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LIMITING DISTRIBUTIONS AND THBIB APPLICATIONS

1. Historical Outline

The results of the researches concerning the problems of random
character are often treated as scientifio prognoses produced on the ba-
se of the mathematical statistics and the calculas of probability.

Beside the classio schema of sampling and discrete functions ofdi-
stributions three limiting distributions are being used at present with
increasing success to study the extreme terms of the distribution se-
ries. The theory was initiated in 1927, when M. Préchet D3 first deri-
ved the formula and published in Krakéw one of the extreme distributions
of the maximum term of the distributing series. This distribution,howe-
ver changed,is still known,as the Il limiting distributionSecond kind/
or as the Préchet's distribution. Furthermore, M. Freohet proved,that the
extreme terms of the sample, no matter whether they have or not the dif-
ferent matrix distributions can have mutual limiting distributions; it
is only necessary that these distributions should have the same oommon
properties. It is also to his credit, that he introduced the postulate
of stability to the theory of extremes according to which the extreme
distributions correspond to the initial distributions with the aoouraoy
of the linear transformations. B.A. Fisher and L. H.C. Tippit féj subse-
quenty took advantage of the mentioned postulate and in 1928 derived two
other extreme distributions, known today as the | and Ill limiting dis-
tributions /the first and the third kind/ or as the Gumbel’s and Wein-
bull’a distributions.

The work C2j was a basis for further researches connected with the
problems of the extreme values. In the thirthies /1930-1940/ there was
less interest in the analysis of extremes, at that time B.V. Mises [B]
classified the matrix distributions into three types,depending on three
limiting distributions. There were no proper results of the researches
confirming the application of this theory in practioa,except for sets of

the meteorological and hydrogeological phemena,but containing only few
data.
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However already in 1939 W. feibull NM23 extended the range of appli-
cation of the theory of extremes to the problems of the strength of ma
terials describing the effect of the scale. The law which he proposed
/indepedently from Fisher and Tippet/ in the form of Ill limiting dis-
tribution of minimum to describe the unitary limit od strength of the
brittle bodies has been found true and broadly employed. Ho doubt that
this considerably influenced a further and more intensive development of
the analysis of the extreme values and showed wide possibilities of its
application in practioe.

Since the World War Il many papers confirming this above mentioned
have been published.

Besearches conducted by 3.W. Gniedenko C4-]J, who formulated neces-
sary and sufficient conditions of covergence for every possible limiting
distribution are of particular interest. After the war a fast develop-
ment of the technics has been obserwed and alongside the increase of
interest in the extremes distributions and their practical application.

Among many researches conducted in the late fourth and early fifth
decade of this century particular interest are those of B.J. Gumbel I'53,
concerning first of all the | limiting distribution. At the end of his
researches he produced an extensive monography C6J containing the total
knowledge of the theory of extremes up to the year 1958* This work has
a unique place in the world literature of this kind until now. In the
last ten years the methods of probability have been used in almost all
branches of soience. They have become a more objective research tool in
comparison with traditional methods used before. There is no reason to
delay the development of these methods considering them to be much time
-consuming, becau?le there is a pOSSIbIlIty of a common use of computers.
The theory of the extreme values, is of great importance in this process
although it is not popular in this country. Beside a general description
of this theory in this paper CW3» J. Murzewski C9I»PI0j gave muoh consi-
deration to the application of this theory to the security of building
constructions and to the analysis of the measurements results and Z.
Kaczmarek to applying it to meteorogical and hydrogeologioal phenomena.

It seems, that the limiting distributions should be applied more
extensively than they were before in studying the nature’s phenomena and
in solving technical problems, but at any rate not less than any other
distributions often used in a wrong manner.

T 2. Precise distributions of the extreme values

Let us take into consideration a general population characterized
by single dimensional random variable | having the distribuant P/x/ and
let us sample from this general population a random sample with the num



61

bers a. Let us treat the elements of the sample X], Xg,... as the
sequence of the values of Independent random variable X]|, i-.-Xg orde-
red increasingly or decreasingly. Then, the distribution of the arbitra-
ry ordinal statistics K =1,2,3,... n may be written down in the

following combinatorio form:

I Ajjiix/ dx = n (A ) [p/x/] [1-P/x /] . fIx 1 odx,
Y \
[ dx =n[ ) [P/x/1 [I-P/x/] . fix/ dx

adequately to the sample ordered increasingly and decreasingly, where
fix/ = P'Ix/. The first one of these formulae states a probability that
in the sample including n values k-1 values are x, n-k values are
x+dx, and exactly one value is contained in the range x,x+dx. An ana-
logical Interpretation may be given for the second formula.We are inte-
rested in the distributions of the extreme values of Xj and x2, vtdch
nay be taken as particular oases of the formula/l/ when Kk = 1 and K = n.
So we obtain for the smallest term x”~, and for the biggest Xg and the
fallowing formulae for the density functions:

fy/x/ =n [l - P/x/In“1 . fIx/,

<EN/X /

n[p/x/1Q1 « fix/ -«
The elementary int jration of the above formulae leads to the functions:

f1/x/ =1- [l - PIx/] ,

.on/x/ =[w ]Q '

These are the aocurate distribuants of the minimum and maximum terms of
the distributional sequence. Their form depends on the matrix distribu-
tion P/x/ of the general population and on the sample numbers n. The-
refore for each sample having the determined volume n and the known
initial function f/x/ the actual distribution of probability can be
given and its characteristics oaloulated.

Purthar the formulae for some characteristics of the distribution
13/, being of particular importance in the statistics of extremes are
presented. They can be calculated according to these formulae:
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- node X,
t'/x/ _ n~1 0,
f2/1/ 1 - p/x/
-
Al >
a- 1 0,
P/x/
“ h
- median X,
/5/ 1-P/EJ »P/~] =expl -3 In 2],

- moments x 1 /mean x £01 1 - 1/,
e]e)
n-1
I 5141 = n x1 [ 1- P/x/] d P/xl/,
@/ / -00

) xn1=a x1 [P/x/jM1dP/Ix/,

- characteristic extremum X,

f >/, =1,
171
|V =1s*
- extremal intensity pg/x/,
) fix,/
Nxil =1 =1~ [T-?27 7T mnf/V *
8/
i . flv
i 3“a=fFf - 2/~ 1/ =nf/V *
- period of repeatability of the characteristic extreme
TIV mr-Tr 2sau/3 m= a,
191
TIV =rn Ty =n*
- period of repeatability of the mode T/x/,
TIEI = P/3L/ »
110/

T/IEn/ =T-N I~ 7

TIx/j
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It is very difficult to ose the above formulae in order to calcula-
te the moments /6/, as it is seldom possible to get an effective solu-
tion.

For example, let consider the case, when the expression F/x/=1-e“Xx
belongs to the distributions of the exponential type of class 2.In this
case the functions:

~N_Ixd

1
]
=

'
(0]

dal/x/

1
—

- e~xj n

determine the distribution of the maximum term.

The diagram of the function of density for some exemplary values n
has been presented in drawing 1, and some characteristics bave been snown
e do not present the calculations, as they are rather simple/ by the
following formulae:

- mode /characteristic maximum/

**n = m n.

- median
1
=-In /1 - 2~n/,
- mean
u -7,
k=1
- variance

« ot ?
k*1

The above procedure is to be followed if n is of small order,but
when n is great, then asymptotic distribution functions should be used,
assuming the accurate form by n-><=

3. Asymptotic distributions of the extreme values

If the sample contains enough numbers and the function F /x/ be-
longs to one of three determined types of the matrix distributions,then
the distributions of the extreme term of the distributing sequence can
be calculated by n-~oo from the formula /2/ or /3/. Before their form
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la presented we shall discuss the types of imitlal distributions Being
the classification presented by 2.J. Gumbel £6] In his paper, although
this classification is not a thorough and final one.

According to the above classification the probability functions can
be divided into three types:

I. exponential type,

1l1. Cauchy type,

I11.  limited type.

To the exponential type belong distributions with all moments and
a positive critical ratio q/x/

li/x/ *2./ |

111/ dx/ = -fvx/ . fIx/" 3 ?VXTTT-TATI > °*

Gumbel divided distributions of the exponential type into three
classes, depending on the behaviour of the formula

/117 for Xx-»o00
+el/x/ for the 1st class,
for the 2nd class,

- f/x/for the 3rd olassj

where lia £/x/ s O.
X — 00

The reason of this classification may be also the distributions
characteristics /3/, permitting to replace formula /12/ by equivalent
equations. Full list of theseTCé)rtl)dlit(iaons lhas been presented in table 1.

Three classes of the exponential distribution

Characteristics Symbol Class 1 Class 2 Class 3
critical ratio a/x/ >1 *1 N
Vv
mod_e >*n - *n < K
period of mode’s
repeatability * [\ >n 3 Q <n
characteristic
maximum n <lInn 3iInn >1In n
densi)‘\y value increases constant decreases
for W with the with the
increase increase
of n of n
maximum intensity increases constant decreases
with the in- with the
crease of n increase
intensity of n
-derivative >0 SO <0
curvature

ia/ln al Xo/ln 11/ concave straight convex
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Using foi example criterion. /12/ for logistio and logarythmic-nor-
aal exponential distributions it is easy to find that they belong to the
exponential type of the 1lafc, 2nd, 3ld olass, respectively.

Cauchy type of distributions have not all,or any moment but fu Ifil
the condition:

113/ lim x*[1 - PAXl=A> 0, k>0, x>0
X->°° J

or both following conditions simultaneously

lim X1 -PA/la a>0j K>o,
/141

lim [-x] k1 « P/ =A>0; k.> 0.

I

The distributions fulfilling only condition expressed in formula
/13/ or the equivalent equations

1137/ Un x /i/lx/ a k> 0Oj x>0
X-»<*

are often oalled Pareto type distributions. The functions of Cause type
are also divided into three classes depending on the value of the pover

index Kk or k|, like exponential type distributionss
> 1 for olass 1st,
* 1 for class 2nd!
<1 for class 2rd.

However, thi3 distribution does not depend on the amount of numbers con-
tained in the sample. Two types of the matrix distributions presented abo-
ve are unlimited on both sides, or on one side for an this extreme va-
lue, whose limiting distributions are being searched. Consequently the

initial functions belonging to the | or Il type,limited on the right si-
de lead to the Ilimiting minimum distribution, and the functions limi-

ted on the left side - to the limiting maximum distributions.

The third limited type of matrix distributions concerns functions
limited on the left side, while looking for minimum test of distributing
sequence, or on the right side, while studying the distribution of the
meximum test. This type of distributions has been called the distribu-
tion of the power type /paper (T9J* In another paper CHO3 by the same
author as by paper C9J that ferm includes the Cauchy type. Gumbel does
not specify any conditions to be fulfilled by the functions belonging to
this type of the matrix distributions. The conditions of B.V. Gniedenko

w
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.

4. % = bicx +dif k

R
X
(@]
w
~

T

where:
oCQ> O, k>0, o> O, fc>0,

F/co/ =1, Flco- £/<1,

mentioned also in papers C6j and X3/1» are the conditions necessary and
sufficient to determine in turn all above discussed types of the initial

functions.

The above discussed types of the matrix distributions, applied to
formulae /2/ or /3/ when n->* lead to respective three types of the
stable limiting distributions /I, Il, 111/, while in each on the distri-

bution of the minimum term is connected with the distribution of the ma
ximum term by the principle of symetry.

A detailed discussion of these functions and their application will
be presented in the next paper; the present paper gives only the densi-
ty and distribuants of the mentioned functions and illustrates the den-
sity functions on the real numerical values of the parameters of distri-

bution.
I. Limiting distribution according to Gumbel
a/ for minimum
j <fcj/*/ = ccexp [oc /Ix - X - e

1171 { /Jig. 2 and 3/
Pl/x/ =1 - exp [ -,«/«* /]

b/ for maximum

NIx | = ocexp[- oc/x - Xal - e /
fis/ < /Fig. 2 and 3/

where oc > 0, x parameters of distribution



Il. Limiting distribution according to Freohet

al for Minimal

v. ,k+1
A " ' * , Ifig. 4
Hxl = v ( and 5/,
119/
to/ 1/ = - ((p['(££/\) . x 4in
b/ for maximum
fv x/=~r (18B1f) -«p[-(rra) ~ /fig. 4
120/
edn/x/ =«p[-(~~F*) ].
where k> 0, x, 0< E , w> 34 parameters of distribution.

I1'l. Limiting distribution after Weinbull

al/ for minimum

\k-1 K
, [/Fig.6and7/
*r &
[21/
, X >6
b/ for maximum
T /Ws-6 “ 17/
[22] <
o, = exp 1 i4w
[ fed 1-
where k>0, x, X .>£ >0, oj> x parameters of distri-
bution.

The distributions of the minima can be obtained from the distribu-
tions of maxima and vioe versa,using the prinple of symetry

125/ VAIX] =nN[-x [, &, /x/ =1 - ®ia/l-x/, Xg =- X,, (Da -e.
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Unlike in the ordinary statistics where the dominanting role is
played by mean value X in the theory of extreme statistics the cost
important is parameter x, called the characteristic extreme.

The seoond important parameter is the extreme intensity, /i/x/=oc.
Both values are function of inital distributions and the volume of the
sample n. They can be therefore estimated by using equations/?/ and
/8/ or using properly prepared statistical data-in connection with this
all observed extreme included in the studied distributing sequence should
be reliable and obtained in conditions identical from the point of view
of statistics. Furthermore the studies should ensure observations to be
3tochasticly independent, and numerousity big enough. It sometimes hap-
pens, that the results of studies do not lead to asymptotio theory of
the extreme terms. In this case,however,the matrix distribution of the
studies statistic does not fulfil the conditions of B.W. Gniedenko /16/
nor of E.J. Gumbel /12/ and /14/. However, if the initial distribution
is not recognized there is no reason to question the application of the
asymptotic distributions in practice.
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