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ON CERTAIN BOUNDABY-VALUE PROBLEM FOR TBE EQUATION 
(A -  C2 ) 2 u (x ,y ,z )  = О

1 . In tt iis  paper we s n a i l  so lv e  the boundary valu e problem fo r  
the equation

(1 )  ( A -  C2 )2 u (x ,y ,z )  = A 2 u( ï ) -  2 G 2A u ( X ) + c \ ( X )  = 0 ,

C > 0 ,  C -co n sta n t in  the h a lf -sp a c e  E j ( z > 0 )  w ith  boundary condi
tio n s

( 2 )  lim  u (x ,y ,z )  = t J x  ,y  ) ,
(х »У>з)-*(хо ,у о ,0+У 0

(2a) lim A u (x ,y ,z ) = f ? (x  ,y  ) ,
(x ,y ,z ) -» (x 0 )y o ,0 4 f  0 0

f ^ , f 2 being given fu n c tio n s . T h is problem w i l l  b r ie f ly  be c a lle d  (B - h )  
problem. In  the paper [ l ]  the analogous problem fo r  the h a lf -p la n e  i s  
so lv ed .

2 . To the c o n stru c tio n  o f  the s o lu tio n  we s h a ll  use the convenient 
Green fu n c tio n . Let Z (x ,y ,z )  , Y ( s , t , w ) ,  X C E ^  denote the arbitrary po
in ts  i s  three dim entional space E j .  Let

СЗ) I 2 = ( s - x ) 2 +  ( t - y ) 2 + ( w -z ) 2

( 4 ) IT (I ,T ) = U (r) = e“ 0r

I t  i s  easy to  v e r i f y  th a t the fu n o tio a  U I ,T  i s  a  s o lu tio n  o t the equa
tio n  ( 1 )  .T h e  fu n c tio n  U i s  o a lle d  th e  fundamental s o lu tio n  o f the 
e q u a t io n (l) . Let D denote a bounded domain in  the space E and S i t s  
boundary.He assume th a t S i s  o f  o la e s  C1 . Let u ( x ,y ,z )  and v ( x ,y ,z )  
be the fu n ctio n s o f  c la s s  Oł in  D and o f c la s s  C^  in  i t s  c lo su re  
D U S . Let K (r ,X)  denote the sphere w ith  ra d iu s r and cen ter a t  a p o -
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In t  Z . Let n be the Inward normal. Let us consider the fundamental 
formulae fo r  the fu n c tio n s  u, v and domain D , [ 2 ] :

JSSfuAv
D

-  vA u)dxdydz = -  \  (u Dq v  -  v Dq u ) d S ,

^ ( Д и Д т  -  v A 2u)dxdydz = -  jj||A u )D nv -  vDn ( A u ) ] d S ,  
D 3

il! ('лЛ2  V "  Л и Л 7) dxdydz s  -  j f  [uDn CA v) -  (Av)DQu ]dS. 
D 1 S

Prom the above form ulae fo llo w s the form ula

(5 )  11 j  [ и ( д -  C2) 2 v -  v ( A -  C2) 2 ujdzdydz =
D

vD_(û u) -  2C2v D„ u  + 2C2uD„ v  n' n n (Au)Dnv

+ (A v )D nu -  uDn ( 'A v )]d S .

On the su rface  Э К ( г ,Х )  o f  the sphere K (r ,X )

(6 )  LQu (r) = Ce-4'1 }

(7 )  A u C r) = C2e-G l -  2r - 1Ce- C l ,

( 8 ) DnA u f r )  = -C ^ e _ G l+ 2r-2  Ce-01 + 2r-1 а2е~°г.

•7e s h a ll  prove

Lemma 1 . I f  uCx) i s  a s o lu tio n  o f the equation (1) o f  c la s s  
in  D and o f  c la s s  in  D, v (T )  = U (X ,T ) , then

(9 )  i l  [uDnA u  -  2C2DDnu + 2C2uDaU -  (A uJ d^  + (A ^ j)D nu -  uDn A ^ j ]  dS
S t

_ I Г5ПГ aCz) for X*D.
0 fo r  X 6 C ( d ) .

P ro o f. In  view o f  (5 )

10 0 3 H [ u ( X , T ) D - W T ) -  202U (X ,T )D nu (T )+  2Ca a (T )D .ü (X , l )  -
SU dXfr.X) n n

- ( A ru (Y jb nU (X ,T )+  ( ^ ( Х Д ) )  Dqu (t ) -  u(-r)DQA Tü ( l ,T ) ] d S .
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Prom (10) fo llo w s th a t

J J [ ü ( X ,ï )D n A u ( ï ) -  2G2uCx,T)DnaCY)+ 2C2u(Y)Daü <:x ,Y )- ( A u (Y)) DqU ( I , y )  +

S + (fA I U (x ,Y ))D nu C Y )- u(Y)Da CAYU(X,Y))J dS = -  + 2C2 U y j  -
Ъ К (  r , I )

-  202UDna -  (A u)DqU + (AyU)Dnu -  uDn ( A TU )]d S .

On the r ig h t  hand on the above form ula we g e t  the in te g r a ls

л, ■ O, SS e -° r DnAu(T)dS , J* = 0. SS e~GlAu(T)dS ,
dK(r,Z) dK(x,Z)

J 2 = °2 Я  е_СГ V (T)dS • j 5 = C5 S! e -Crr - \ix ( Y ) d S
г к ( г д ) ôK (i,Z )

J ,  = C, C \ e-C'I u.(T)dS , J 6 = 2C J S e-C lr_2u(T)dS .
6 k (i ,z ) 0K(r,Z)

Ci (  i = 1 ,2 ,3 t ^ .5 i  being the convenient c o n sta n ts . Applying the mean va
lu e  theorem to  the in te g r a ls  i= 1 ,2 ,3 ,4 ,5 >  fo r  r  - »  O we g e t

)  О fo r  »2)ЗЛ |5|

and

J 6 = 2С45Гr 2e- C l r _2u(Q) —* 81ГC u ( l ) , Q é d K f r . X ) ,  X 6  D.

I f  x € c ( S ) ,  then by the form ula 5 we g e t  the seoond p a rt o f  th e s is  o f 

lemma 1 .

3 .  L et

r2 = (s -x )2 + f t -y ) 2 +(z+w)2 

B2 =Ca-x)2 + ( t -y ) 2 + z2 ,

G (X ,Y )=  U f r ) -  ï ï f r ^ .
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We s h a ll  prove

Theorem 1 . G (X ,Y) i s  the Green fu n ctio n  fo r  the equation C 1 ) ,fo r  
the h a lf-sp a c e  B j w ith a pole  a t a p o in t X , s a t is f y in g  the boundary 
con d itio n s

(1 1 ) G(X,Y)| = О, Д ^ Х . Т ) !  = 0 ,  X i  Y .
lw=0 I w=0

P ro o f. The fu n ctio n  g (x , y ) s a t i s f ie d  the equation ( 1 )  w ith re sp e ct 
to  the p o in t Y . Bor w=0 r s  r^ = В and in  view o f  (4 )a n d (? )  we ge t 
the co n d itio n s ( 1 1 ) .  From ( 7 )  fo llo w s th a t the p o in t X i s  a p o le  fo r  
th e -fu n c tio n  A y G (X ,Y ) i f  X = Y .A pplyin g the fo rm u la (9 )to  the fu n ction  
U (r) and U(r.]) a t the p o in t X 6  ^  we ge t

+  oC I

(1 2 ) u(x) = i,' [ f 1 ( s , t ) ( 2 0 2DwG (X ,Y ) -  D ^ A yG C X .Y .)] dsdt -
* ’.'i=0

1
S5rïï

b e
' ( f 2 ( s , t ) D wG (X,Y)
—rO

dsdt
w=0

*

where

DWG (X ,Y )=  2CzB_ 1 e_0 1 ,

Dw ( A ^ X . Y ) ) = 2C3B_ 1 z e-0 2  -4 z B _3 Ce“ B 4zB- 3 C2e-C B .
w=0

4 . We s h a ll  prove th a t under the seme assumptions concerning f^ s ,t )  
and f 2 ( s , t )  the fu n c tio n  u(X) defined by the form ula

( 12a ) u (x) = L , ( x )  + I 2( X ) ,

where
+ oo

L ^ X )»  a1 B ,t ) (2 C ?  zB-1  e” 02 + 4 (C 2 + c )z B “ 3e-GB) d s d t ,
v 0— oc 

+QO

I 2 (x )=  -  a1^ f 2 (8 ,t )2 C z B " 1e_0B d s â t ,
—OO

а1 =(321Г(С 2 + C)) ~1 

i s  a s o lu tio n  o f the problem (В -Н ) .
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Ve s h a ll  prove th a t the fu n ctio n  u(X) defined by the form ula (12a) i s  o f  

c la s s  and s a t i s f i e s  the equation (1) in  .

Let

(1?) ai y " f1 ( s , t ) D xi y ôzk(2C3 zB"1 zB"1e "CB + ч(с2+с) z B ^ e ^ j d s d t ,
-00

(1 4 )
+oo

a1[[  f  2( s , t )  Dxi y i zk (20 zB "1 e-0 2 ) dsd t
-•CO

( i» 3 » k  = 0 , 1 , 2 , 3 , 4 ) .

L et W denote the s e ts

W =f[(z,y,z) s a 4  x  <  A, b 4  у 4  B , h 4  z 4

where a ,A ,b ,B  are a rb itr a ry  numbers, h,H a rb itr a ry  p o s it iv e  numbers

Lemma 2 . I f  the fu n ctio n s f ^ , f 2 are bounded,continuous and abso
lu te ly  in te g r a b le ,th e n  th e  in te g r a ls  (1 3 ) and (1 4 )  are uniformly conver
gent in  every s e t  V .

P ro o f. The in te g r a ls  

(0)
Ci j k  \ \ l f i  fs,t>| dsdt +

-o o

Ш ,  V
Oi ; jk ( i ,3 ,k  = 0 , 1 , 2 , 3 . 4 ,  1 = 0 ,1 ,2 ,3 )  being non n e g a tiv e  c o n sta n ts ,a re
majorants fo r  in te g r a ls  (13) and (14)» The two f i r s t  integrals are con
vergent by assum ption. Por the two o th e r s ,a f te r  the change o f v a r ia b le s

(1 4 a ) s -  x  = z ç c o s p ,  t  -  y  = z ^ s i n p ,

we g e t  the e stim a tion

, n m
' i j k

!’ Ç lf2 ( s , t ) l dsd t + C.(2 )
id k

+ÜO

В "’  d sd t +

+ 0
(3)

i j k

-rot

ЙzB ^ dsd t ,
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where к ,k 2 a1® convenient c o n sta n ts . Hence the in te g r a ls  (1 3 )»  (14)
are uniform ly convergent in  every s e t  W.
Lemma 2 imply

Lemma 3 . I f  the assumptions o f  2 are s a t i s f i e d ,  then there 
e x is t  the d e r iv a tiv e s  L ^ iy ig k  L,(x), Dxi y j zk I 2 (X ) and

(1 5 ) Dx iy d zk I 1 (X )=  a1'(“ f 1 ( s , t ) D xi y dzk(2C3 zB“ 1e "CB+ ( c 2+0)zB“ 5e -<3̂ s d t ,
—oo

+oo

(1 6 ) D^yds-k I 2W =  -  at, j f  ^ ( s . t j D ^ i y j ^ C B O z e ^ d s d t .
—OO

Prom lemma 3 fo llo w s  th a t the fu n ctio n  u(X) defined by the formula
(12a) i s  o f  c la s s  C4 in  E^ .
Moreover using the sym m etricity o f  the Green fu n c tio n  we g e t

(17) (A x -  C2 ) 2 G (X ,T ) в  О.

Prom (17) i t  fo llo w s th a t

( Д х -  C2 ) 2u (x)=  a1 |p f1( s , t ) ( A r - C 2 ) 2 (2C3 z B ^ e ^ + C c 2 * 0)zB _ 3 e "CB)d sd t-
—OO

+OÛ +«0

-  a1 J Ç f 2 ( s , t^A y-C2 ) 2 (B~12Cze~CB)d sd t = a1 J j  f ^ s . t ^ C ^ A j - C ^ & f r . ï ) -
— OO —00

' eo

- l^ ( A r (Ax-C 2 ) 2)G (X ,T | d s d t -  a J f  f 2 ( 8 , t ) D j ( ^ - G 2) 2G (X ,l)]| a sd t.
w=0 -00 lw=0

5* Now we s h a ll  prove th a t th e  boundary co n d itio n s (2 ) and (2 a ) 
are s a t i s f i e d .
L et M = sup (I f , ,  I j | f2 l) .

Lemma 4 . И  the fu n c tio n  f 2 ( s , t )  i s  bounded and continu ous,th en

OO

ÜÎ f 2^s , t ^ zB'"1e_CB d s d t ------> 0  a s ( x ,y ,z ) — > (x Q,y 0 ,0 + ) .
-O O

P ro o f. In  view o f  the e stim a tio n

f 2( 3 , t ) z B " 1e~CBdsdt| <  z e ^ B ^ d s d t  <  U zB- 2 »2dsdt
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a fte r  the change o f  v a r ia b le s  (1 4 a ) we g e t  

+oc y  a

U  zB- 2 *2 dsd t = z ° ’ 9 2 7Г j Д  - >  0 as (x ,y ,z )-> (x o ,y 0 ,0  +).

Lemma 5 - I f  the fu n c tio n  f .| ( s , t )  i s  a b so lu te ly  in tegra b le ,b o u n 
ded, continuous and s a t i s f i e s  the co n d itio n

+OD

(18) z f p f 1 (s ,t )|  B "3 (1 -  e "GB) d s d t -» -0  a s ( x , y , z ) - *  (xo ,y o ,0  + ) ,

then
"Гад

su ^ ^ ( s . t H t e 2 + C )zB "5 e_GB d s d t — > f /)( x 0 , j 0) as ( x ,y ,z ) - » ( x o ,y o , 0 +).

Proof. Prom the id e n t ity
+oo

tLj ^ f . j ( s , t ) 4 ( c 2 + C)zB_ 3 e_GB dsd t = f ^ s . t J z B - 3  dsdt +
**ao "OO

+oo

+ - g jy  ^  ^ ( з , ^ В - 3 (1 -  e_GB) d s d t ,
—OO

in  view o f  (18) and [ 3 ]  we g e t  the th e s is  o f lemma 5*
The boundary co n d itio n  (2 )  fo llo w s from lemmas a and 5 .

Lemma 6 . I f  the fu n ctio n s f 2 s a t i s f i e s  assumptions o f lemmas 

3 ,4 ,5 ,  then

Au(x)— » f ? ( x 0 ,y 0)  as ( x . y . z ) — > ( x o ,y 0 ,0  + ) .

Proof. S ince the Green fu n c tio n  i s  symmetric applying lemma 3 we g e t

Au(x) = JL|(x) + ^(X),

where +O0
L ,(X )=  6U| j j f c ^ e . t )  (2g\ A ^  -  DW(A 2G))| d sd t,

—OO

+ oo
£2(1)= -  a1jj fg (s , t)Dw (A^g) I dsat.

—00 I W=0

In virtue of lemma 4

K g fx )— ^ f 2(xo ,y 0)  as ( x . y .z ) — > (x o ,y o ,0  +)
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and
+0O

Ł , = a1 H’ f ^ s . t j C 4  DWG dsdt — > 0  as (x ,y , z )— > (xQ ,y 0 ,0  +) .
w=0

From the lemmas 4 ,5 ,6  fo llo w s

Theorem 4 . I f  the fu n ctio n s f 1 , f ,  s a t i s f i e s  the assumptions o f 
the lemmas 4 ,5 ,6 ,  then the fu n ctio n  u (Z ) defined by the formula (12a) 
i s  a s o lu tio n  o f the problem (,B -H ).i
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