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ON THE EQUIVALENCE OP TWO DEFINITIONS OF THE FUIFIIMKNT 
OF THE TBANSLATION EQUATION AND ON THE EXTENSIONS OF THE SOLUTIONS

OF THIS EQUATION

1 . In tro d u ctio n

In m athem atical th e o rie s  th ere appear d if f e r e n t  d e f in it io n s  o f  the 
fu lfilm e n t o f the tr a n s la tio n  eq u ation . In  t h i s  paper we s h a ll  consider 
two d e f in it io n s  -  one o f  them occurs in  the theory o f th e  a lg e b ra ic  
o b jects  ( [ 3] ,  р .б э Д  the other one i s  a n a tu ra l g e n e r a liz a tio n  o f  the 
d e fin itio n  occu rrin g in  the theory o f  a b s tr a c t machines ( [ 1 ] ,p .4 8 ) . The­
se two d e f in it io n s  are not e q u iv a le n t. In  the p resen t paper we sh all g i ­
ve some n ecessary and some s u f f ic ie n t  co n d itio n s o f  the equivalence o f  
these d e f in it io n s . B esid es we s h a l l  g iv e  some o o n d itio n s s u f f i c ie n t  fo r  
the e x te n s ib i l i ty  o f  the s o lu tio n s  o f the tr a n s la t io n  equation .

2 . Basio n o ta tio n s

By f  : A -©-? В we s h a ll  denote the fu n c tio n  /c a l le d  p a r tia l func­
tio n / the domain o f which i s  contained in  the s e t  A and the range o f 
which i s  contained in  the s e t  B . The domain o f  the fu n c tio n  f  w i l l  
be denoted by Df  and the range w i l l  be denoted by G f .

I f  F i s  a fu n c tio n  o f  the form:

Let G be an a r b itr a r y  non-empty s e t  and l e t  " . " b e  an a r b itr a r y  
p a r tia l mapping o f  the s e t  G x  G in  the s e t  G. We s h a ll  c a l l  the 
pair (G , • )  a m u lt ip l ic a t iv e  system .

F s A x  В C i
then we s h a ll  denote
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We s h a ll  consider two fo llo w in g  d e f in i t io n s :

Па-fi ni tinn  1 ( [ 3 ] ,  p .68) . The fu n c tio n  F : X x G —e-> X , where X 
i s  an a rb itr a ry  s e t  and (G , • ) i s  an a rb itr a ry  m u lt ip lic a tiv e  system , 
w il l  be c a lle d  the s o lu tio n  o f the tr a n s la tio n  equation  i f  the f o l l o ­

wing con d itio n  i s  f u l f i l l e d :

I f  F Ç x , oc ) and o c ' f i  are defined then F (x , o c - J i ) and 
F*F(x, oc'), /5 1 are defined and the fo llo w in g  e q u a lity  h o ld s:

И  ' f [f  t x , л )  , f i )  = F (x , oc p  )

D e fin itio n  2 . The fu n ctio n  F : X x  G —e -^ X , where X i s  an arbi­
trary  s e t  and (G , *) i s  an a rb itr a ry  m u lt ip lic a tiv e  sy s te m ,w ill be cal­
led the s o lu tio n  o f  the tr a n s la t io n  equation i f  the fo llo w in g  conditions 

are f u l f i l l e d :

(a l  I f  oc f i  i s  defined then F (x , °c-/b) i s  defined 

i f f  f [ f (x , oc) , p>] i s  d e fin ed ,
Cb' I f  F (x , oc /5 ) i s  defined then e q u a lity  CD h o ld s.

3 . Equivalence o f D e fin itio n s  1 and 2

D e fin itio n s  1 and 2 are not eq u ivalen t and none of them i s  im plica­
ted by the o th e r . I t  i s  i l lu s t r a t e d  by the fo llo w in g

Example 1 * / . Let X be the s e t  o f  non -n egative in te g e rs  and (G,*| 
the semigroup o f n o n -n egative in te g e r s  w ith the m u lt ip lic a tio n . Let us 
pu t:

I t  i s  easy to  v e r ify  th a t F^ s a t i s f i e s  d e f in it io n  1 and does not sa­
t i s f y  d e f in it io n  2 and on the other hand s a t i s f i e s  d e fin itio n  2 and
does not s a t i s f y  d e f in it io n  1 .

We s h a l l  prove th a t i f  the m u lt ip lic a tiv e  system  ( G , • )  s a t i s f i e s  
some a d d itio n a l assum ptions then d e f in it io n s  1 and 2 are eq u iv a le n t.

Theorem 1 .

I f  the m u lt ip l ic a t iv e  system  ( G , • )  s a t i s f i e s  the fo llo w in g  condi-

F^Cx.oc) = xoc ,

where F ^ 'x .c t )  i s  defined i f f  x oc i s  an even number ; and 

F2 (x , oc )  = xoc fo r  oc 4 0 .

( 2 )
(oc; / o e D .  tf& G

я /  This example was given  by Z. Moszner
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then d e f in it io n s  1 and 2 are e q u iv a le n t, i . e .  fo r  an a rb itr a ry  s e t  X a 
fu n ction  P s X x  G • о  ) X s a t i s f i e s  d e f in it io n  1 i f f  i t  s a t i s f i e s  defi­
n it io n  2 .

P roo f. Let os consider an a rb itr a ry  s e t  X and an a rb itr a ry  m u lt ip li­
ca tiv e  system  (  G, • )  s a t is f y in g  co n d itio n  (2 )  and l e t  P s X x  G о >X 
be a fu n ctio n  s a t i s f y in g  d e f in it io n  1 .  L et (oc ,fi>) belong to  the s e t  D. 
I f  p [p ( x , o c) , j b ]  i s  d e fin e d , then using d e f in it io n  1 we o b ta in  th a t 
F (x , cx,-Jb) i s  defined and e q u a lity  (A)  h o ld s .

flow l e t  us assume th a t P (x , °c-Jb) i s  d e fin e d . Prom co n d itio n  ( 2 )
i t  fo llo w s th a t th ere  e x is t s  an element K E G  suoh th a t ( o =ot.
Using d e f in it io n  1 we o b ta in  th a t p [x , ( oc-Jb) • y ] i s  d e fin e d , i .  e . 
F ix , oc) i s  d e fin e d . Prom d e f in it io n  1 i t  fo llo w s th a t f [f (x , oc) ,  j ł ]  
i s  defined and e q u a lity  (1 )  h o ld s . We have proved th a t d e f in it io n  1 im­
p lic a te s  d e f in it io n  ( 2 ) .

How l e t  us consider the fu n c tio n  P s X x  G — e—>X s a t is f y in g  de­
f in i t io n  2 . Let us assume th a t F (x ,o c )  хз defin ed  and (oc , Jb)  é D.
According to  ( 2 )  th ere e x is t s  $ 6 G such th a t P [x ,(o c -)b  )> ffj i s  de­

fin ed  and hence by d e f in i t io n  2 P (x , с с ф )  i s  d e fin e d . Then,from  de­
f in i t io n  2 i t  fo llo w s th a t F ( x ,c t )  i s  defined and e q u a lity  (1 )  holds. 
In th is  way we have proved th a t fu n c tio n  P  s a t i s f i e s  d e f in it io n  1 what 
completes the p roof o f theorem 1 .

The theorem p a r t ia l ly  inversed to  theorem 1 i s  the fo llo w in g

Theorem 2 . Let X be an a rb itr a ry  s e t  suoh th a t X >  2 and l e t  
(G ,* )  be an a rb itr a ry  a s s o c ia t iv e  m u lt ip lic a tiv e  system . We assume be­
sid e s th a t every fu n c tio n  ?  : X x  G — e—> X  s a t is f y in g  d e f in it io n  1 sa­
t i s f i e s  d e f in it io n  2 . Then c o n d itio n  ( 2 )  i s  f u l f i l l e d  in  the m ultiplicar 

t iv e  system ( G ,* ) .

P roo f. Suppose th a t the th e s is  o f  theorem 2 i s  not f u l f i l l e d ,  i . e .  the 
m u lt ip lic a tiv e  system  ( G ,* )  does not p o ssess property  ( 2 ) .  I t  means 
that there e x is t s  a p a ir  (ocD , f t 0)  6 D . such th a t fo r  every € G the 
fo llo w in g  co n d itio n

( 3 )  i  D. or (cc0 p o) ! Г * 0Со

i s  s a t i s f i e d .  
Let us denote:

Prom (3 )  i t  fo llo w s th a t

(* )
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Because the m u lt ip lic a tiv e  system ( G , . )  i s  a s s o c ia t iv e , so i f  
(oc , J b )  £ D. and G then oc • j b  6  GQ.

L et us consider two c a se s : 

a /  G0 = 0 ,

Ь /  G0 4 0 .

In  case a /  we p u t:

(5  f ix . ,  oc) = x  fo r  x  6 X . oc = ocQ • Д .  .

I t  i s  easy to  see th a t fu n ctio n  F defined in  th is  way s a t i s f i e s  de­
f in i t io n  1 .

Function  F does not s a t i s f y  d e f in it io n  2 . Otherw ise from the f a c t  
th a t F ( x ,c v 0 . oQ ) i s  d e fin e d , we would ob ta in  th a t F (x ,o c 0 ) i s  de­
f in e d , to o . From th is  and from ( 5 )  we have:

°  O -  л о • P  о * 

and consequently
О С  =  ( CX. •  f t  )  •  f t  .О О ' О ' о

Thus о>-0 £ G0 , Which i s  contrary to  ( 4 ) .

Now l e t  us consider case b / .  L et a and b be two d if f e r e n t  fix ed  
elen eacs o f the s e t  X / th e  e x iste n ce  o f such elements i s  guaranteed by 

the assumption X ^  2 / .  
ïe pu t:

I a fo r  x  = a , oc £ G,
F(x ,oc / =■:

a fo r  x  = b , oc £  Gq .

Function F defined in  th is  manner s a t i s f i e s  d e f in it io n  1 .  In  the case 
when x  =  a , fo r  an a rb itr a ry  element oc £ G both s id e s  o f equation 
'1 >  are defined and the e q u a lity  h o ld s .

Now l e t  us consider x  =  b and l e t  us assume th a t (o c , fb ) £  D. 
and P (x , oc) i s  d e fin e d . I t  means th a t oc £ GQ. Thus oc -ofc Gq and
hence F (b , oc-fr) i s  d e fin e d . F [F (b , cc) , ft] i s  d efin ed  because F:'b,/'= a. 
I t  i s  easy to  see th a t e q u a lity  (1)  h o ld s . Thus we have proved that func­
tio n  F s a t i s f i e s  d e f in it io n  1 .  L et us suppose th a t fu n ctio n  F s a t i s ­
f i e s  a lso  d e f in it io n  2 .  Let us consider an a rb itr a ry  element ÿ £ G  such 
th a t 'oc0 - / . Q ,  5 '  ć  3 .  ( &0 4 0 and hence th ere  e x is t s  such a ? )  .
Then F ( b , (ocQ . _ft0 )-*" ) i s  d e fin e d . Thus F (b , ocq • i s  defined
and in  consequence F ( b , x Q)  i s  d e fin e d , to o . I t  fo llo w s th a t occ ft G0 
which i s  con trary to  ( 4 ) .  I t  com pletes the proof o f the theorem.

Assumption X > 2  I s  e s s e n tia l  fo r  theorem 2 . I t  shows the f o l l o ­
wing
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Example 2 . l e t  as p u t: X = [ a > ,  G = { 0 , l } .  We d efin e  the ope­
ra tio n  "  . " as fo llo w s :

0

1

Let us consider a l l  fu n ctio n s ?  o f  the form :

P : Ï  x G - c - >  X .

There are four o f th ese  fu n ctio n s /one o f them i s  em pty/. The non-empty 
fu n ctio n s are d efin ed  a s  fo llo w s :

P^ ( a , 0 î s  a ,

P2 (a , 1) = a ,

, a , i l  = a fo r  i  = 0 , 1 .

I t  i s  easy to  see  th a t fu n ctio n s P^ and ? 2 do not s a t i s f y  e ith e r  o f 
the d e f in it io n s  1 and 2 , whereas fu n ctio n  /and ob viou sly  the empty 
fu n c tio n / s a t i s f i e s  both . Thus each o f the considered fu n ctio n s  e ith e r  
s a t i s f i e s  d e f in it io n s  1 and 2 or does not s a t i s f y  any o f them.

I t  i s  obvious th a t in  the m u lt ip lic a tiv e  system  Cg ,*  )  co n d itio n  
(2'  i s  not f u l f i l l e d  / e . g .  fo r  ot = 1 , fb = 0 / .  I t  means th a t co n d itio n
(2) i s  an e s s e n tia l  co n d itio n  for theorem 2 .

Prom theorems 1 and 2 we im m ediately ob tain  the fo llo w in g

C o ro lla ry  1 . I f  the m u lt ip lic a tiv e  system (  G ,• ) i s  a s s o c ia tiv e  
then d e f in it io n s  1 and 2 are eq u ivalen t i f f  c o n d itio n  ( 2 )  i s  f u l f i l l e d .

Condition  (2 )  holds in  every groupoid5̂ , because fo r  an a rb itra ry
pair (oc , fb)  £ D. we have:

ivoc ./b  . _  oc. ; fb .JÔ1} = 0C.

hence, from theorem 1 we o b ta in :

C o ro lla ry  2 . I f  the m u lt ip lic a tiv e  system  ( G , - )  i s  a groupoid 
then d e f in it io n s  1 and 2 are e q u iv a le n t.

h. Extensions o f the s o lu tio n s  o f  the tr a n s la tio n  equation 

Theorem 3 .

I f  a fu n ctio n  P : X x G -©-> X i s  a s o lu tio n  o f  the tr a n s la tio n  
equation in  the sense o f d e f in it io n  2 and

(6) Dj  4 I  ,

» /  A’e use the term "groupoid" a fte r  W. W ali3zewski in  Note ’ 2 .
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(7> A r ,  г \
л  Д  £D | (C * .w e  D. ^ ^ e e i ç ) ,

cb.en th is  s o lu tio n  can be extended*^ on X x

P ro o f. Let us assume th a t fu n ctio n  F : X x G - о > X s a t i s f i e s  the 
tr a n s la tio n  equation  in  the sense o f  d e f in it io n  2 and F f u l f i l s  ( 6 )  and 

7 ' .  Let a be an a rb itra ry  f ix e d  element o f the s e t  X \  D^. Se are go­
ing to  prove th a t the fu n ctio n  F defined as fo llo w s :

Fi x , UC
f ? .x ,o c )

S
_ a fo r

fo r Cx,oc) £  D , , 

( .* ,« )  t  ( I  x D ^ iv D p

p
i s  an exten sion  on the s e t  X x D , of the s o lu t io n  F .

From the d e f in it io n  o f the fu n c tio n  F i t  fo llo w s th a t Dj.=X x 
Hence, by 7'' the c o n d itio n s:

F ( X ,  o c - p )  i s  d e fin e d ,

F [ F ix , о с ;  , /Ь j i s  d e fin e d ,

are eq u ivalen t for an a rb itra ry  x t  X and a rb itr a ry  x  , A t  l| such 
th a t ,ur., ь ) é 2 .  In the case  when ?(x ,oc 6 )  i s  defined /because F 
s a t i s f i e s  d e f in it io n  2 /  we have:

?  F ’x , > , •■>] = F. F l 'x .o . ') , a j s  F (x , f>) = ? X ,  c h ' \

Let now

3 - ( x ,  x f l )  e  X x D§) N Dp .

Then ?(x ,at. JS = a .

Let us suppose th a t

? P (x , * a.

Then, from the d e f in it io n  o f  the fu n c tio n  F we have:

? '  f ( x t ac-p) €  Dy •

From (9  and from the d e f in it io n  o f the fu n c tio n  F we have:

F (x ,o c ) = a ,

and hence

"10. ( x , x )  £ Dj, and f (x ,o c )  «  P (x , <x) ,

я /  By "an e x ten sio n  of the s o lu tio n  o f the tr a n s la tio n  equation"we 
understand such an exten sion  th a t s a t i s f i e s  the tr a n s la tio n  equation in  
one запе sense as the extending s o lu tio n .
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©ms й о т  (Э)  and (1 0 ) (x ,o c -J3 ) £  Dp which i s  con trary  to  ( 8 ) .  I t
completes the p ro o f.

Prom theorem 3 fo llo w s  im m ediately the fo llo w in g

C o ro lla ry  3 . Let us assume th a t the fu n c tio n  P s X x  G - e ^  X sa­
t i s f ie s  the tr a n s la tio n  equation in  the sense o f d e f in it io n  2 . I f  P sa­
t i s f ie s  ( 8 )  and Dp = G or i f  P s a t i s f i e s  the fo llo w in g  co n d itio n :

(11) Dp = Dp x G,

then P can be extended to  a s o lu tio n  o f the tr a n s la tio n  equation on 
the s e t  X x G.

For the fu n ctio n  P : X x  G —o-> X we s h a l l  denote by Gx  the f o l ­
lowing s e t :

Gx 'Ч * -  s ( x »cvi £ ° р >

Theorem 4 .

I f
tion in

(1 2 )

a fu n ctio n  F : X x  G - о  > X s a t i s f i e s  the tr a n s la tio n  
the sense o f d e f in it io n  2 and

4  At\ ' - I V (cc ib £ Gx )«

then

(a) Dp = Dp x G ,

(b) Qp ^  Dp .

equa-

Froof. Let F : X x  G - о  > X be a s o lu tio n  o f  the tr a n s la tio n  equa­
tion in  the sense o f d e f in it io n  2 f s a t is f y in g  ( 1 2 ) .  Let x £ dJ  , oc (- G. 
I t  fo llow s from (1 2 ) th a t th ere e x is t s  a jb £ G such th a t <x.jb £  G^. 
I t  means th a t ( x ,  oc h  ) 6  Dp. Considering the f a c t  th a t P s a t i s f i e s  
d e fin itio n  2 we have:

( “ - ) €  Dp t

and hence fo r  the fu n c tio n  P co n d itio n  (a ) i s  h e ld .
Let now P (  x ,c c )  be d e fin e d . I t  fo llo w s from (1 2) th a t th ere  e -  

x is ts  such an element jb £  G th a t ( x ,  oc /b) £  Dp. P s a t i s f i e s  d e f i ­
n ition  2 and th e re fo re  P | P (x ,o t) , Jb] 6  Dp and hence F (x , oc)£D^. Thus 
condition (b) i s  f u l f i l l e d  and t h is  com pletes the p ro o f.

From theorem 4 and c o r o lla r y  3 fo llo w s

C o ro lla ry  h . I f  P : X x  G - е-з> X i s  a s o lu tio n  o f  the tr a n s la ­
tion equation in  the sense o f d e f in it io n  2 and co n d itio n  (1 2 )holds then 
th is so lu tio n  can be extended on the s e t  X x  G.

Condition  (1 2 ) i s  an e s s e n tia l  assumption fo r  theorem 4 . I t  i s  i l lu ­
stra ted  by the fo llo w in g



Sx ample 3 * Л  Let X be the s e t  o f  the r e a l numbers different froa 
zero and l e t  ( & , • )  be a sem i-group o f r e a l  numbers w ith m ultiplication 

He put:
F (x ,o c )  : = x  oc fo r  x  £ X , cc 4 0 .

I t  i s  easy to  prove th a t F s a t i s f i e s  the tr a n s la tio n  equation in  the 
sense o f d e f in it io n  2 .  I t  i s  easy to  see th a t

Dy i  Dp x G.

7e s h a ll  show th a t s o lu tio n  F cannot be extended on the s e t  X x G.
Let us suppose th a t F i s  an exten sion  o f the so lu tio n  F on the 

s e t .X  x  G. Then fo r  a rb itr a ry  oc /  0 , x  £ X

к 13 . F (x ,o )  = F (x , о •.%',= F j_F ' x , о ),<rf|= F x , o )-<

i s  h eld .
From the d e f in it io n  o f  the s e t  X we have:

F (x , 0 )  i  0 ,

and henoe e q u a lity  (1 3 )  does not hold fo r  c/c. /  1 . Thus the so lu tio n  F 
cannot be extended on the s e t  X x  G. For fu n ctio n  F con d itio n  (1 2 ; 
i s  not s a t i s f i e d .

For an a rb itr a ry  x  £ X we have:

Gx = X \ { 0 }

and hence fo r  or = 0 there doe3 not e x is t  a & sucn th a t > ftr .
.Ye have shown th a t co n d itio n  (1 2 ) i s  an e s s e n tia l  assumption 1er 

theorem 4 .
Example 3 shows, to o , th a t not a l l  so lu tio n s  o f the tr a n s la tio n  e - 

quation in  the sense o f d e f in it io n  2 s a t is f y in g  the con d itio n  D -,-XxD ^ 
can be extended on the s e t  X x G.

Theorem 5 .

I f  the m u lt ip l ic a t iv e  system  (  G, • )  s a t i s f i e s  the fo llo w in g  con­
d it io n : \ \ /

i \  \
'1 4  > 1 ( x g  = j b ) ,

x , ft ć G 5 G G

then every so lu tio n  F : X x  G — Z of the tr a n s la tio n  equation in  
the sense o f d e f in it io n  1 as w e ll as in  the sense o f  d e f in it io n  2 oan 
be extended on the s e t  X x G.

P ro o f. I t  i s  easy to  see th a t co n d itio n  (1 4) im p lic a te s  co n d itio n  ( 2 ) .  
From th is  and from theorem 1 fo llo w s  th a t F : X x  G —e—> X i s  a so lu ­
tio n  o f the tr a n s la tio n  equation in  the sense o f d e f in it io n  1 i f f  F i s  
a s o lu tio n  o f the tr a n s la tio n  equation in  the sense o f d e f in it io n  2 .

* /  rbcample 3 was given by Z. ’.îoszner.
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Let P : X x  G —&-> X be a s o la t io n  o f  the tr a n s la t io n  equation 
In the sense o f  d e f in it io n  2 . Let x  be an a rb itr a ry  element o f  the set 
D ,̂. For x th ere  e x is t s  fb £  G such th a t ( z ,  J b )  €  Dp* Prom (1 4 ) 
i t  fo llo w s th a t fo r  a rb itr a ry  oc £  G th ere e x is t s  € G such th a t 
«.-dr = fb . Then ( x f «  ï ) (  Dp which means th a t ( x , o c )  £  Dp. Hence 

Dp = D^ x G. From c o r o lla r y  3 fo llo w s  th a t the s o la t io n  F oan be ex­
tended to  the s o lu tio n  on the s e t  X x  G which com pletes the p roof o f 
the theorem.

tion

(15)

then

Theorem 6 .

I f  the fu n c tio n  P s X x G -e ->  X s a t i s f i e s  the tr a n s la t io n  equa- 
in  the sense o f d e f in it io n  1 and

А У  ( ( o t . /5) 6 D.) ,
G fb t  G

C  d}  .

The proof o f theorem 6 i s  ob vious.

Theorem 7 .

I f  the fu n ctio n  P s X x G —e-> X s a t i s f i e s  (11) and

(16) e p c  dJ  ,

then ? i s  a s o lu tio n  o f  the tr a n s la t io n  equation in  the sense o f  de­
f in i t io n  1 i f f  P i s  a s o lu tio n  o f  the tr a n s la t io n  equation in  the sen­
se o f d e f in it io n  2 .

Proof. Let P s X x  G о  > X be a s o lu tio n  o f  the tr a n s la t io n  equation 
in the sense o f d e f in it io n  1 s a t is f y in g  ( 1 1 )  and ( 1 6 ) .  Let ( j c , , o ) £ D .  

I f  ( x ,  oc ib) £ Dp then by ( l l )  ( x ,  oc) £  Dp. and now using ( 1 6 )  we 
obtain ( Р ( х ,л  ) , fb ) 6  Dp. I f  ( x ,  o c ) £ D p  then ( x ,  о с /b ) £  Dp. Thus 
function F s a t i s f i e s  d e f in it io n  2 .

Let now the fu n c tio n  P s X x  G -e ->  X be a s o lu tio n  o f th e  tra n s­
la tio n  equation in  the sense o f  d e f in i t io n  2 s a t is f y in g  (1 1) and (1 6 ) .  
Let (o c , £ > )£  D. and ( x , o c ) £ D p .  Then ( x .o c f i )  e  Dp and 
(P (x ,o c ) , fb) £ Dp « Thus fu n c tio n  F s a t i s f i e s  d e f in it io n  2 which com­
pletes the p ro o f.

From theorem 7 and c o r o lla r y  3 fo llo w s 

Theorem 8 .

I f  the s o lu tio n  P s X x  G «  > X o f  the tr a n s la t io n  equation in  
the sense o f d e f in it io n  1 s a t i s f i e s  ( l l )  and (16) then i t  oan be exten­
ded on the se t  X x  G.



There e x is t  so lu tio n s  o f the tr a n s la tio n  equation in  the sense of 
d e f in it io n  1 such th a t th e / cannot be extended to  a s o lu tio n  on the set 
Z x 3 . I t  i s  I l lu s t r a t e d  by the fo llo w in g

Example 4 * ^ .  Let US p u t:

Z : =  {  a , b , o } i

vtere a , b, c are d if f e r e n t  e lem ents,

® != i ®1» 1̂* ̂ 2̂ *
Je  d efin e  the a u lt lp l ic a t io n  " . "  in  G as fo llo w s :

Je  put :

Fi a,x ) = a for x e e,
? b,X ) = b for If 5,
F(C,V  * a,
F c,°2! * b.

I t  i s  easy to  v e r i f y  th a t fu n c tio n  F defined in  such a manner sa­
t i s f i e s  d e f in it io n  1 .  Function ?  cannot be extended to  a so lu tio n  f  at 
the tr a n s la tio n  equation on the s e t  !  x  G where Х Э 1 .

Let us suppose th a t such fu n ctio n  F e x is t s  and l e t  us denote:

F f c ,  y , )  = d.

Then

?Cd, yx)=  f [ f (c , yx) , y j  *  F (o , y r  / , , )  = F ( c ,  02 ) = b

and
F 'd ,  y2 )=  F ^ F fc , y ^ ) ,  y 2 ] = F ( c ,  y r  y2)  = F (o , 0 ^  = a .

?roa th is  and from the d e f in it io n  o f  fu n ctio n  F we o b ta in : 

a = F (a , y2 .=  p [p (d , y2 ) ,  y2 ] = ? (d , y 2 . y 2 )=  F (d , 02) , 

b = F (b , y j ) »  F F (d , y L) , y j »  F (d , y L) =  f ( d ,  Og) 

vihich i s  im possib le because a i  b .

w / Given by Z . Moszner.
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