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LIMITING DISTRIBUTIONS AND THBIB APPLICATIONS

1 . H is to r ic a l  O u tlin e

The r e s u lt s  o f  the research es concerning the problems o f random 
character are o fte n  trea ted  as s c ie n t i f i o  prognoses produced on th e  ba
se o f the m athem atical s t a t i s t i c s  and the c a lc u la s  o f  p r o b a b ility .

Beside the c la s s io  schema o f  sam pling and d is c r e te  fu nction s o f  d i 
s tr ib u tio n s  three l im it in g  d is tr ib u t io n s  are being used a t p resen t w ith 
in crea sin g  su cce ss  to  study the extreme terms o f  the d is tr ib u t io n  se 
r i e s .  The theory was in i t ia t e d  in  1927 , when M. Préch et D 3 f i r s t  d e r i
ved the formula and published in  Kraków one o f th e  extreme d istrib u tion s 
of the maximum term o f the d is tr ib u t in g  s e r ie s .  T h is  d is tr ib u tio n ,h o w e 
ver ch a n ged ,is  s t i l l  known,as the I I  l im it in g  d is tr ib u t io n S e c o n d  k in d / 
or as the P ré ch e t's  d is tr ib u t io n . Furtherm ore, M. Freohet proved,that the 
extreme terms o f  the sam ple, no m atter whether they have or not the dif
fe re n t m atrix d is tr ib u t io n s  can have mutual l im it in g  d is tr ib u t io n s ;  i t  
i s  only n ecessary th a t th ese  d is tr ib u t io n s  should have the same oommon 
p r o p e r tie s . I t  i s  a lso  to  h is  c r e d i t ,  th a t he introduced the p o s tu la te  
o f s t a b i l i t y  to  the theory o f extremes accord in g to  which the extreme 
d is tr ib u t io n s  correspond to  the i n i t i a l  d is tr ib u t io n s  w ith  the aoouraoy 
o f the lin e a r  tra n sfo rm a tio n s. B .A . F ish e r  and L .H .C . T ip p it  f ë j  su b se - 
quenty took advantage o f  the mentioned p o stu la te  and in  1928 derived two 
other extreme d is tr ib u t io n s , known today as the I  and I I I  l im it in g  d is 
tr ib u tio n s  / th e  f i r s t  and the th ird  k in d / or as the Gumbel’ s  and Wein- 
b u l l ’ a d is tr ib u t io n s .

The work C2 j was a b a s is  fo r  fu rth e r  research es connected w ith  the 
problems o f the extreme v a lu e s . In  the th ir t h ie s  /1 9 3 0 -1 9 4 0 / th ere  was 
le s s  in te r e s t  in  th e  a n a ly s is  o f extrem es, a t  th a t time B .V . M ises [В ] 
c la s s i f ie d  the m atrix d is tr ib u t io n s  in to  th ree types,depen ding on th ree 
l im itin g  d is tr ib u t io n s . There were no proper r e s u lt s  o f  the research es 
confirm ing the a p p lic a tio n  o f th is  theory in  p r a c tio a ,e x c e p t fo r  s e ts  of 
the m eteo ro lo gica l and h y d ro g e o lo g ica l phemena,but co n ta in in g  on ly few 
d a ta .
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However already in  1939 W. f e i b u l l  П 2 3  extended the range o f  appli
c a tio n  o f  the theory o f extremes to  the problems o f th e  s tre n g th  o f ma
t e r i a ls  d e scrib in g  the e f f e c t  o f  the s c a le .  The law which he proposed 
/in d ep ed en tly  from F ish e r and T ip p e t /  in  the form o f I I I  l im it in g  d is 
tr ib u tio n  o f minimum to  d escrib e  the u n ita ry  l im it  od s tre n g th  o f the 
b r i t t l e  bodies has been found tru e  and broadly employed. Ho doubt th a t 
th is  con sid erab ly  in flu en ced  a fu rth e r and more in te n s iv e  development o f  
the a n a ly s is  o f the extreme valu es and showed wide p o s s i b i l i t i e s  o f i t s  

a p p lic a tio n  in  p r a c t io e .
Since the World War I I  many papers confirm ing th is  above mentioned 

have been p u b lish ed .
Besearches conducted by 3.W. Gniedenko C4-J, who form ulated neces

sary and s u f f ic ie n t  co n d itio n s o f covergence fo r  every p o ss ib le  lim iting 
d is tr ib u t io n  are o f p a r tic u la r  i n t e r e s t .  A fte r  the war a f a s t  develop
ment o f the te ch n ics  has been obserwed and a lon gside  the in crea se  of 
in te r e s t  in  th e  extremes d is tr ib u t io n s  and th e ir  p r a c t ic a l  a p p lic a tio n .

Among many research es conducted in  the l a t e  fo u rth  and e a r ly  f i f t h  
decade o f  th is  cen tury p a r tic u la r  in t e r e s t  are th ose o f  B . J .  Gumbel Г53, 
concerning f i r s t  o f a l l  the I  l im it in g  d is tr ib u t io n . At the end o f  h is  
research es he produced an e x te n siv e  monography C6J con ta in in g the to ta l  
knowledge o f the theory o f extremes up to  the year 1958* T h is work has 
a unique p la ce  in  the world l i te r a t u r e  o f  th is  kind u n t i l  now. In  the 
l a s t  ten  years the methods o f p r o b a b ility  have been used in  alm ost a l l  
branches o f so ie n c e . They have become a more o b je c tiv e  research  to o l in  
comparison w ith tr a d it io n a l  methods used b e fo r e . There i s  no reason to  
dela y  the development o f th ese  methods co n sid erin g  them to  be much time 
-consum ing, because there i s  a p o s s i b i l i t y  o f  a common use o f  computers.

• rl . . ..
The theory o f  the extreme v a lu e s , i s  o f  g re a t importance in  th is  process 
although i t  i s  not popular in  t h i s  cou n try . B eside a general description 
o f th is  theory in  t h i s  paper СИ З» J .  Murzewski C9l»Pl0j gave muoh co n si
d e ra tio n  to  th e  a p p lic a tio n  o f  t h i s  theory to  the s e c u r ity  o f b u ild in g  
c o n stru ctio n s and to  the a n a ly s is  o f  the measurements r e s u lt s  and Z . 
Kaczmarek to  applying i t  to  m eteorogica l and h ydrogeologioal phenomena.

I t  seem s, th a t the l im it in g  d is tr ib u t io n s  should be applied  more 
e x te n siv e ly  than they were before in  studyin g the nature’s  phenomena and 
in  so lv in g  te c h n ic a l problem s, but a t any r a te  n ot le s s  than any other 
d is tr ib u t io n s  o fte n  used in  a wrong manner.

2 . P re c ise  d is tr ib u t io n s  o f the extreme v alu es
T

Let us tak e  in to  c o n sid era tio n  a gen era l p o p u lation  ch a ra cte rize d  
by s in g le  dim ensional random v a r ia b le  I  having the d is tr ib u a n t Р /х /  and 
l e t  us sample from th is  general popu lation  a random sample w ith the num-
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bers a . Let us tr e a t  the elem ents o f th e  sample X ] ,  X g , . . .  as the 
sequence o f  the v a lu es o f Independent random v a r ia b le  X | , i - . -Хд orde
red in c re a sin g ly  or d e c re a s in g ly . Then, the d is tr ib u t io n  o f  the arbitra
ry ord in al s t a t i s t i c s  к = 1 , 2 , 3 , . . .  n may be w ritte n  down in  the 
follow ing combinatorio  form:

I ^jj/ х /  dx = n (  Й  )  [ p / x / ]  [ l - P / x / ]  . f / х /  dx,

/ V  \

[  dx = n [ )  [ P / x / ] [ l - P / x / ]  . f / х /  dx

adequately to the sample ordered in c r e a s in g ly  and d e c re a s in g ly , where 
f / х /  = P ’ / х / .  The f i r s t  one o f  th e se  form ulae s t a te s  a p r o b a b ility  th a t 

in the sample in c lu d in g  n v a lu e s k -1  v a lu es are x ,  n -k  v a lu e s  are 
x+dx, and e x a c tly  one value i s  contained in  the range x ,x + d x . An ana
lo g ic a l  In te r p r e ta tio n  may be g iv en  fo r  the second formula.We are in te 
rested in  the d is tr ib u t io n s  o f the extreme valu es o f  X j and x2 , vtdch 
nay be taken as p a r tic u la r  oases o f  the fo r m u la /1 / when к = 1 and к = n. 
So we ob tain  fo r  the sm a lle st term x ^ , and fo r  the b ig g e s t Хд and the 
fallow ing form ulae fo r  the d e n sity  fu n c tio n s :

f y / х /  = n [ l  -  P / x / ] n“ 1 . f / x / ,  

<£П/ Х /  = n [ p / x / ] Q“ 1 • f / x /  •

The elem entary in t  jr a t io n  o f the above form ulae lea d s to  the fu n ctio n s: 

f 1/ x /  = 1 -  [ l  -  P /x /]  ,

. Ф п/ х /  = [ w ] Q '

These are the aocurate d is tr ib u a n ts  o f  the minimum and maximum terms o f 
the d is tr ib u t io n a l  sequence. Th eir form depends on the m atrix d is tr ib u 
tio n  P/ х /  o f the gen eral p o p u lation  and on the sample numbers n . The
refore  fo r  each sample having the determined volume n and the known 
i n i t i a l  fu n ctio n  f / х /  the a c tu a l d is tr ib u t io n  o f p r o b a b ility  can be 

given and i t s  c h a r a c te r is t ic s  o a lo u la te d .
Purthar the form ulae fo r  some c h a r a c te r is t ic s  o f  the d is tr ib u t io n  

/ 3 / ,  being o f p a r tic u la r  importance in  the s t a t i s t i c s  o f  extremes are 
presented. They can be c a lc u la te d  according to  th ese  form ulae:
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-  mode x,

t ’ / х /  _  n _^  1 

f 2 / ! /  1 - p / x/

А /  >
a -  1 

Р /х /

“ 4

“ h

0,

0 ,

-  median x ,

/5 / 1 -  P / £ , /  =» P / ^ /  = exp Г -  J  In  2] ,

-  moments x  1 /mean x £01 1 -  1 / ,v
OO

n-1

/6/

I 5Ц1 = n x 1 [ 1 -  P / x / ]  d P / x / ,
/  -OO

) xn 1 = a x 1 [ P/ х / j П 1 d P/ х / ,

-  c h a r a c te r is t ic  extremum x ,

f * / £ , /  = I  ,

/ 7 /

/8/

/ 9 /

/10 /

I ?/V = 1 - s *
-  extrem al in te n s ity  д / х / ,

,  f / x , /
^ /x i /  = “ 1 = 1 ~  [Т -? 7̂ 7Т ■ n f / V *

i .  f / V
i 3 “ a = f  -  ? / ^ /  = n f / V *

-  period  o f  r e p e a ta b il i t y  o f the c h a r a c te r is t ic  extreme T /x /j 

T /V  и Г - Т Г  2 Э Д Ц /3  ■ = a ,

T /V  = г И т у  = n *

-  period o f r e p e a ta b ili ty  o f  the mode T / x / ,

T /£ l /  = Р /З Ц / »

т /£ п /  = Г -Л / ^ 7
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I t  i s  very d i f f i c u l t  to ose the above formulae in  order to calcu la 
te the moments / 6 / ,  as i t  i s  seldom p o ssib le  to  g e t an e ffe c tiv e  solu
tion.

For example, l e t  consider the case , when the expression F /x /= 1 -e “x 
belongs to the d istr ib u tio n s o f the exponential type of c la ss  2 . In th is  
case the fu n ction s:

r 1 n-1
^ _ /x /  = n 1 -  e"x . e"x ,

“  — *

Ф а/ х /  = [ l  -  e~x j  П

determine the d istr ib u tio n  of the maximum term.
The diagram o f the function  of density for some exemplary values n 

has been presented in  drawing 1 , and some c h a ra c te r is tic s  bave been snown 
/we do not present the c a lc u la tio n s , as they are rather sim ple/ by the 
following formulae:

-  mode /c h a r a c te r is t ic  maximum/

* *n = m  n .

-  median
1

= -  In /1  -  2 ~ n /,

-  mean

ч - Ż .
k=1

-  variance

« • Ł  ?  '
k*1

The above procedure is  to be follow ed i f  n i s  o f small order,but 
when n is  g r e a t, then asymptotic d istr ib u tio n  functions should be used, 
assuming the accurate form by n ->  <>=>.

3 . Asymptotic d istr ib u tio n s  of the extreme valu es

I f  the sample contains enough numbers and the function  F / х /  be
longs to one of three determined types of the matrix d istr ib u tio n s ,th en  
the d istrib u tio n s of the extreme term o f the d istr ib u tin g  sequence can 
be calculated by n -^ o o  from the formula / 2 /  or / 3 / .  Before th eir form
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la  presented we s h a ll  discuss the types o f im itla l d istrib u tio n s Being 
the c la s s if ic a t io n  presented by 2 . J .  Gumbel £6] In  h is paper, although 
th is  c la s s if ic a t io n  i s  not a thorough and f in a l  one.

According to the above c la s s i f ic a t io n  the probability functions can 
be divided in to  three types:

I .  exponential type,
I I .  Cauchy type,

I I I .  lim ited  type.
To the exponential type belong d istr ib u tio n s with a l l  moments and

a p o sitiv e  c r i t i c a l  r a tio  q /x /

l i / x /  *2. / _ /
/11/ q/ х /  = -fV x / . f / x / ' 3 ?VxT:T T -TÆ7,J > °*

G umbel divided d istr ib u tio n s  o f the exponential type into three 
c la s s e s , depending on the behaviour o f the formula

/ 1 1 /  for X - » o o

)
1 + e / х /  fo r  the 1s t  c la s s ,
1 for the 2nd c la s s ,

1 -  f / х /  fo r  the 3rd o lassj

where l i a  £ / х /  s О.
X —> оо

The reason of th is  c la s s i f ic a t io n  may be a lso  the distributions 
ch a ra c te r is tic s  / 3 / ,  perm itting to  replace formula /1 2 /  by equivalent 
equations. F u ll l i s t  o f these conditions has been presented in  table 1.

T a b l e  1

Three c la sse s  o f the exponential d istr ib u tio n

Char ac ter i s  t i c s Symbol Class 1 C la ss 2 Class 3

c r i t i c a l  ra tio q/x/ >1 * 1 ^ 1
mode
period of mode’ s

> * n
V

- *n <  К
re p e a ta b ility
ch a ra c te r is tic

* / V > n 3 Q < n

maximum *n < In  n 3 In  n > In n
den sity  value 
for ^ w

increases 
with the 
increase 
of n

constant decreases 
with the 
increase
of n

maximum in te n sity  

in te n sity

increases 
with the in 
crease o f n

constant decreases 
with the 
increase 
of n

-d eriv a tiv e
curvature

>0 S 0 < 0

ia / l n  a / Хд/ l n  П / concave s tra ig h t convex
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Using f o i  example criterion . /1 2 /  fo r  lo g is t io  and logarythm ic-nor- 
aal exponential d istr ib u tio n s  i t  i s  easy to  fin d  that they belong to the 
exponential type of the 1afc, 2nd, 3ld  o la s s , re sp e c tiv e ly .

Cauchy type o f d istr ib u tio n s  have not a l l ,o r  any moment but f u l f i l  
the condition:

/1 3 / lim  X*[1 -  P/x/1 = A >  О; к >  0 , x > 0
x - > ° °  J

or both follow ing conditions sim ultaneously

lim x*[l - P/x/1 a A > Oj к > 0 ,
/1 4 /

lim [ - x ]  k1 • P/х/ = A ,>  0; k.. >  0 .
I

The d istr ib u tio n s  f u l f i l l i n g  only condition expressed in  formula 
/ 13/  or the equivalent equations

/1 3 ’ /  Urn x / i / х /  a к >  Oj x > 0
x-»<*

are often oa lled  Pareto type d is tr ib u tio n s . The functions o f Cause type 
are also divided in to  three c la sse s  depending on the value of the pover 
index к or k| , l ik e  exponential type d istr ib u tio n ss

{
k > 1 for o la ss 1s t ,
к * 1 for c la s s  2nd!

к < 1  for c la ss  2rd .

However, th i3  d istr ib u tio n  does not depend on the amount o f numbers con
tained in  the sample. Two types of the matrix d istr ib u tio n s  presented abo
ve are unlimited on both s id e s , or on one sid e  for an th is  extreme va
lue, whose lim itin g  d istr ib u tio n s  are being searched. Consequently the 
in it ia l  functions belonging to the I  or I I  typ e ,lim ited  on the r ig h t  s i 
de lead to the lim itin g  minimum d istr ib u tio n , and the functions lim i
ted on the l e f t  s id e  -  to the lim itin g  maximum d istr ib u tio n s .

The th ird  lim ited  type o f m atrix d istr ib u tio n s  concerns functions 
limited on the l e f t  s id e , while looking for minimum te s t  o f distributing 
sequence, or on the r ig h t  s id e , while studying the d istr ib u tio n  of the 
maximum t e s t .  This type o f d istr ib u tio n s  has been c a lle d  the d istr ib u 
tion of the power type /paper (T9J/* In another paper СЮЗ by the same 
author as by paper C9J that ferm includes the Cauchy type. Gumbel does 
not sp ecify  any conditions to be f u l f i l l e d  by the functions belonging to 
th is type of the matrix d is tr ib u tio n s . The conditions o f  B .V . Gniedenko

w
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lim  n [ l  -  F/Х д  + £ - ]  = e " fc, t  = oCQ/x  -  S ^ / f

/16/

. .... 1 - F/cx + cj/  _k 
i i " 1 ч _ w CC = 0 •
-1 _ I — U /  T ^
lim  1 -  £ / x -  3 7

where:
oCQ >  О, к >  O, o >  O, f c > 0 ,

F/ с о /  = 1 ,  F /c o -  £ / < 1 ,

mentioned a ls o  in  papers C6 j and ХЭЛ» are th e  co n d itio n s necessary  and 
s u f f ic ie n t  to  determine in  turn a l l  above d iscu ssed  types of the i n i t i a l  
fu n c tio n s .

The above d iscu sse d  types o f  the m atrix d is tr ib u t io n s , a pplied  to  
form ulae / 2 /  or / 3 /  when n - > “  lead to  re sp e c tiv e  th ree types o f the 
s ta b le  l im it in g  d is tr ib u t io n s  / I ,  I I ,  I I I / ,  w hile  in  each on the d is tr i
bu tion  o f  the minimum term i s  connected w ith  the d is tr ib u t io n  of the ma
ximum term by the p r in c ip le  o f  sym etry.

A d e ta ile d  d isc u ss io n  o f  th ese  fu n c tio n s  and th e ir  a p p lica tio n  w ill 
be presented in  the next paper; th e  p rese n t paper g iv e s  only the den si
ty  and d is tr ib u a n ts  o f the mentioned fu n ctio n s  and i l l u s t r a t e s  the den
s i t y  fu n ctio n s on the r e a l  num erical v a lu es o f  th e  parameters o f  d is tr i 
b u tio n .

I .  L im itin g  d is tr ib u t io n  according to  Gumbel 

a/  fo r  minimum

j <fcj/*/ = cc exp [ос / x  -  x ^ /  -  e 

/1 7 /  {/1 7 / / J i g .  2 and 3 /
Ф1/ х /  = 1 -  exp [ - , « / « * , / ]

b /  fo r  maximum

^ / x /  = oc exp [  -  ос / х  -  Х д / -  e /
/18/ < /F i g .  2 and 3 /

where oc >  0 ,  x  param eters o f  d is tr ib u t io n
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I I .  L im itin g  d is tr ib u t io n  according to  Freohet 

aJ  fo r  Minimal
v. , k+1

/1 9 /

^ i / x /  = “ V ' ( *

t Ф / Х /  = 1 - «p [-(££^)_.

, / f i g .  4
and 5 / ,

x  4  in ,

Ъ / fo r  maximum

/20/

f V x / = ^ r ( î Br 1f )  - « p [ - ( r r 4 )  ^

. Ф п/ х /  = « p [ - ( ^ ~ f * )  ] .

/ f i g .  4 
and 5^

where к >  0 ,  x ,  0  <  E , w > ЗЦ param eters o f  distribution.

I I I .  L im itin g  d is tr ib u t io n  a f te r  Weinbull 

a /  fo r  minimum

\k-1

/21/
* r  &

, x > 6

к
, / F i g . 6 and 7 /

b /  fo r  maximum

' ] ’ /W s-6 “ 17/

/22/ <
Ф „  = exp [• f e d  1 - i 4 w

where k > 0 ,  x ,  x . > £ > 0 ,  o j > x  param eters o f  d i s t r i -
b u tio n .

The d is tr ib u t io n s  o f  the minima can be obtained from the d is tr ib u 

tio n s o f maxima and v io e  v e r sa ,u s in g  the p rin p le  o f  symetry

/2 5 /  V^/ х /  = ^ / - х / ,  Ф , / х /  = 1 -  Фй/ - х / ,  Хд = -  X , , (D a - e .



68

U nlike in  the ordinary s t a t i s t i c s  where the dominanting r o le  is  
played by mean valu e X in  the theory o f extreme s t a t i s t i c s  the c o st 
im portant i s  parameter x , c a lle d  th e  c h a r a c te r is t ic  extrem e.

The seoond im portant parameter i s  the extreme in t e n s i ty ,  / i / x / = o c .  
Both v a lu es are fu n c tio n  o f i n i t a l  d is tr ib u t io n s  and the volume o f the 
sample n . They can be th erefore  estim ated by using e q u a tio n s /? / and 
/ 8 /  or using prop erly  prepared s t a t i s t i c a l  d a ta -in  connection w ith  th is  
a l l  observed extreme included in  the stu d ie d  distributing sequence should 
be r e l ia b le  and obtained in  co n d itio n s id e n t ic a l  from the p o in t o f view 
o f s t a t i s t i c s .  Furthermore the s tu d ie s  should ensure ob servation s to  be 
3 to c h a s tic ly  independent, and numerousity b ig  enough. I t  sometimes hap
pens, th a t the r e s u lt s  o f s tu d ie s  do n o t lead to  asym ptotio theory o f 
the extreme term s. In  th is  case ,how ever,th e m atrix d is tr ib u t io n  o f  the 
s tu d ie s  s t a t i s t i c  does not f u l f i l  the co n d itio n s o f  B.W. Gniedenko /1 6 /  
nor o f  E . J .  Gumbel / 1 2 /  and / 1 4 / .  However, i f  the i n i t i a l  d is tr ib u t io n  
i s  not recognized th ere i s  no reason to  qu estion  the application o f  the 
asym ptotic d is tr ib u t io n s  in  p r a c t ic e .
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