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1 . In  the paper we s h a ll  give the so la tio n  o f the equations
An -  c2u = О and Д2и -  о2Д и  « О in  the c ir c le  D i x2 + y2 <C. B2 
with convenient boundary functions continuous and boundary functions be
longing to the Q rlio s space. In the paper [ l ]  the sim ilar problem was 
solved for haraonlo fu n ction s.

д  le t  C denotes the s e t  of periodio functions,continuous in [6,2^t] and 
Ljj 2 the Or l ic z  space o f  the functions defined in  |_0,27rJ s a tis fy in g  
Д 2 condition [ 2 ] .  Let lu lc and I a tM denotes the convenient norms 
in  these spaces.

2 . Те sh a ll construct the funotlon u(x ,y ) o f c la s s  C2 in  D sa
tis fy in g  the equation

(1 ) A u ( x ,y ) -  e2u (x ,y ) » 0 , c > 0 ,  0 constant

and the boundary condition

(2 )  h ( x ,y ) — > ^ C x 0 ,y 0) as ( x ,y ) — > ( x 0 ,y 0) ,  (x ,y )  ^  °»

(* o 'yo> e ô D -

To the construction  of the function  u (x ,y) we s h a ll  use the me
thod of separating the variab les with the help o f polar coordinates ( r , t )  . 

Let
x  * r c o s t , у  я r s in t ,  0 < r < B ,  0 4 t 4 2 U T , 

v ( r , t )  = u (r o o s t ,r s in t ) , f ( t )  = <f> (B o o st, B s in t ) .

I f  the function  u(x ,y) s a t i s f ie s  ( 1 ) ,  ( 2 ) ,  then the function  
v ( r , t )  s a t i s f ie s  the equation

( 3 ) r -1 Dr (rDrv) ♦  т^Ъ  ^2T ~ e2^ ■ Oi * > 0 »

(♦ )  ▼ (*»*)------- >• v ( B ,t 0) as ( r , t ) — * ( B , t 0)
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and

v ( r , t ) — >A,A = constant:, as f r , t ) -

Let

(5) v f r . t )  = f ( r ) F ( t ) .

Using 3' after the separation of variab les ne get a system of ordinary equ
ations

(6 ) F ( t ) +  n2F ( t )  = 0 , n constant,

( 7 )  . r 2W' ?r) + rff('r )-(o 2r 2 + n2)W (r)a 0 .

From con tin u ity  o f v ( r , t )  fo llow s th at n i s  p o s itiv e  integer or n=0 
and ne get

P0 f t )=  oosn t, for n = 0 ,

FQf t ) =  pQ cos nt + qQ s in n t, n a 1 , 2 , 3 , . . .  

and

Wn0rt- Aq V е*) + Bn V « ) *  11 = o»1«2,...

where pa , q ^  Aa , BQ are constants and I ^ o r ) , B^Cor) the convenient 
Bessel functions [ 3 ] .  Since КдСог)—»oo for r - » 0 and v f r . t )  i s  con
tinuous, then BQ = 0 and the functions

vQ( r , t )  = I a for) ( ocnconst + />as in n t) , ocq , constants,sa 

t i s f i e s  the equation f3) for r > 0 .
Let

(8)

and

(9)

▼ f*.t) = a0I0^°*)
2T0ToB)

.

aQ, bQ being constants.

3 . How we s h a ll  prove some lemmas:

Lemma 1 . i f  the s e r ie s  ( 9) i s  uniformly convergent to the con ti
nuous function  f  in  the in te r v a ll  Co,2Ur] , then the se rie s  (8 ) con
verges to  f  uniformly with respect to t  i f  r -» B .



27

Proof. Since

0 < I nf o r ) < I nfoB) for 0 < r < B ,  n = 0 , 1 , 2 , . .

and
(ox)

l i a  1 7̂ 0 ^ 7  = 1 .  n a  0 , 1 , 2 ,
r -»B

thus the se r ie s  (8 )  i s  uniformly convergent for 0 < r 0^ r < B  and 

a ° °  I  ('or)
11m v ( r , t ) =  + y  | lim  g (e^oos n t + bns in  n t)  =

r-> B  n_ .) r->B a

00
+ Y  t (  b̂ oob n t + bQs in  n t)=  f ( t ) .

Let
z = x + iy  = rooet + ir e in t ,  rnoos nt = B e(x+iy)n = SQ( x ,y ) ,  

rn s in  n t = Im(x + iy )n = Tn( x ,y ) ,

where SQ(x ,y )  and TQ(x ,y )  are convenient polynom ials. Let

(1 0 ) r - V ? T 7 . ^ cos § t t  ■ aro sin  J ,  0 < t 4 -21T ,

Lemma 2 . I f  x2 + y2  <C B2 and aQ, bb are uniformly bounded, then 
for r and t  s a tis fy in g  (1 0 ) the aeries

a I  (or) I„ (o r )
/ Т 0 Го¥ 7 + пЫ  ÿ ô f f T  (  “n008 "  + bn8 ia  a t )

a power s e r ie s .

Proof. Using (10) we get

V « > *  ♦  y 2 )*  • ^  •
kso

I n(o r )8nOOB nt + Ij^o r) bnsin  n t =

•  “ЛА**"* n t ^ f D ^  Га  ♦
кто
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+ ba(|) С1*®1* l2k ЕГГпДёЯ" e
kaO

* * ü t y a V x **> X  ( ' f ) 2^ * 2 ♦ J 2 )*  k l 7 ^ y i ' +
]c=0

♦ V I )  V x *y) Х / l )  ( ^ * 7 г )  кТ 7 ? Д )Т * X  ^ x »y)*
k=o 0=0

P °fx ,y ) being convenient homogenous polynomials o f degree n.

F in a lly  we get
<D

(11) v ( r , t )  = u ( i ,y ) = z 7 , P„rx,y), T fo .t)»  Po(0 ,0 ) ,
n=o

where PQ(x ,y )  being convenient homogenous polynomials o f degree n.

4 . Row we s h a ll  prove that the function  a z j  defined by the f oran
ia  (11) i s  o f c la ss  O2 in  I  and s a t i s f ie s  the equation ( l ) . I n  order 
to prove th is  theorem we sh a ll use.

Lemma 3 . I f  aQ and bQ are uniformly bounded, then the series
(11) i s  absolutely  and almost uniformly convergent in  D.

Proof. Since

1ц (ог) = (2 | ) У  Х Ч )  щ Ь е т г  • n *  ° ‘ 1 »2 ****
b o

then

V ” )
т ^ т ш< ( $ )

Consequently the se r ie s

ao
T

00 _

Z(l)
n=1

i s  a majorant o f the se r ie s  (1 1 ) . The s e r ie s



29

is  о oar or gent fox r < B  and tbs series (’l l )  fox x? ♦  32 .

I f  вд and bQ axs uniformly boondod than the sexiss

(12) У . g , ( ^ . y ) .  i f i  ■ 0 ,1 ,2  ,

sxs absolutely and almost uniformly convergent in  D.
Tbs lemma follows from the convenient theorems concerning tbs radio 

of oonvexgaaoe of derivatives of the power series [4-].

. I f  SQ and Ьц axe uniformly bounded then the series 

00 T .(or)
(13) 2 L  D i  3 С Г 517 («b  oos a t  + bn sin  n t) ,  i , j  « 0 ,1 , 2 ,

a=iï * fc “

axe absolutely and almost uniformly convergent fox O ^ x ^ B , 0 < t ^ 2 j r  . 

Proof. The sexiss
m

ЧП<30 n 00 00

*, Z®  ■ 4Z-®r. b Z  “2(i) •
n*1 n*1 n=1

fc,, kg, k j being p ositive constants, axe majorants of the series (13) , 
These series axe ooovexgent fox x < B , 0 < t < 2 J r .

Proa lemmas 4  and 3 follows that the function u(x,y) defined by 
formula (11) is  of class c2 in  D sad s a tis f ie s  the equation (1 ) in D 
i f  u (0,0)«  Po(0 ,0 ) , and

5. Vow we sh all prove that the function u(x,y) s a t is f ie s  the boun
dary oondltion (2 ) . 1st f ( s )  denote the periodio,continuous function 
defined in [0,201" ] and le t

2 T
а ц х у  j  f f s )  ooe ns ds, n •  0 , 1 , 2 , . . . ;

21Г
bn « ^  j* f ( s )  sin  ns ds, n *  1 , 2 , 3 , . . .
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and

(1 » ) v ( r , t )
I 0 (or)

= 2 Î T S Ï Ï H

23-
J  f f s ) d s  + ÿ

00

Z
0 n=1

(15) Pr f t )  = V “ > .  2
T ^ c ffT  + 2

00z
n=1

I jjfc r )
T J o B J cos

v « )
ZV
f ffe^ co s n (s - t )d s ,  

О

Since for every r £ ( 0 ,B )  and t ç f 0 f25r] the se rie s

I  for) 1 ^  I  for)
SdrTJSBT £(B) + ж  Z _ .  f e l F T  fCe) 008 n (s_t)

0 n=1 n

is  uniformly oonvergent with respect to а б [0 ,2 3 г ]  we get
2зг

i'16) v f r , t )  = 5 ^ . j f f s )  Pr ( s - t ) d t .
о

Lemma 7 . I f  f Qf t )  i s  a sequence o f trigonom etric polynomials and 
f n( t )  i s  uniformly convergent to f f t )  for t  g [o ,2 3 r ]  then the func
tion s o f the sequence

23Г
(17) vQf r ,t )  = ^  J f nfs)Pr fe-t)ds

0

s a t i s f ie s  the equation (3 )  fo r  0 < r < B ,  and i f  r -> B , vQf r , t )  is  uni
formly convergent to f f t )  with respect to t  Ç £0,27Г].

Proof. Using the Harnack theorem £ ♦ ]  we conclude that

vn( r , t ) — » v ( r , t ) ,  as n œ ;

7 ( r , t )  s a t is f ie s  the equation (3 )  and from lemma 1 i t  follow s that 

7 ( r , t ) ------> f ( t )  as r  —> В

uniformly for t  £ [0 ,2 ir]. Since the so lu tio n  of the D ir ic h le t problem i s  
unique, the function  7 ( r , t )  i s  identique with the function v f r , t )  de
fined by f 8 ) .

theorem 1 . I f  the function  f  s a t i s f ie s  the assumptions o f lemma i ,  
then the function u (x ,y ) = v ( r , t )  defined by formula (11 ) s a t is f ie s  
boundary condition ( 2 ) .

Proof. I t  i s  s u ff ic ie n t  to  prove that

v ( r , t ) —> f ( t 0) a s ( r , t ) —> ( B , t 0) .
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Let £ >  0 denotes a rb itr a ry  p o s it iv e  number. Asom c o n tin u ity  o f 
the fu n ctio n  f , fo llo w s th a t th ere e x is t s  a number cf(s) = S  suoh th a t 
i f  I t  -  t Q| <  6  ,  then I f  ( t ) -  f ( t Q)| <  j  and from uniform ly conver
gence o f v ( r , t )  to  f ( t )  fo llo w s th a t i f  I r  — В I <  cT then 

. |v(r , t ) -  f ( t ) |  <  5  fo r  every t £ [ 0 ,2 3 r ]  and

I v C r . t ) -  f C t Q)| é | v ( r , t ) -  f ( t ) | + | f ( t ) -  f ( t Q) |< 6  i f  I t  -  t QK  6  , 
Ir  -  B l < r f  .

д 2
6 . b e t us suppose th a t the fu n c tio n  f  6 1̂  , and l e t

25
(1 7 ) J , ( f  , s )  = Ç f  ( t ^ C s . t )  d t .

Ô

Lemma 8 .  ( [ 5 ] ) .  I f  1̂ ( 8 , t )  i s  a s e t  o f  mesurable fu n ctio n s in  
the square P : [ 0 4 s ^ 2 3 r ,  0 < t ^ 2 :r j, and 0 < r < B  and the e x is t s  a
constant A suoh th a t

25-
f | l L ( e , t ) | d t < A ,

oJ

2?r

J l K j C s . t ) !  ds <  A 
О

fo r  alm ost every s  or t  and fo r  a r b itr a r y  r  £ (0 ,B )  
g ra ls  (17) e x is t  fo r  almost every a £ [0 ,2 7 r ]  and belong
over i f  fo r  every fu n c tio n  f £ H ,  H bein g the everywhere
and

(18) lim
r-> B
P -)B

25-

i M(Ur ( f . s ) -  J p(f ,s )| )d s

then the i n t e -  
to  by. More-
dense s e t  in  bjj

then (18) ie  s a t i s f i e s  fo r  every f  £ 1̂ .

I f  the co n d itio n  (18) i s  s a t is f ie d ,th e n  J  ( f , s )  i s  convergent in

the norm a 2 and in v e r s e ly .

Д 2
The s e t  0 i s  dense in  Ly and from lemma 8 fo llo w s

Łemmn q. i f  E ^ f s . t )  s a t i s f i e s  th e  assum ptions o f  lemma8 and fo r  

every f  £  C , the in te g r a ls  (1 7 )  are convergent t o A f  in  the norm L ^ ,  
then in te g r a ls  ( 17)  are convergent to  every f  £ 1̂ , in  the norm 1̂

7 . How we s h a ll  prove

tem m aJO. The k ern el Pr ( s )  d efin ed  by form ula (1 5 ) i s  nonnegati

ve and
.  p  I 0 (o r )

25Г  ) V e) d“ * 055J *
0 0

(19)
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P ro o f. Let P , Q denote two p o in ts , P  Ç D ,  Q £  5 ,  P  »( Q and l e t  
G (F ,Q ) be the Glean fu n c tio n  fox  th e  problem ( 1 ) ,  ( 2 )  with a p o le  a t the 
poin t P . Since G (P ,Q ) a 0 fox  Q € d D  and G ( P , Q ) > 0  fo r  Q(D,Q /  P, 
from the theorem o f O le jn ik  [4-] fo llo w s th a t

dG^ q)- > 0  fo r  Q é Э D,

n„ being the inward normal.The s o lu tio n  u(x,y) o f  the D lr io h le t  problem('t), 
( 2 )  i s  given  [4 ]  by form ula

where g (Q ) denotes boundary fu n c tio n . Prom th e  theorem 1 and unique
ness o f  the s o lu tio n  o f  the problem ( 1 ) ,  ( 2 )  fo llo w s th a t

25Г 2 У
\ f ( 8)P r f s - t )  ds = J  f C s )  â S g l â i j  dflQ 

® 0 Q | q  -  (B oo s a ,  Bain a)

fo r  every fu n ctio n  f £ C  and th a t the k ern el Pr ( s - t )  I s  nonnegative.
Sinoe the s e r ie  (2 5 ) i s  uniform ly convergent w ith  re sp e c t to  s  fox 

every r < B ,  by in te g r a tio n  o f the s e r ie s  (1 5 ) we g e t  ( 1 9 ) .
Д о

Theorem 2 . I f  f £ I ^  then the fu n ctio n  u (x ,y )  = v ( r , t ) ,  d e fi
ned by the form ula (16^

1°  s a t i s f i e s  the equation  ( 1)  in  0 ,

2 °  11m l v ( r , 0 -  f | M = 0 .  
r -> B  M

P ro o f. The proof o f  the co n d itio n  1 °  i s  s im ila r  to  th a t o f  theorem
1 . In  order to prove the c o n d itio n  2 °  a t  f i r s t  we s h a l l  prove 2 ° for f€G. 
Let f  £ C . From theorem 1 fo llo w s  th a t fox  every в >  0 th ere e x is ta  a 
number r Q such th a t f o r  every r £ ( 0 ,B )

|v(r,t) - f(t)|<e
uniform ly w ith  re sp e c t to  t  Ç [ 0,2  x ]  and consequently

2 T  2 X
J M(lv(r,t)- f(t)|)dt< J  M(6) dt = 2 x M (g )

fo r  every r e ( 0 , B ) .  I f  8 - ^ 0  than M (e)-> 0  and 

|v(x , • ) - f l j ( ~ ^ 0  fo r  r - > B .
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From lemma 10 and from the in e q u a lity  (19) and monotonio!ty  o f  the 
fu n ctio n  I n(o r )  ( [ 3 ] )  fo llo w s th a t Pr ( s - t )  s a t i s f i e s  the assumptions 
of lemma 8 .  U sing lemma 9 we g e t  the c o n d itio n  2 ° .

8 . l e t  <^>|(x,y), ^ g f c .y )  be the fu n ctio n s defin ed  on 3 D . We 
s h a ll  co n stru ct the fu n c tio n  u(X|y) s a t is f y in g  in  D the equation

(2 0 ) A  u ( x ,y ) -  с ^ Д  u (x ,y ) * 0 ,  o >  О, о con stan t 

and the boundary co n d itio n s

(2 1) o (x ,y )  — » ^ 1 (* 0 .7о) »

u (x ,y ) — > ^ 2f l o ,7ô

i f  (x ,y )  € D, (х0 .У 0) é  3 D , ( x , y ) - >  (x 0 ,y 0) .

The problem (2 0 ) ,  (2 1 ) i s  c a lle d  the B iqu ier problem. 
Using the known theorem [б ]  we assume th a t

u (x ,y )  = ^ ( x . y )  + u ^ x .y )

where u^Cx.y) i s  a harmonic fu n c tio n  and U g fx .y ) a fu n c tio n  s a t i s 
fy in g  th e  equation ( 1 ) .  In  order to  s o lv e  the B iq u ier problem we s h a ll  
co n stru ct the fu n c tio n s  с ц (х ,у ) and U2 ( x ,y )  such th a t

(22)

(2 3 )

Let

(2 4 ) 

where

(25)

(2 6 )

Д  ° q ( x , y )  =  0 i n  D ,

I  “ ( x . y )-4 tP1( x 0, y 0 ) -  Ф 2( Х 0 , У 0 )  a s  ( x , y » £ r  , y  \

c

I  A U g ( x , y )  -  c 2U2( x , y )  S  0 i n  D ,

\ ^ ( а ц у Н - ^  <PZ(.x0t70) “  ( x . y ) - >  ( х 0, У 0 ) .
о

u (x ,y )  = v1( r , t )  + v2( r , t ) ,

i ł  J  $  I 2 r . )  * / * * >  4*
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and f . , (  s )  (Beos s ,  B sln  в ) ,  f 2 ( e ) =  <£>2 (B co s  в ,  B sin  в ) .

Theorem 3 . I f  the fu n ctio n s ^  are continuous on 3 D , then
the fu n ctio n  u (x ,y )  defined by th e  form ula (2 4 )  i s  o f c la s s  Cł  in  D, 
s a t i s f i e s  the equation (2 0) in  D and the boundary con d itio n  ( 2 1 ) .

P ro o f. The fu n c tio n  v ^ T r .t )  i s  the Poisson  in t e g r a l ,  i s  a n a ly t ic  and 
s a t i s f i e s  ( 2 2 ) .  Prom theorem 1 i t  fo llo w s th a t the fu n ctio n  U g ^ y )  = 
= V g f 'r .t )  i s  a n a ly tic  too and s a t i s f i e s  the co n d itio n s (23) .

Let V( r , t ) denote A u ( x ,y )  in  po lar co o rd in a te s . We s h a l l  pro
ve

A  о Д 2
Theorem 4 . I f  1^ , f g €  1^ then the fu n ctio n  u (x ,y ) de

fin e d  by the form ula (2 4 )  s a t i s f i e s  the equation (2 0 )  in  D and the
boundary con d itio n s

27 ' I v ( r , •  ) — f  1 1jg 3 0 i f  r —? B,

28 ' | V (r ,« ) -  f 2 l M— 0 i f  r —> B .

P ro o f. Using th e  convenient theorem 1 we g e t

|v1 ( r ,* )  -  f  1 + f 2 l M — »  0 i f  r - * B .

Prom theorem 2 fo llo w s th a t the fu n ctio n  UgCx.y) defined by the formu
la  f26' s a t i s f i e s  the equation  (2 0 ) in  D and

lv2 ( r , - )  -  V ^ M - ^  0 “  r _ > B *О

Prom th e  tr ia n g le  in e q u a lity  fo llo w s th a t

| v ( r , . )  -  ^ 1 М 4  |v1( r , 0 -  \  f 2 l M + I v2 ( r ,* )  -  ^  f 2 lM
c c

and consequently ( 2 7 ) .  The v a l i d i t y  o f  (2 8 ) fo llo w s  from the formulas
л

Д  U (x ,y ) = A t tg C X .y b  C U gC x .y ).

Theorem 5 . I f  the fu n ctio n  u (x ,y ) s a t i s f i e s  (20) and is  of c la s s  
0^ in  D and o f  c la s s  C* in  D, then u (x ,y ) i s  unique.

P ro o f. Let

u (x ,y ) = l i j f x .y )  ♦ u ^ x .y )  , 

w (x ,y) = w1(x ,y )  ♦ w2 (x ,y )

denote the two s o lu tio n  o f ( 2 0 ) ,  u^, w,,, c ^ , w2 being the convenient
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e o la tio n s  o f  (2 2 )  and ( 2 ? ) .  Prom th e  uniqueness o f  th e  problems ( 2 2 ) ,  
(2 5 ) fo llo w s th a t = w^, Ug = w2 in  D and u (x ,y )  = w (x ,y ) in  D.

Remark. I f
a

v ( r , t ) - >  cos n t ♦  bQ s in  n t) as r —> B ,
Пе 1

then the s e r ie s
oo

? * Z < s  oos n t + bQ s in  n t )  
n=1

i s  c a lle d  (в) lim es o f  the s e r ie s  ( 8 ) .  A q u estion  a r is e s  about th e  con
nexion between the A b e l-P o isso n  method and th a t o f  (B )  sum m abllity .
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