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ON CERTAIN BOUNDABY-VALUE PROBLEM FOR TBE EQUATION
(A C2)2u(x,y,z) = 0O

1. In ttiis paper we snail solve the boundary value problem for
the equation

(1) (A- C2)2u(x,y,z) =A2u(i )- 262 u(X)+c\(X ) = 0,

C>0, C-constant in the half-space Ej (z>0) with boundary condi-
tions

(2) lim u(x,y,z) =tilx \y ),
(X »¥Y>3)-*(xo0,y0,0+Y O

(2a) limAu(x,y,z) = f?(x vy ),
(x,y,2)-»(x0)yo,04f 0 O

f~,f2 being given functions. This problem will briefly be called (B-h)
problem. In the paper [I] the analogous problem for the half-plane is
solved.

2. To the construction of the solution we shall use the convenient
Green function. Let Z(x,y,z), Y(s,t,w), XCE”™ denote the arbitrary po-
ints is three dimentional space Ej. Let

C3) 12 =(s-x)2 + (t-y)2 +(w-2)2
(4) IT(I,T) = U(r) = e“Or

It is easy to verify that the funotioa UI, T is a solution ot the equa-
tion (1) .The function U is oalled the fundamental solution of the
equation(l). Let D denote a bounded domain in the space E and S its
boundary.He assume that S is of olaes Cl1l. Let wu(x,y,z) and v(X,y,z)
be the functions of class O in D and of class C* in its closure
DUS. Let K(r,X) denote the sphere with radius r and center at a po-
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Int Z. Let n be the Inward normal. Let us consider the fundamental
formulae for the functions u, v and domain D, [2]:

JSSfuAv - VAu)dxdydz = - \(uDgv - vDqu)dS,

D

A(OwnAT - vA2u)dxdydz = - jj]]Au)Dnv - vDn(Au)]dsS,
D 3

II! (‘'nN2 VvV " Nun7)dxdydz s - jf [ubnCAv) - (Av)DQu]dS.
D1 S

Prom the above formulae follows the formula

(5) 11j [u(p- C2)2 v - v (A - C2)2ujdzdydz =
D

vD (G u)- 2C2Dyu + 2C2uD, v  (Au)Drv

+ (Av)Dnu - ubn(‘Av)]dS.

On the surface 3K(r,X) of the sphere K(r,X)

(6) LQu(r) = Ce-4'1}
(7) AuCr)= C2e-GIl - 2r-1ce-Cl,
(8) DnAufr) = -Cre_GIl+ 2r-2 Ce-01 + 2r-1 a2e-~°r.

*7e shall prove

Lemma 1. If uCx) is a solution of the equation (1) of class
in D and of class in D, v(T) = U(X,T), then
(9) il [uDnAu - 2C2DDnu + 2C2ubDaU - (Auld”™ + (A”j)Dnu - uDnA ~j] dS

S 1@ & xp
for X6C (d).

Proof. In view of (5)

10 03 Hd[u(X T)D-W T)- 202U(X,T)Dnu(T)+ 2Caa(T)D.i(X,1) -

~(Aru(YjbnU(X,T)+ (A (X 4 )) Dqu(t)- u(-r)DQA Tii(1,T)]dS.



Prom (10) follows that
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JI[U(X,1)DNA u (T)- 2G2uCx,T)DnaCY)+ 2C2u(Y)Dau<:x,Y)- (Au(Y)) DgU (l,y) +

S + @ IU(x,Y))DnucCY)- u(Y)DaCAYU(X,Y))J ds = - +2C2Uyj -
bK(r,1)

- 202UDna - (Au)DqU + (AyU)Dnu - uDn(A TU)]dS.

On the right hand on the above formula we get the integrals

n, =m0, SS e-°r DnAU(T)dS , J* = 0. SS e~GIAu(T)dS ,
dK(r,z) dK(x,Z)
J2=°29 eCr v (T)ds- j5 = & S! e-crr-lix(Y)ds
rk(rpg) oK (i,2)
J, =C, C\ ecClu(Tds , 16 = 2¢ JS e-Clr_2u(T)ds .
6k(i ,z) 0K(r,z)
Ci( i=1,2,3t~.5i being the convenient constants. Applying the mean va-
lue theorem to the integrals i=1,2,3,4,5> for r-» O we get
) O for »2)3N1|5]

and

J6 = 2C45lr2e-Clr_2u(Q) —* 81rCu(l), QédKfr.X), X 6 D.

If x€c(S), then by the formula 5 we get the seoond part of thesis
lemma 1.
3. Let
r2 =(s-x)2 +ft-y)2 +(z+w)2
B2 =Ca-x)2 +(t-y)2 + z2,

G(X,Y)= Ufr)- Tifr~.

of
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We shall prove

Theorem 1. G(X,Y) is the Green function for the equation C1),for
the half-space Bj with a pole at a point X, satisfying the boundary
conditions

(11) GX.V)] = 0, 4AX.T)H! =0, XiyY.
lw=0 1 w=0

Proof. The function g(x,y) satisfied the equation (1) with respect
to the point Y. Bor w=0 r s r» = B and in view of (4)and(?) we get
the conditions (11). From (7) follows that the point X is a pole for
the-function AyG(X,Y) if X = Y.Applying the formula(9)to the function
U(r) and U(r.]) at the point X 6 ~ we get

+ oC .
(12) 9= i"[f1(s,1)(202DwG (X,Y)- DAAYGCX.Y.)] dsdt -
) =0
be
Sslr'n' "(f2(s,t)DWG(X,Y)  dsdt =
—ro w=0

where

DWG (X,Y)= 2CzB_le 01,

DwWw(ANX.Y)) = 2C3B_1z e-02 -4zB_3Ce"“B 4zB-3 C2e-CB.
w=0

4. We shall prove that under the seme assumptions concerning f/s,t)
and f2(s,t) the function u(X) defined by the formula

(12a) u(x) = L,(x) + 12(X),
where
+00
LAX)» al B,t)(2C? zB-1e”02 + 4(C2 + c)zB“3e-GB)dsdt,
vQ
oc
+0
12(x)= - al”~ f2(8,t)2CzB"1e OB dsat,

—00

al =(321r(C2 + C)) ~1

is a solution of the problem (B-H).
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Ve shall prove that the function u(X) defined by the formula (12a)is of

class and satisfies the equation (1) in
Let
(1?) ai y"fl(s,t)D xiy6zk(2C3 zB"1 zB"le"CB + 4(C2+C) zB~e~jdsdt,
-00
+00
(14) al[[f2(s,t) Dxiyizk(20zB"1e-02)dsdt
-CO

(i»3»k =0,1,2,3,4).

Let W denote the sets
W=f[(zy,z) s a4 x <A b4 y4d4 B, hd z4
where a,A,b,B are arbitrary numbers, h,H arbitrary positive numbers

Lemma 2. If the functions f~ ,f2 are bounded,continuous and abso-

lutely integrable,then the integrals (13) and (14) are uniformly conver-
gent in every set V.

Proof. The integrals
+J0
0
A Wit fsto] dsdt + D Reif2(s.01 dsdt + @) B dsdt

-00

-rot
3) o
B ~ dsdt ,
o VA

w \

Oi;jk (i,3,k =0,1,2,3.4, 1=0,1,2,3) being non negative constants,are
majorants for integrals (13) and (14)» The two first integrals are con-
vergent by assumption. Por the two others,after the change of variables

(14a) S - X = z¢cosp, t -y =2z"sinp,

we get the estimation
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where k ,k2 al® convenient constants. Hence the integrals (13)» (14)
are uniformly convergent in every set W
Lemma 2 imply

Lemma 3. |If the assumptions of 2 are satisfied, then there
exist the derivatives L~ iyigk L,(X), Dxiyjzk 12(X) and

(15) Dxiydzk 11(X)= al'(* fl(s,t)D xiydzk(2C3zB“1e"CB+(c2+0)zB“5e-3sdt,
—e0

+00

(16) D~2yds-k I12W = - at, jf ~(s.tjD”iyjr"CBOze~dsdt.
—0

Prom lemma 3 follows that the function u(X) defined by the formula
(12a) is of class C4 in E»
Moreover using the symmetricity of the Green function we get

(17) (Ax - C2)2 G(X,T) B O.
Prom (17) it follows that

(Ax - C2)2u(x)= al|pfli(s,t)(Ar-C 2)2(2C3 zB~e~+Cc2* 0)zB_3e"CB)dsdt-

e ))
+Q0 +0

- al JCf2(s,t"Ay-C2)2(B~12Cze~CB)dsdt = alljf~As.tA"C~ A j-C" & fr.i)-
—D -@

eo
A (AT (AX-C2)2)G (X, T|dsdt- alJf £2(8,t)D j(~-G 2)2G(X,1)]]asdt.
w=0 -00 Iw=0

5* Now we shall prove that the boundary conditions (2) and (2a)
are satisfied.
Let M= sup(If,,1j |f2I) .

Lemma 4. W the function f2(s,t) is bounded and continuous,then

0o

UT f27s,t~zB"1le CB dsdt-—- >0 as(x,y,z)—>(xQ,y0,0+).
-00
Proof. In view of the estimation

f2(3,t)zB "1le~CBdsdt] < ze~"B~Nrdsdt< U zB-2 »2dsdt
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after the change of variables (14a) we get

+oc y a
U zB-2*2 dsdt = z°'9 27T il -> 0 as (X,y,z)->(x0,y0,0 +).
Lemma 5- If the function f.|(s,t) is absolutely integrable,boun-

ded, continuous and satisfies the condition

+0D
(18) z fpfi(s,t)] B"3(1 - e"GB)dsdt-»-0 as(x,y,z)-* (xo,yo,0 +),

then

Tan
su~”™(s.tH te2 + C)zB"5e_ GB dsdt— >f/)(x0,j0) as (x,y,z)-»(xo0,y0,0+).

Proof. Prom the identity

+00
t~f.j(s,t)4(c2 + C)zB_3e_GB dsdt = fAs.tJzB -3 dsdt +
e 00
+00
+-gjy ~ ~(3,"B-3(1 - e GB)dsdt,
—a0

in view of (18) and [3] we get the thesis of lemma 5*
The boundary condition (2) follows from lemmas a and 5.

Lemma 6. If the functions f2 satisfies assumptions of lemmas
3,4,5, then

Au(X)— »f?(x0,y0) as (x.y.z)— >(x0,y0,0 +).
Proof. Since the Green function is symmetric applying lemma 3 we get
Au(x) = ILIK) + 7~ (X),

where

+00

L.(X)= &) jjfcre.t) (200 A ~ - DWA2G)| dsdt,
—
+00

£2(1)= - aljj fg(s,t)DW(A™g) | dsat.
—e Iw=0

In virtue of lenma 4

Kgfx)—~ f2(xo,y0) as (x.y.z)— >(xo0,y0,0 +)
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and
+00
t, = al Hf~rs.tjC 4 DW5 dsdt — >0 as (X,y,z)—>(xQ,y0,0 +).
w=0
From the lemmas 4,5,6 follows
Theorem 4. |If the functions f1, f, satisfies the assumptions of

the lemmas 4,5,6, then the function u(Z) defined by the formula (12a)
is a solution of the problem (,B-H).i
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