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ON 1 FUNCTIONAL EQUATION OF INVARIANT CURVES

In  the present paper we s h a ll  consider the fu n c tio n a l equation

where V7 i s  an unknown re a l-v a lu e d  fu n o tio n  o f r e a l  v a r ia b le ,F i s  a g i ­
ven re a l-v a lu e d  fu n c tio n  o f  two v a r ia b le s , and s  i s  a given  positive num­
b e r . The so lu tio n s  <p o f  equation  CD are in v a ria n t curves under tran s­
form

of r e a l  plane in to  i t s e l f .  The equation  o f  in v a ria n t curves has been 
in v e stig a te d  by many authors /s e e  [4-] / ,  but m ostly they were the inves­
tig a tio n s  o f  the lo c a l  s o lu t io n s . In  th e  case  where s  = 1 , the gene­
r a l  continuous s o lu tio n  o f equation (1 ) has been given  in  the papers [1] 
and [2 ]  /and a lso  in  [ 6 j  and [7 ] in  th e  s p e c ia l  case  where F (x ,y )=  x + y /. 
Thus we may r e s t r i c t  our co n sid era tio n s to  the case  where s /  1 .

We know /s e e  [4 ] /  th a t in  gen eral the equation  CDhas in the neigh­
bourhood o f a f ix e d  p o in t o f  transform  C2) a continuous so lu tio n  de­
pending on an a rb itr a ry  fu n o tio n . However, under the assumption th a t the­
se so lu tio n s  have a l im it  / f i n i t e  or n o t/  a t i n f i n i t y ,  we can show th a t 
g lo b a l continuous s o lu tio n s  form the one -  or two-parameter fam ily  /s e e  
[1]» [ 2 ] ,  [б ]  and [ 7 ] /  in  case where s = 1 .

In the present paper we s h a ll  consider continuous so lu tio n s  o f  equ­
a tio n  (1 )  under the stron g er co n d itio n  when the l im it  a t In fin ity  i s  zero.

We s h a ll  assume the fo llo w in g  hypotheses;

(E j)  The fu n ctio n  F i s  defined and continuous on the r e a l  plane and
i t s  range i s  the r e a l  a x is .
(H2) The fu n otion  F i s  s t r i c t l y  in crea sin g  w ith re sp e o t to  the f i r s t  
v a ria b le  and i t  i s  s t r i c t l y  decreasin g w ith re sp e c t to  th e  o th e r.
(H j) The fu n ctio n  F i s  s t r i c t l y  in crea sin g  w ith  resp eot to  both va­
r ia b le s .

(D

(2) x ’ = F ( x ,y ) , y* = sy
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•,7e s h a ll  stad y  the so lu tio n s  o f (1 )  continuous on the r e a l  a x is , 
and s a t is f y in g  the cond itions

3) lim  =  l i a  <<e’ <'x'> = 0 .
X —► *эс x  -  oc

In  the sequel i t  w i l l  be very convenient fo r  us to  deal w ith the 
fu n ctio n  ф  , defined by the fo llo w in g :

D e fin itio n  1 . I f  f  i s  a s o lu tio n  o f equation ( 1 ) ,  we denote 

4 ф ( Х )  = P [ x ,  ¥ 4 x ) ]  ,

C C ' ° ( x .  = x ,  фа+1(х )=  ф [ ф а (х)> , f o i  a !  0 , 1 , . . .  .

The fu n ctio n  Ç  depends on the fu n ctio n  p  .  The p ro p e rties o f Ф  and 
a  are given  by the fo llo w in g

lemma 1 . I f  <p i s  a continuous s o lu tio n  o f equation (1), then ф а  
i s  a continuous fu n ctio n  fo r n = 0 , 1 , . . .  and

b ф [ о а (Х)] = s n i p ( x ) ,  fo r  x tf-» -« -) , , n = 0 , 1 , . . .  .

P ro o f. The c o n tin u ity  of the fu n ctio n s <Ja i s  a consequence the o f 
co n tin u ity  o f fu n ctio n s  and F . The formula (6 )  r e s u lt s  from ( 5 ) ,

4 and ' 1 1 by sim ple in d u ctio n .
In  the sequel we s h a ll  deal w ith  the p o s it iv e  so lu tio n s  o f equation 

11 : and w ith  the case  where

(7 ) 0 <  s <  1 .

Lemma 2 . Let the hypotheses ( 1Ц),(Hg) and the con d itio n  ( 7 )  be 
f u l f i l l e d .  Let (p  be a continuous p o s it iv e  s o lu tio n  o f equation ( 1 ) .

I f  a i s  such a p o in t th a t the in e q u a lity

3 ■■ ф fa ) у  a

h o ld s, then the sequence ф а (а ) i s  s t r i c t l y  in cre a sin g  and

’ 9) Ф а (а:  <  ф а Сх) <  Ф а+1( а ) ,  for  х £ [ а , ф ( а ) ] ,  a = 0 , 1 , . . .

P ro o f. I f  n з 0 , the co n d itio n  (9 ) means th a t x  6 [а , Ф  Ca)] . We are 
going to  prove ( 9 ) ,  fo r  n = 1 .

Let us assume th a t there e x is t s  such a p o in t t  6 [ а , Ф (а )]  , th at 
9^ does not hold a t t .  I t  i s  obvious th a t i t  has to  be

103 a <  t  <  ф ( а З .

There are two p o ss ib le  c a se s :

1 1 1 Q ( t )  <  Ф  (a )
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or
(12) ф 2 ( а ) < ф ( Ь ) .

Let os assume th a t the in e q u a lity  (11) h o ld s . As the fu n c tio n  Ф  i s  
continuous, by v ir tu e  o f  lemma 1 ,  th ere e x is t s  such a p o in t c  th a t

(13) о e ( t ,  Ф (a ))

and
(14) ф ( с )  = ф ( а )

I t  fo llo w s from ( 1 ) ,  ( 4 )  and (14) th a t

s <p(c)= ¥>{f [c ,  <p(o)]} = f  [ ф ( о ! ]  = <р[ф  (a)] = p { ? [ a ,  ip (a )]}  = s f (a ) , 

whence

<P(o) = ‘P ( a ) .

Thus, we o b ta in , by v ir tu e  o f (4 ) and (1 4 ) ,

f [o ,  Ч7 f с )] = ф  (с )  = ф Г а )=  ? [ a ,  < ? f a ) ] = ? [ a ,  < P (c ) ] .

Since the fu n ctio n  7 i s  s t r i c t l y  in cre a sin g  w ith  re sp e c t to  the f i r s t  
v a r ia b le , then by v ir tu e  o f h yp o th esis (H g)» we have a = c ,  which con­
tr a d ic ts  (13) and ( 1 0 ) .

Now, l e t  us assume th a t the in e q u a lity  (12) h olds.Th en ,there e x ists  
such a poin t c th a t

(15) о £ ( a , t )  

and
(16) ф ( о ) =  ф 2 ( а ) .

I t  fo llow s from ( 1 ) ,  ( 4 ) ,  (1 6 ) and ( 5 )  th a t

s< P (c )=  <(>{f [c , <P(c )]} = р [ ф ( 'с ) ] =  ¥> [ф 2 (а )]  =

= f ( p { 7 [ a ,  f ( a ) ] ,  f ( F [ a ,  <f>(a)])}) = s2 <f ( a ) .

Thus, we have

V ( о) = а Ф С а ) ,

whenoe

P [ c ,< f ( c ) ] =  Ф  (c )=  Ф 2 (а )=  p { 7 [ a ,« ? ( a ) ] ,< p ( 7 [ a ,  ^ ( a ) ] ) }  =

= 7 { ï [ a ,  (f(a)J, s < p (a )}=  ? { p [a , <P(a)J, < f (o )}  ,

by v ir tu e  o f ( 4 ) ,  (1 6 ) and ( 1 ) .  As th e  fu n ctio n  7 i s  s t r i c t l y  in cre ­
asing w ith  re sp e c t to  the f i r s t  v a r ia b le , we ob ta in  

о = ф ( a ) ,

which c o n tra d ic ts  (1 0) and ( 15)*
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The co n d itio n  (9 ) bas been proved fo r  n  = 1 .  Now, l e t  us assume 
th a t ( 9 )  holds fo r  an n >  0 . P u ttin g  a fo r  ф п( а )  and x  fo r  ф^х),
we can see th a t the co n d itio n  ( 9 ) holds fo r  n + 1 , by v ir tu e  of ( 9) ,  
already proved fo r  n = 1 .  The lemma i s  proved then by in d u ctio n .

In  an analogous way as fo r  lemma 2 , we can prove the fo llo w in g

Lemma 3 . Let the hypotheses ( J L j) ,(H j)  and the co n d itio n  (7 ) be
f u l f i l l e d .  L et <p be a continuous n ega tive  s o lu tio n  o f equation (1 ) .
I f  a i s  such a p o in t th a t the in e q u a lity  ( 8) h o ld s , then the sequence 
ф а Са^ is  s t r i c t l y  in crea sin g  and t i e  co n d itio n  ( 9) i s  s a t i s f ie d .

Lemma 4 . Let the h ypothesis (H^) and the co n d itio n  (7 )  be f u l ­
f i l l e d .  Moreover, l e t  e ith e r

1°  the h ypoth esis ( be f u l f i l l e d  and (f  be a continuous
n egative  so lu tio n  o f  equation ( 1) 
or

2°  the h ypoth esis (H^) be f u l f i l l e d  and be a continuous
p o s it iv e  s o lu tio n  o f equation  ( 1) .

I f  a i s  such a p o in t th a t the in e q u a lity

'1 7 )  Ф ' a) <  a ,

h o ld s , then the sequence ф a Ca) i s  s t r i c t l y  d ecreasin g and

MS)  Ф п(а) >  Ф п( х ) >  ф а+1Г а ) ,  fo r  х ( [ ф г а ) ,  a ] ,  n = 0 , 1 ..........

Lemma 5 . Let the h ypoth esis (Ł j )  and the co n d itio n  (7 )  be f u l ­
f i l l e d .  Then

a /  i f  there e x is t s  such a p o in t a th a t the in e q u a lity  ( 8) h o ld s,th e  
sequence ф а (а )  i s  s t r i c t l y  in c re a sin g  and e ith e r

1°  the h ypothesis (H2 ) i s  f u l f i l l e d  and (f  i s  a continuous ne­
g a tiv e  s o lu tio n  o f equation (1) 
or

2°  ihe h ypothesis (H^) i s  f u l f i l l e d  and ( f  i s  a continuous po­
s i t i v e  s o lu tio n  o f equation (1 ) ,  
then the co n d itio n  ( 9) i s  f u l f i l l e d .

b /  I f  th ere  e x is t s  such a p o in t a th a t the in e q u a lity  (1 7 )  h o ld s, 
the sequence ф а ( а )  i s  s t r i c t l y  decreasin g and e ith e r

1°  the h ypoth esis (H g) i s  f u l f i l l e d  and <p i s  a continuous po­
s i t i v e  so lu tio n  o f equation ( 1 ) 
or

2 the h ypoth esis (H j)  i s  f u l f i l l e d  and (p i s  a continuous nega­
t iv e  s o lu tio n  o f equation ( 1 ) ,  
then the co n d itio n  (1 8 ) i s  f u l f i l l e d .



We can prove the lemma 5 l a  a s im ila r  way as the lemma 2 . L et us 
observe th a t the co n d itio n s o f the lemma 5 need n ot Imply the aon oto- 
n ic lty  o f  the sequence ф а ( а ) .  However, we can prove the fo llo w in g

Lemma 6 . Under the co n d itio n s o f lemma 5 

0 9 )  ф а+1( а )  /  Ф а ( а ) ,  fo r  n = 0 , 1 , . . .

P roof. We are goin g to  prove the lemma in  the case  where the In e q u a lity
(8) h o ld s . In  the other case the proof w i l l  be s im ila r . Let us suppose 
that the in e q u a lity  (19) does not h o ld , i . e . ,  th ere e x is t s  such a num­
ber p th at

(20) Ф ^ С а )  = ф р( а ) .

I t  fo llo w s from the in e q u a lity  ( 8 ) th a t p у  0 . We have, from 

( 1) ,  (a )  and ( 20 )

s V '_  Ç p Ca)J *<<>{р(Фр ( а ) ,  ■f* _ ç p( a ) ] ) j  = <p [ ф ^ С а ) ]  = *> [ф Р(а )]  ,

whence

sP*1 (£>(a) = вр Ф ( а ) ,

by v ir tu e  o f  ( б ) .  S ince s s a t i s f i e s  the co n d itio n  ( 7 ) ,  the l a s t  equ­
a l i t y  im p lies th a t Unfair 0 .  We ob ta in  from (4 ) th a t

ф (а )=  P ( a ,0 ) and by (5 ) фа (а) = р [ ф а -1( а ) ,  o]> <jn -1( a ) ,  fo r

a = 0 , 1 , . . . ,  Ьесаизе the fu n c tio n  ?  i s  s t r i c t l y  in crea sin g  with res­
pect to  the f i r s t  v a r ia b le , and by v ir tu e  o f  ( 8) .  3u t i t  c o n tra d ic ts  
(2 0 ) . Th is ends the p ro o f.

As a sim ple consequence o f the fo reg o in g  lemmas we ob tain  the f o l ­
lowing

Lemma 7 . Let the co n d itio n  ( 7 ) ,  the hypotheses ( Ł j )  and e ith e r  
(Hg) or (H j)  be f u l f i l l e d .  I f  <f i s  a continuous s o lu tio n  o f  equation 
(1 ) and <p i s  e ith e r  p o s it iv e  or n e g a tiv e , then fo r  each a s a t is f y in g  
the in e q u a lity

Ф а (а ) 4 a

there e x is t s  such a p o s it iv e  in te g e r  к th a t the suquence ф а (а )  i s  
s t r i c t l y  monotonie fo r  a >  k .

Proof. We are going to  prove the lemma in  the ease where the hypothesis 
'Eg) i s  f u l f i l l e d  and the fu n c tio n  <f> i s  p o s i t iv e .  In  the other oases 
the proof i s  s im ila r  -  we have to  apply e ith e r  lemma 3 or' 4 , in ste a d  of 
the lemma 2 .

I f  the in e q u a lity  ( 8) h o ld s , then the lemma fo llo w s  from the lemma
2. I f  the in e q u a lity  (1 7 ) h o ld s , then e ith e r  th e  sequence ф °(а) i s  s tr ic t­
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ly  d e cre a sin g , or there e x is t s  such a p o s it iv e  in te g e r  к th a t the se­
quence ф п (а )  i s  s t r i c t l y  in cre a sin g  fo r  n >  k ,  by v ir tu e  o f lemmas 

6 and 2 . T h is ends the p r o o f.
l e t  <f> be an a r b i tr a r i ly  chosen s o lu tio n  o f equation  (1 ) . We are 

going to  in troduce the fo llo w in g

D e fin itio n  2 . L et <j£> be a continuous s o lu tio n  o f  equation (1). I f  

an a s a t i s f i e s  the in e q u a lity  ( 8 ) ,  we denote

da = su pjc : f [x ,  <f’ (x)] > x ,  x g ( a , c ) j ,

da = in f { c  : P [x , *  € ( o ,a ) } .

I f  an a s a t i s f i e s  the in e q u a lity  ( 1 7 ) ,  we denote 

da = su pjc : ? [ x ,  <f (x )] <  x ,x  £ ( a , c ) } ,

da = in f  |c : P|x, <f4 * ) J <  x tx € ( c , a ) j .

I f  F [a , h (a)] = a , then we put da = da = a .

Of co u rse , both d& and da can be in f i n i t e .

Lemma 8 . Let the hypotheses (L j)  , (H g) and the con d itio n

( ? )  be f u l f i l l e d .  I f  i s  a p o s it iv e  continuous s o lu tio n  o f equation 
( 11 , s a t is f y in g  the co n d itio n  ( 3) ,  then

' 21) lim  <P(x)e lim <P<x) = 0 .
x  —» d„ x —) daa

P ro o f. I f  both d_ and da i n f i n i t e ,  then the co n d itio n  ----------  a
(2 1 ) fo llo w s from th e  co n d itio n  ( 3 ) • I f  F^a, ( a )]  = a , we have from the 
d e f in it io n  2 and from (1 ) th a t

s ^ ( a ) =  <f { P [ a , < p ( a ) ] j - ^ ( a ) ,

then <f(a)s  0 , because o f (7 )*  In  th is  case the co n d itio n  (2 1 ) f o l ­
lows from the c o n tin u ity  o f  the fu n c tio n  . Let us consider the case 
where F [a , ч ? (а ) ] /  a and e ith e r  d& or d a i s  f i n i t e .  Let us suppose 
th a t da i s  f i n i t e .  Then we have, by v ir tu e  o f  d e f in it io n  2 ,  th at 
Ffd £ ( d _)] = d , whence ( f ( i  ) = s < ^ ( d . ) ,  by v ir tu e  o f (1 ) and thenL » 3. J a ' c L  cl _ о %
f ( d a)=  0 ,  because o f  ( 7 ) .  In  an a n a lo g ic a l way we o b ta in  th a t <^(d )= 0  
i f  da i s  f i n i t e .  Then, the co n d itio n  (21) fo llo w s  from the co n tin u ity  
o f the fu n c tio n .^ .

Lemma 9 . Let the hypotheses (H ^ ), and e ith e r  (Hg) or (H^)and 
the co n d itio n  ( 7 )  be f u l f i l l e d .  I f  <f i s  a p o s it iv e  continuous so lu tio n  
o f  equation (1) s a t i s f y in g  the c o n d itio n  ( 3)» then fo r  each a

(2 2) either lim  Ф п(а ) =  d or lim  Ф а (а )=  da .
n-»°o a n-»oo
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P roo f. The c o n d itio n  (22) i s  obvious i f  ? [ a ,  if5 (a)] = a , because o f the 
d e f in it io n  2 .  I f  ? [ a ,  'îP(a)] /  a ,  We are goin g to  prove the lemma In the 
case where <P i s  p o s it iv e  and the h ypothesis (H g) i s  f u l f i l l e d . I n  the 
other oases the p roof w i l l  be s im ila r .

Let us suppose th a t the in e q u a lity  (8 ) h o ld s , and da < o o  Then, by 
v ir tu e  o f lemma 2 , th ere e x is t s  the l im it  _ lim  ф а (а )  / f i n i t e  or n o t / .  
I t  fo llo w s from (8 ) ,  from the d e f in it io n  2 and from the h ypothesis 
( Ł )  th at

a <  p [d a , <P(a)] <  p [d a , V ( a ) ]  4  ? (d a ,o ) = da .

We can prove by in d u ctio n , th a t 

a <  Ф а (а ) <. da , fo r  n = 0 , 1 , . . .

I t  im p lies th a t

c = lim  Ф п (а )  4  <îa and c >  a . 
n-»«-

Let us suppose th a t c <  da . As (f  i s  a continuous fu n c tio n , we have, 
by v ir tu e  o f lemma 6 and ( 1 ) ,  th a t

o =  И в  <Р[фя (а )1 =  lim  s b (^ (a '.=  О,
Д—MX ' д-»оо

because o f tbe co n d itio n  ( 7 ) .  Then we have, by v ir tu e  o f  d e f in it io n  1 ,

0 = <f!a) = lim  ф а+\ а ) =  lim  р [ ф п ( а ) ,  < р (Ф а (а ))] = F ( o ,0 ) ,
а-»оо n -» »  и

which i s  im p o ssib le , because o f  the d e f in it io n  2 .
I f

(23) da = oo ,

we can show in  a s im ila r  way th a t i f  c = lim  f  [Ф  n (a)] <£. ° °  ,
П —> v*>

then f [c , ф (с ) ]  = о , 

in  s p i te  o f (2 3 )•
In  an a n a lo g ic a l way we can prove our lemma in  the case where da> - “°.

Theorem ~1. Let the h ypothesis ( Ł )  , the c o n d itio n  (7) and e ith e r  
the hypothesis (Hg) or (H j) be f u l f i l l e d .  I f  if  i s  a continuous so­
lu tio n  o f equation (1 ) s a t is f y in g  the co n d itio n  ( 3) ,  then

(2 4 ) Ф (х )  = 0 ,  fo r  x  6 ( - 00, ° ° ) .

P ro o f. Let us assume th a t th ere e x is t s  suoh a p o in t a th a t

( 25) <P(a) >  0.
I t  fo llo w s from the lemma 9 and from th e  co n d itio n  ( 3 )  th a t there exists 
suoh a p o in t c ( [ d a ,a ]  th a t f ( .o )  = s < p (a ) . L et us put

(26) t 1 = in f { c  : < P (x )>  s < P (a ) , c < x < ( a } .
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We have from (26) th a t

<4 € faa , a ) .

S im ila r ly , i t  fo llo w s  from the lemma 9 th a t there e x is t s  such a point 
t 2 & [d a , t 2 ] th a t <Р (х )< . s ^ > (a ) ,  fo r  x £ [d&, t g ] .  As the fu n ction s 

if  and ? are continu ous, we ob ta in  from the lemma 9 th a t th ere e x is ts  
such a poin t b ( j [ d  ̂ t g ] »  th a t F [b , ^ ( b ) ]  £ [ t ^ ,a ] .  But i t  contra­
d ic ts  (2 5 ) and ( 2 6 ) ,  because

? [ b , <p(b)] = s ^ (b )< C  s2 ¥ ? (a ), 

by v ir tu e  o f  ( D .
I f  there e x is t s  such a p o in t a th a t <P(a ))> 0 , we obtain  the con­

tr a d ic t io n  in  an a n a lo g ic a l way. T h is ends the p ro o f.
I f  the transform  (2 ) i s  a homeomorphism o f the r e a l plane in to  i t ­

s e l f ,  then the in v erse  transform  takes the form

1 27) X» = f ( x ,y )  , y ’ = ~ 7  •

The transform  (2 7) s a t i s f i e s  the h ypothesis ( 1Ц ) and i f  the transform 
2 ) s a t i s f i e s  the h ypothesis ( H g ), then the transform  (27) s a t i s f i e s  

the h ypoth esis (Я ^) and v ic e  v ersa .A s each in v a ria n t curve under trans­
form ( 2) i s  a lso  in v a ria n t under in v erse  transform  ( 2 7 ) ,  then i t  has to 
s a t i s f y  the fo llo w in g  equation

! 28) < p { f [x , <?Гх)]}= J «#>(*).

Thus, i f  s s a t i s f i e s  the co n d itio n  s >  1 in stea d  o f the condition (7), 
then the co n d itio n s o f the theorem 1 are f u l f i l l e d  fo r  the equation (28). 
Then we ob ta in  the fo llo w in g

Theorem 2 . Let the hypotheses (H^) and e ith e r  (H0) or (H^) be 
f u l f i l l e d .  I f  the transform  (2 ) i s  a homeomorphism o f the r e a l  plane 
in to  i t s e l f ,  s >  1 and <f ia  a continuous s o lu tio n  o f equation (1) sa­
t i s f y in g  the co n d itio n  ( 3) ,  then

^ ( x )  = 0 , fo r  X £  (-< X ,°c ).
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