCTION)
Let (W, <) be a well-ordered set. For any a € W, let

Ia)={zeW: z<a}.

If A is a subset of W such that a € A whenever I(a) C A, then A=W.
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