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ON THE LAURICELLI P30BLBÎ FOB THE EQUATION (Л  -  o2 *) 2 ufxy) = О 
IN THE HALF-PLANE

1 . In  th e  paper we s h a ll  g iv e  the s o la t io n  o f the equation

(1) ( A  -  c2 ) 2u (x ,y )=  Д 2и ( х ,у ) -  2с 2Д  u (x ,y ) + c4u (x ,y ) = 0 ,

where о i s  a p o s it iv e  c o n s ta n t,in  the h a lf-p la n e  y > 0  s a t is f y in g  the 

boundary data

(2a) l i t t  n (x ,y )e  f i x  ) ,
& ,y ) -* ( x o,0) 1 °

(2b) lim  D u ( x ,y ) =  £2 (x  ) ,
( х ,7) - > ( х 0 ,О У

f ^ f ^  being given  fu n c tio n s . We s h a ll  co n stru ct t h is  solution  using the 

convenient Green fu n c tio n .

2 . Let P (x ,y ) , Q ( s , t ) ,  P /  Q be p o in ts  o f  the h a lf-p la n e  y >  0 . 

Let

r 2 = ( x -s ) 2 + (y—t ) 2 , 

r 12= ( x - s ) 2 + ( y + t )2 ,

B2 = (x -s )2 + y2

and l e t  K ^fcr) denote the Mac Donald fu n ctio n  w ith  index n ( [ 4 ]  , 

p .1 1 5 ) . We s h a ll  prove

Theorem 1 . The fu n ctio n

( 3) g ( p , q ) = 2c2ytK Q(c r )  -  o r L j( o r ) + c r1L ,( c r 1)

i s  the Green fu n ctio n  fo r  the equation  (1 ) in  the h a lf -p la n e  t > 0  w ith 
a p o le  P , w ith  the boundary co n d itio n s

(4 ) в(р,о^*о, DtG(P,qJj » 0 .
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P ro o f. The fu n c tio n  c r ^ f c r ^ )  -  c r Ł j(c r )  i s  the s o lu tio n  of the 
equation (1) fo r  t  >  0 w ith re sp e c t to  the p o in t Q ([1 ]).S in c e  K0 (c r )  
s a t i s f i e s  the equation A u  -  c2 u = 0 w ith  re sp e ct to  the poin t q ([2] , 

p.115) and

Л ^ г о ^ Ь К ^ о х ) )  = 2o2y t  AqKQ(c r )  + 4c2yDfcKo (  a x ) ,

then

A 2c2ytKQ( ox)) = 2c4ytK0 for) + 4c2yDfcK0 (cr) .

Prom the above formulae we g e t

-  o2) 2( 2c2 ytK0 for)) s 0 

for t > 0 . Por t  = 0 , r = r,. and вСР,ф| = 0 .
1 l t=0

Applying the formulae ( [ * ] ,  p.117)

(5)

we ob tain

V z" V z)) =  ■ г " Ч +^ 2 ) *

Dz fz ûKnr z ) )=  -  z ^ ^ ć z )

Dt G ( P ,q ï  = (2 c2yKQ(c r )+  2c? ty (’y - t ) r ” 1^ ( c r ) -  o2KQ( c r ) ( y - t )  
jtsO

-  c 2ï o( c r 1) ( y + t ) J ^ 0 .

3 * Let
00

(6) u (x ,y )=  u (P )a  — g  j* ( 'f 1 fs )D t A (5G (P l q)+ fg fs îA ç G fP .q ^ ^ d s .

Prom (3 ) and (5 )  we have

A qg (P i Q) = 2c4ytK0Ccr) + ło ^ y f y -^ r ^ Ł jf c r )  + 2c2(KQ( c r ) -  Kjcr^)) +

-  c2(crK1 (o r ) -  cr1L 1(c r1) )  ,

hence

Д ^ С Р . О ^ а ^ с У в " 1^  (c B ) .
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9

Dt A qQ (P,Q)jt =o 4oV bT % ( oB ) .

Ненов we get

oo oo

(7 )  u ( x ,y ) = l  J  f 1(8 )y 5o2B"2K2(oB)ds + £ J  f g f a Jo y ^ ^ Ł jf o B ja e .
-00 -00

Ve sh a ll using the follow ing lemmas ( [ 5 3 ) :

Lemma 1 . I f  the funotion f  I s  absolutely  lntegxable In  the in ­
terv a l ( - 00 , 00) ,  then the In tegra l

00

lC x ,y ) .  £ J  f ( s )K 0(oB)as 
-00

I s  of the o lass C °° In  the h alf-p lan e у >  0 and

00

« • ’ V y * ' 01’38 •

Тдттпя ? . I f  the funotion
terv a l (-00, 00) and oontinuous a t the point

00

f  i s  absolutely  in tegrable  in  the in -  
thenx o ’

lim 1 [ f ( s )o y B * \( 'o B ) d s  * f ( x J  
( x ,y ) ^ ( x o ,0 )5r_ J ) ^  0

Let B12 = t 2 + y2 . Ve s h a ll  prove 

Lemma 3« Pox у >  0 and every x

(8) jjJ: ^  y ^ o ^ -2 !^CoB)ds = yoe_oy + e“ oy,
-00

00
(9 ) £ J  y^o3B_5Kj(oB)ds a y2o2 + 3yoe~oy + 3e-o y ,

-00

(10) j  y2tB1- 2L 1 f oB^) d t -  y o ^  (oy) ,

(11) j  y4o3tB1-5 Kj(oB1)d t  = o ^ y ^ f o y ) .
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P ro o f. In trodu cin g the transform ation  o f the v a r ia b le  s = y  + t ,

че g e t
qp ,  ^ „ „ 0 0

1 J y3c2B"2K2CoB)ds = ^  ̂ 7302B1"2ï 2CcB1)dt = 
^ -o o  -oo

= f J y3c2B1_2K2 (oB1) d t  .

Since (ГзЗ , p .7 1 9 )

OO ,------------ 1 _ _

j-

Гог n >  0 and m >  - 1 ,  then

^ oI  y3 o2B1" 2E2fcB1)d t  = ^ ' 2c2 Г ( ^ ) ( 2су)^ K ^(cy). 

?roa [3 ]  ( p .9 7 5 )  we ge t

V C7) = i£ ï* -a7( '+ w ) ’

hence

oo
£  ^ y^o2B- 2K2 (oB)ds = yce “ cy + e~°7 .

3 in ila r y  we g e t the formulae ( 9 ) - ( l l ) «

Lemma 4 . I f  the fu n ctio n s f ^ , are a b so lu te ly  in te g ra b le  in  
the in te r v a l f - o o .o o ) ,  then the fu n ctio n  u (x ,y ) defined by formula 
( в )  r e sp . ( 7) i s  a s o lu tio n  o f the equation (1)  in  the h a lf-p la n e  y > 0 .

P ro o f. Prom ( 5 ) » we have

c y ^ ^ Ł j C c B b  -  yDyEQ(o B ),

o2y3B "2K2 (cB )=  -  y D ^ f o B )  + DyEQ( c B ) ,

henoe
OO _ oo

n fx .y ) = ^  J  f 1fs ) ( '-y D yyK0(c B )+  DyK0 CoB^ds - 1  ^ f 2(s )y D yK0 (oB) d s .

-oo  -oo
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Prom Lemma 1 fo llo w s th a t the fu n ctio n  u (x ,y ) g iv en  by the form ula ( 6 \  
r e s p .( 7 )  i s  o f the c la s s  G°° in  the h a lf-p la n e  y >  0 and

oo
( A - c 2) 2u (x ,y ) = -  ̂  ■ -g J f / j f s )  ( Д р - с 2) 2О^Д^С}(Р, Q)|^ds +

OO

+ — Ц  [  f 2 f s ) { A p- c 2) 2A QG(P,5)| ds =
43r°  -oo 4  lt=0

00
= - ^ Ц  *\ f - ( s )  D A 0(A p -o2 ) 2G(P,q)| ds +

L  4  l t=0

+ — Ц  [  f 1f s ) A 0 ( A p -o 2) 2GrP,q)| ds = 0 ,
43Г0Г 4 r  I t =0

because ( ^ p -c 2) 2G (P ,Q ) = 0 f o i  P /  q .

Lemma 5 . I f  the fu n ctio n s f ^ , f 2 are a b so lu te ly  in te g r a b le  in  
the in te r v a l ( -o o ,o o ) and continuous a t  the p o in t xQ, then the boun­
dary co n d itio n  ( 2a) i s  s a t i s f i e d .

P ro o f. In  view o f lemma 2 we have 

oo
1  ^ f 2( s )c y 2B- 1L ](c B )d s  —> 0 , when ( x ,y ) —> (xQ, 0) .

-o o

We s h a ll  prove th a t

oo
1  ^ f 1 ( s ) c 2y5B "2Z2 (c B )d s -^ > f1(x 0) , when (х ,у )-> (х 0 , 0 ) .

-o o

Let

oo
i  Ç f 1(’s ) c 2y5B "2K1(c B )d s  = A (x ,y ) + q ( x ,y ) ,

-o o

oo
A (x ,y ) = -  ^ t ^ (x 0) a Zr iB~2K2 (oB)âa , 

-o o

where
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oo

Q (x ,y) S ( V s )  -  —oo

From ( 8 ) fo llo w s th a t A (x ,y ) - »  f ^ f x 0) , when (х ,у } -» (х о , 0 ) .

Let £ > 0  be an a rb itr a ry  p o s it iv e  number. From the c o n tin u ity  o f 
the fu n ctio n  f-j a t the p o in t xQ fo llo w s th a t th ere e x is ts  a number
<5 >  0 , such th at

fo r  I s -  xQ I <  <f • Let

I f ^ s )  -  f ^ x ^ l  <  §

J  [ f ^ r s ) -  f -,Гх0>] B "2K2(cB)ds ,^ C x .y )  = 1  c V

Q gfx.y) = |  ° v  l [ f / s ) -  f ^ x ^ B - ^ C c B j d s .

From ( 8) i t  fo llo w s th a t

1 г ,(х ,у )| <  o V  j B~2K2 ( c B ) d s < - - r̂ - l )-  <  §

Is-X^itf

|s-x0l>rf

oo

-oo

fo r  0 <  у <  ^  . I f  I x -x Ql <  ^  and ) 3- x Q| >  & , then I s -x  l >  j  j

hence iQ ^ x .y t f C  ft  o V  J  [ ^ Г з ) - ^ ( х 0)] В ^ С о В )  ds .
I3-X l> |

Using the form ula ( [ б ] ,  p.1?4-)

,  ,  f , 2 2 , - “ -  5  , .
V ba)= j  p /Чч------  J  f * 2 + z ) cos(bx)

b » (? )  J0

fo r  n >  -  5 , b >  0 ,  z >  0 ,  we g e t

dx

( 12) I V z>l < к z-n

fo r  every n in te g e r  and p o s i t iv e , and k > 0 ,  co n sta n t. 

Hence ç »
i Q g f x . y ^ J  y3k 1 j  |f^fs)|H~^ds + £  y ^ l f ^ x ^ j  B ^ d s .

I s -x l> f  Is -x | > f



M = m axj J  I f ^ s ) !  d s , | f1(x 0) | j ' ,
-O O

lOgCac.y)! <. 1  Mk^fsup y3 B-4  + y5 j ” B"4 â s )  <  
l s - x l > !  | s - x l > !

<  -jp M kj(y sup B-2  + y  JB-2  d s ) < |  
l s - x l > !  Is -x fo $

f o i  O <  y  < < f1f where i s  a  convenient p o s it iv e  number. Hence 

lQ(x',y)l <  e fo r  lx -x Ql <  ^  and 0 <  y <  m in(^, cf^) .

Lemma 6 . I f  the assumptions o f  lemma 3 are s a t i s f ie d  and the de­
r iv a t iv e  fjj i s  a b so lu te ly  in te g r a b le  in  the in te r v a l  ( - 00 , 00) and 
continuous a t the p o in t x Q then ( 2b )  i s  s a t i s f i e d .

P roo f. Prom lemma 4  and the form ula ( 5 ) we ob ta in  

00

Dy u (x ,y ) = ^  J  f 1f s ^ y 2c2B_ 2K2 ( c B ) -  y4c^B- 5K j(c B ))d s  +
-00

00

+ W I  V s ) ( 27oB~lK 1 foB)"  c2y3B~2K2 (c B ))d s .
-00

In  view o f lemmas 2 and 3 we have 

00
1 C f 2fS^yoB"1^  (oB)- o2y3B”2K2(oB)) ds — > f 2(x0) ,

-O O  •

when ( x ,y ) - » ( x o , 0) .

I t  fo llo w s from (8) and (9 )  th a t

1  J  f^  fs)^3y2c2B“ 2K2 (oB) -  y4c3B- 5K3 (o B ))d s  =
* -0 0  

OO

= 1 ^ ( 8 ) -  f 1Cx))(3y2c2B“ 2K2 ( 'cB )- y4o3B_ 3K3 (cB))ds -  3yoe~oy f ^ x ) .



Since Зусе-07—* 0 ,  when (x ,y )—>(x Q, 0 ) , i t  i s  s u f f ic ie n t  to  prove

th at
00

1 \  ( f 1 ( s )  -  { < , ( * ) ) ( 3y2c 2B~2K2 ('cH )- A V ^ j f c B ) )  ds — > 0 ,
-O O

•7 hen (x fy) — > (х о , 0 ) .  Let 

00
1 ( f ^ s ) -  t 1 C x ) ) ( } y 2 o 2 B - 2 K2 ( o a ) -  y V B - 3£3 (cB ))d s  =

- 6O

= V (x ,y )+  W (x,y);

where

7 (x ,y )=  ^  (' [ —  -  f ^ ^ y ^ ^ ^ s - x j E g r c B Î - y ^ ^ B ^ s - x î K ^ c B j ^ s ,
-GO

OO

y )=  i  £ ^ ( x q)  ̂ (  З у ^ Н ^ С з - х Ж ^ с В )  -  y^ c^B '^ f s -x )  (cB)) d s.
-00
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In trodu cin g the transform ation  o f  the v a r ia b le  s = у + t ,  we ge t 

00

7 (x ,y )=  1 f ^ f x Q) j j ^ y ^ V f t ^ f c B )  -  y4 c3B "3 tK3 ('cB1)) ds = 0
-O O

because the fu n ctio n  under the in te g r a l  s ig n  i s  odd and from
Го Hows th a t the in te g r a l

00

^ ( 3y2o2B^2tK2 fcB1) -  y4c3B^3tK3 (cB1))  dt 
-00

i s  convergent fo r  every у  У  0 .

From the c o n tin u ity  o f  the fu n c tio n  fjj a t the p o in t x Q fo llo w s
th a t there e x is t  a number <S У  0 such th a t

f . j f s ) -  f , , ( x )  
s -x

for I s - x Q| <  cf and I x- xq I < cf .
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Let P (x ,y )=  V .,(x ,y )  + V2(x ,y )  , where

-  x)L>(oB) +

0 -  7^<3^B~^(a-x)K^ (oB)] de,

*!<**>■ 4  $ [*■' ■■’ ’l ï ™  -  - * Ч Ш .
IS -X p K c f

Prom (1 0 ) and ( 1 1 ) ,  we ob tain

-  у^с3В_3 (  s -x )  E ,  CoB") d s .

oo
lV1 ( x » ^ 5 f e  J  3y2c2B ;2 |tlK 2 (oB1) + y V B ^ i t j V o B ^  d t <  

-00

[  3y2c2B ;2 | t lr 2 CoB)dt + J  y V B ^ I t l K j C o B ^ d t ] ^  
L О 0

^  ^ 7  C 3yo2L ,( c y ) +  e’ y ^ g f e y ) )

fo r  Ix -  x Q| <  6 and a rb itr a ry  y > 0 .

Prom the asym ptotic p r o p e rtie s  o f  the Mao Donald fu n ctio n s ( [4 ] , p . 
146) fo llo w s th a t

lim  3y c2Ł ( c y )  s  3c ,  
y—»0* 1

lim  o ^ y ^ -f o y )  3 2o ,
У —» c r  A

hence I v ^ x . y j l ^ f  fo r  I x -x Q| <  d and 0 < y < A 1t where ^  i s  

convenient p o s it iv e  number.

I f  lx -x 0l < j  and | s -x 0 l > d  then l a - x | > £  . Prom (1 2 ) f o l ­
lows th a t

|T2( * . r ) k  j f l f l f 8 L ^ --|l 3y202B- 2  ( s -x )  ̂ 2 ( OB ) - y V b - 3 Г s -x )  K ^ B  ̂ ds+ 

| s -x l> j

+ l | f ' ( x 0)| f| 3y202B“ 2 ( s -x ) Kg (oB) - y W 3( s -x ) K3 (oB)| ds ^

4  *  sap [  3y^o2B~2 | s - ^ ( o B )  +y^c3B~3 l s-x| L (o B )] \ I f  '  (s)| ds + 
ls-xt> £  - i

ls-xl>f
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S im ila r ly  l ik e  in  the proof o f  lemma 5 we g e t  |V2(x ,y )| < 4 |  fo r 

| x - x q |  <  ^  and 0 < y  <^Я2 , where A ,, i s  a convenient p o s it iv e  number. 

Therefore | V (jc ,y )| < 6  fo r  lx -x Ql < |  and 0 < y  <  min ( ^ 2 )  which 

f in is h e s  the p roof o f  lemma 6 .;

Lemmas 4 ,  5 and 6 im ply

Theorem 2 . I f  the fu n ctio n s  f ^ , f 2 , fjj are a b so lu te ly  in te g r a b le  
in  the in te r v a l ( - 00, 00)  and continuous a t  the p o in t x 0 , then the so* 
lu t io n  o f  L a u r ic e l l i  problem in  h a lf -p la n e  y > 0  fo r  equation (1 ) w ith 
the boundary c o n d itio n s ( 2 )  i s  th e  fu n c tio n  defined by ( 7 ) .
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