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ON THE LAURICELLI P30BLBI FOB THE EQUATION (/1 - 02¥2 ufxy) = O

IN THE HALF-PLANE

1. In the paper we shall give the solation of the equation

(1) (A - ¢c2)2u(x,y)= A2n(x,y)- 2c2[l u(x,y)+ cdu(x,y) = 0,

where o0 is a positive constant,in the half-plane y>0 satisfying the

boundary data

(2a) litt n(x,y)e fix ),
&,y)-*(x0,0) 1 °
(2b) lim Du(x,y)= £2(x ),

(x,7)->(x0,0Y

fAf~  being given functions. We shall construct this solution

convenient Green function.

using the

2. Let P(x,yy), Q(s,t), P/ Q be points of the half-plane y> 0.

Let
r2 =(x-s)2 +(y—t)2,
r12=(x-s)2 +(y+t)2,
B2 =(x-s)2 + y2
and let K~fcr) denote the Mac Donald function with index

p.115). We shall prove
Theorem 1. The function
(3) g(p,q) = 2c2ytkQ(cr) - orLj(or) + crlL ,(cril)

is the Green function for the equation (1) in the half-plane
a pole P, with the boundary conditions

(4) B(p,0"*0, DXGPgjj » 0.

n ([4] ,

t>0 with



Proof. The function cr~fcr”~) - crij(cr) is the solution of the
equation (1) for t> 0 with respect to the point Q ([1]).Since KO(cr)
satisfies the equation Au - c2u = 0 with respect to the point q ([2],

p.115) and

NArro~rbK”ox)) = 202yt AqgKQ(cr) + 4c2yDfKo ( ax),

then

A 2c2ytKQ(ox)) = 2c4ytKOfor) + 4c2yDfKO(cr)

Prom the above formulae we get
- 02)2(2c2 ytk0Ofor)) s 0

for t>0. Por t =0, r =r, and BCP,p] = 0.
1 1t=0

Applying the formulae ([*], p.117)

V. z'V z))= mr"Y +4 2)*

(5)
DzfzOKnrz))= - z~""¢z)
We obtain
DtG (P,qi =O(2(:2yKQ(cr)+ 2c?ty(y-t)r”1n (cr)- 02KQcr)(y-t)
jts
- c2io(crl)(y+t)Jno.
3* Let
00
(6) u(x,y)= u(P)a —g j*('fifs)DtA GG (Plq)+ fgfsTA¢GfP.q~"ds.

Prom (3) and (5) we have
A qg(PiQ) = 2c4ytKOCcr) + toryfy-~r~Ljfecr) + 2c2(KQ(cr)- Kjcr?)) +
- c2(crKl(or)- criL1(crl)) ,

hence

LACP.OMa~cYB"1* (cB).



Similar/

Dt A gQ(P,Q)jt=0 40V bT % (oB).

HeHoB we get

00 00
(7) u(x,y)=IlI J f1(8)y502B"2K2(oB)ds J fgfaloy~~tjfoBjae.
-00 -00

Ve shall using the following lemmas ([53):

Lemma 1. If the funotion f |Is absolutely Integxable In the
terval (-oo, oo), then the Integral
(e]0)
ICx,y) . J f(s)KO(oB)as
-00

Is of the olass C°° In the half-plane y> 0 and
00

«e’V y *'01'38 «

Tprrr(ﬂ ?. If the funotion f is absolutely integrable in the

terval 00y 00) and oontinuous at the point X0’ then

lim 1] fs)oyB*\(0B)ds * f(xJ
(x,y)"(x0,0)5r A 0

Let B12 = t2 + y2. Ve shall prove

Lemma 3« Pox y > 0 and every X

(8) ]~ y~ronN-217CoB)ds = yoe oy + e“oy,
-00
00

(9) J y”o3B 5Kj(oB)ds a y202 + 3yoe~oy + 3e-o0y,
-00

(10) j y2tBl-2L1foBN) dt - y o (oy),

(11) j y4o03tB1-5Kj(oB1)dt = o~y foy).
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Proof. Introducing the transformation of the variable s =y + t,

ye get

n 00
1 T y3c2BoKCoB)s =2~ 7302812 2GRl dt =

~N-00 -00

= f J y3c2B1_2K2(oB1)dt .

Since ('33 , p.719)

for n> 0 and m> -1, then

~Nol  y302B1"2E2fcBl)dt =~ '2¢c2T (M) (2cy)™ K™ (cy).

?roa [3] (p.975) we get

v oy =IiET*-a'+w)’

hence

(0 0]
£ ~ ynr0o2B-2K2(0B)ds = yce“cy + e~°7.

3inilary we get the formulae (9)-(Il)«

Lemma 4. |If the functions f~, are absolutely integrable in
the interval f-00.00), then the function u(x,y) defined by formula
(B) resp. (7) is a solution of the equation (1) in the half-plane y>0.

Proof. Prom (5)» we have

cy~""LjCcBb - yDyEQ(0oB),

02y3B"2K2(cB)= - yD~foB) + DyEQ(cB),

henoe
(00] 00

nfx.y) =~ J flfs)("-yDyyKO(cB)+ DyKOCoB”ds -1 ~ f2(s)yDyKO(oB) ds.

-00 -00



1

Prom Lemma 1 follows that the function wu(x,y) given by the formula (6\
resp.(7) is of the class G°° in the half-plane y>0 and

(A-c2)2u(x,y)

Qo
- mg Jf/jfs) (A p-c2)20nN07CHP, QIds +

00
+ — U [ f2fs){A p-c2)2A QG(P,5)] ds =
43r°  -o00 4 1t=0
00

-~ A f-(s) D AO(Ap-02)2G(P,q)] ds +
L 4 1t=0

+ — flfs)A O(Ap-02)2GrP, ds = 0,
L S AR T

because (*p-c2)2G(P,Q) =0 foi P/ q.

Lemma 5. |If the functions f~, f2 are absolutely integrable in
the interval (-00,00) and continuous at the point xQ, then the boun-
dary condition (2a) is satisfied.

Proof. In view of lemma 2 we have
00
1 ~ f2(s)cy2B-1L](cB)ds — 0, when (x,y)—(xQ,0).
-00

We shall prove that

00
1 ~ fl(s)c2y5B"2z2(cB)ds-~>fl(x0), when (x,y)->(x0,0).
-00
Let
00
i C fl(s)c2y5B"2k1(cB)ds = A(x,y) + q(x,y),
-00
where
00
A(x,y) = - ~tN(x0aZr iB~2K2(oB)aa ,

-00
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o]0}

Q(x.y) _é(V s) -

From (8) follows that A(x,y)-» f~fx0), when (x,y}-»(x0,0).

Let £>50 be an arbitrary positive number. From the continuity of
the function f-j at the point xQ follows that there exists a number
%> 0, such that

1fArs) - fAx~lI < 8§

for Is - xQl< <fe Let

ACcxy) =1lcv I [f"rs)- f-x0>] B"2K2(cB)ds
Is-XNitf
Qgfx.y) = ° Bf/s) fAx~B-~CcBijds.
|sx I>rf
From (8) it follows that
@0
1r,(x,y)l< oV JB~2K2(cB)ds<--r’\ -1y < 8§
-00
for 0<y <™ . If Ix-xQl< ~ and )3-xQ]> &, then Is-xI> j j
hence iQMx.ytfC ft oV J [AT3)-"(x0] B~CoB) ds.
13-X1>]
Using the formula ([6], p.1?4-)
. f, 2 2,-“-5 -
V ba)= j p /My-—- J f*2+ z) cos(bx) dX
b » (?) Jo
for n> -5, b> 0, z> 0, we get

(12) \V Z>| < K Z-n

for every n integer and positive, and k>0, constant.
Hence [+ »
iQgfx.y”J) y3kl j |[fAfs)JH~Mds + £ y A IfAx ~j B~ds.

Is-xI>f Is-x|>f



M= maxj J If~rs)! ds, |f1(x0)]j',
-00

I0gCac.y)! <. 1 Mk~fsup y3 B-4 + y5j” B"4 as) <
Is-x1>1 ] s-x1>1

< 4p Mkj(y sup B-2 +y JB-2 ds)<|
Is-x1>1 Is-xfo$

foi O< vy <<fif where is a convenient positive number. Hence
IQ(x'\y)l < e for Ix-xQl< ~ and 0< y < min(®, cfY).

Lemma 6. If the assumptions of lemma 3 are satisfied and the de-
rivative fjj is absolutely integrable in the interval (-00,00) and
continuous at the point xQ then (2b) is satisfied.

Proof. Prom lemma 4 and the formula (5) we obtain

00

A ) flfs~ry2c2B_2K2(cB)- y4c”B-5Kj(cB))ds +
-00
00

Dyu(x.y)

+W 1 V s)(270B~IK1foB)" c2y3B~2K2(cB))ds.
-00

In view of lemmas 2 and 3 we have

00
1 C f2fS~yoB"1™ (0oB)- 02y3B”2K2(0oB))ds— >f2(x0),
00
when (x,y)-»(x0,0).
It follows from (8)and (9) that

1 ] f~fs)~3y2c2B“2K2(0B)- y4c3B-5K3 (0B))ds =
*-.00

00

=17 (8)- flcx))(3y2c2B“2K2('cB)- y403B_3K3 (cB))ds - 3yoe~oy f~ x).
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Since 3yce-07—*0, when (x,y)—>(xQ,0), it is sufficient to prove
that
00

1\ (flesy - c<.cr>c¢3y2c2B~2K2(cH)- A V A jfc B )) ds —> 0,
-00

<hen (xfy) —>(x0,0). Let

@
1 (f~s)- t1Cx))(}y202B-2K2(oa)- yV B -3£3(cB))ds =
- 6o
= V(xy)+ W(xy);
where
7(x,y)= "™ (I — - fArAyAANg XjEQreBl-y~A"r"B~ s-xTK" cBj”s,
-GO
00
y)=1i £2(xq) ~( 3y~ "H~"C3-xX"cB)- y*cr"B'~s-x) (cB)) ds.
-00
Introducing the transformation of the variable s =y + t, we get
00
7(x,y)= 1 f~fxQ jjry~rV ft~rfcB) - y4c3B"3tK3('cBl)) ds = 0
-00

because the function under the integral sign is odd and from
f’oHows that the integral

00

A (3y202B~2tK2fcB1) - y4c3B~3tk3(cB1)) dt
-00

is convergent for every y Y 0.

From the continuity of the function fjj at the point xQ follows
that there exist a number @ 0 such that

f.jfs)- f,.(x)
S-X

for Is-xQ < cf and Ix-xqgl< cf.
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Let P(x,y)= V. (x,y) + V2(x,y), where

- X)L>(oB) +

0 - 77<3"B~"(a-x)K”" (oB)] de,

Fl<**>m 4 [ *ami’| T ™ - -*4 |

IS-XpKcf
- y~c3B_3(s-x)E, CoB") ds.

Prom (10) and (11), we obtain
(o0}

Vi(x»~5fe ] 3y2c2B;2|tIK2(0Bl) + yVB~itjVoB~ dt <
0

[ 3y2c2B:2|tlr2CoB)dt + J yVBAItIKjCoBAdt]”
L O 0

A AT C3yo2L,(cy)+ e'yrgfey))
for Ix - xQ< 6 and arbitrary y>0.

Prom the asymptotic properties of the Mao Donald functions ([4], p.
146) follows that

lim 3yc2t (cy) s 3c,
y—»0* 1
lim ory~-foy) 3 2o,
Y—cr A

hence Iv~Ax.yjI~rf for [Ix-xQ]< d and 0 <y < A 1t where 7
convenient positive number.

is

If Ix-x0l<j and |s-x0l>d then la-x|>£ . Prom (12) fol-
lows that
IT2(*.r)k jFIFIf8L ~ --]1I 3y202B-2 (s-x)~2(0B)-y V b-3ls-x)K~"B ~ds+
| s-x1>j

+ 1] f'(x0)] f] 3y202B“2(s-x) Kg(0B)-yW  3(s-x) K?J(OB)| ds ~

4 * sap [ 3y”02B~2|s-~ (0B ) +y~c3B~31s-x] L(0oB)] \ If'(s)] ds +

Is-xt> £ -

Is-xI>f
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Similarly like in the proof of lemma 5 we get |V2(x,y)]|<4] for
x-xq] < N and O0<y <"42, where A, is a convenient positive number.
Therefore |V(jc,y)|<6 for Ix-xQlI< | and 0<y < min ( ~2) which
finishes the proof of lemma 6;

Lemmas 4, 5 and 6 imply

Theorem 2. If the functions f~, f2, fjj are absolutely integrable
in the interval (-00,00) and continuous at the point x0, then the so*
lution of Lauricelli problem in half-plane y>0 for equation (1) with
the boundary conditions (2) is the function defined by (7).
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