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ON CERTAIN BICALOHIC PROBLEMS

1 . In  the paper we consider the equation

0 )  P2e ( x , t )  = 0 ,

where P u ( r ,t )  = D 2 [ u (x ,t ) ]  -  Dt [ u ( x ,t ) ]  .

We s h a l l  so lv e  the l im it  problem fo r  the equation (1 ) in  the domain 
B2 w ith i n i t i a l  and boundary d a ta . The analogous problem in  the three 

dim entioüal tim e-space  was considered in  the paper [ 2 ] .

2 . The fundamental s o lu tio n  o f the equation 

(2 )  P u ( x ,t )  = 0

i s  given  by form ula

(3) U (x ,t|  §  , s ) f t  - » )2
n ( t - s )

In  th e  paper [ 1]  the fo llo w in g  theorems are proved:

Theorem 1 . Every s o lu tio n  o f  the equation (1) i s  o f  the form 

(* )  U ( x ,t j  = U ^ X . t )  + t U g l l j t )  ,

( oc. to) and u -T x .t )  meaning the s o lu tio n s  o f  the equation (2 ) and in 
v e rse ly  i f  lLj f x . t )  and c u f x .t )  are the so lu tio n s  o f  the equation  (2) 
then th e  fu n ctio n  defin ed  by (» )  i s  the s o lu tio n  o f  ( 1 ) .

Theorem 2 . The s o lu tio n  o f  the equation  C l) in  the form (A) 1s unique

5 . L et us oonsider the domain

ВI  = { f x , t )  : x > 0 ,  t >  ОI  .

We s h a ll  so lv e  the mixed problem fo r  th e  equation  ( l ) . B r ie f ly  we 
s h a ll  denote th is  problem by [B -C ]  problem. I t  concerns the co n stru e -
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O4 in  Bg» sa ty sfy in g  in  R*t io n  o f the fu n c tio n  u (x ,t )  o f  o la ss  
the equation ( 1 ) ,  the i n i t i a l  data

(5 )  lim  u (x ,t )  = ^ ( х 0) ,
(x ,t ) ~ > (x Q,0 ) 

x 0 > 0 ,  fc> 0  *

lim  Dt [ u ( x ,t ) ]  = t 2(x 0) 
( x , t ) - ^ ( x 0 ,0 )  
xo > 0 ,  t > 0

and the boundary data

(6) lim  u ( x ,t )  = f 3 ( t 0 ) ,  
( x , t ) - > f O , t 0) 
x > 0 ,  t o> 0

lim  P tt fx .t )  = f 4 ( t 0 ) ,  

x > 0 ,  t Q> 0

f^(s) ( i  = 1,2,3,4) being the given  fu n ctio n s  defined fo r  s>0.
l e  s h a l l  so lv e  th is  problem by using the oonvenient Green-function . 
Let X ( x ,t )  denote the p o in t belonging to  Rg and X ^ f -X jt )  the 

sym etrio p o in t to  the t - a x i s .
Let ï ( ç - , s )  denote the a rb itr a ry  p o in t in  Bg = | (x ,t ) :  x ^ 0 , O o } . 
The G reen -fu n ction  fo r  (2 ) and the domain Rg w ith boundary data 

o f D ir ic h le t  type i s  o f the form [ 3] '

. ( L a t  .
4 ( t - s )

( 7 ) -  exp

4-. Let

(a)
00

U1 ^ * ^ =  \  4 V  f  » ° ) * f  •

00

(9) u2(x.t)= ̂ = J [*2(V - f"(f)]G(x,ti f , 0)df ,

(10) 43(2: , b)= ~ ^ =  f  f 3f s ) D ^ [  G ( x ,t ;  0 , s ) ] d s ,

(11) u4 ( x , t ) =  j  f 4 ( s ) ( t - s ) D ^ [  G ( x ,t j  0 ,e ) ] d s .
V

!ie s h a ll  prove th a t the fu n ctio n

(12) a ( x , t ) =  u1( x , t ) +  tU g ( x ,t ) +  u? ( x , t ) +  u4 ( x , t )

i s  the so lu tio n  o f  the problem [ в  -  0] .
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5 . We suppose th a t the fu n c tio n s  f ^ s ) ,  C i  = 1,‘2 ,3 ,4 )  and f!J(a) 
aie a b so lu te ly  in te g r a b le  and bounded f o i  s  ^  0 .

(13)

(14)

Let

Let

e u p lf . (8)I<M,
s*0 1

OO

i

w >t)= Î  0 cr

V I ’ t)= s • 0

X?
C t-s )  4

s>0

.06

exp[------ -2—  g ( s ) d s ,  x > 0 ,
L 4 ( t - s ) J

where o c > o , /Ь , p ^  0 , q > 0  are a rb itr a ry  l e a l  numbers.
We s h a ll  prove

Lemma 1 . I f  the fu n ctio n  f  ( f  ) i s  bounded and a b so lu te ly  in te 
grable fo r  ^  0 , then the in te g r a l  i s  alm ost u n iformly conver
gent in  the h a lf -p la n e

w = { ( x , t ) ;  -o o  <; x <o o  , t  >  o } .

P roof. Let a , b , c by a r b itr a r y  p o s it iv e  numbers, b < c  and l e t  

W1 = { ( x , t ) s l x l < a ,  0 < b 4 t < o }  

denote the re c ta n g le  in  the h a lf -p la n e  t  >  0 and l e t

and ( x ,t ) 6 W 1 .

Por s u f f ic e n t ly  g re a t H and fo r

(15) i f 24(f -x)2 <  4£2

f  >  В

for every x  sa ty s fy in g  the oo n d ition  lx  I 4  a . 
Prom (15) we g e t

Sin ce  the in te g r a l  in  (1 6) i s  convergent, then fo r  a rb itr a ry  £ > 0  
there e x is t s  a number В such th a t fo r  each ( x , t )  £

<  t .
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Т-дття ? . i f  th e  fu n ctio n  g ( s )  i s  bounded and a b so lu te ly  in tegra  

b le  fo r  s > 0 ,  then the in te g r a l  J pq( x , t )  i s  alm ost uniform ly con

vergent in  the domain st, .

P ro o f. Let au,, b1t o1 , d1 are a rb itr a ry  r e a l  p o s it iv e  numbers, 
a1 < b 1 , o1 < d 1 and l e t

W2 = { ( x , t ) :  0 < & 1< i < b 1t 0 < c 1 4 t 4 d 1 }

denote the r e c ta n g le  in  Eg.
Using the in e q u a lity

, m - k  ^  m -m(17Л к e <  m e

for Ov.'Ô4 k < o c ,  m being an a rb itr a ry  n o n -n egative number; 

t iv e  number, we g e t

(1 8 ) i j pqcx , t ) k
г г  x2
)  j /M t -e 1) j£ < fV

c

ds

p o si-

4

t

^  0 \  d s ^ C 1( M = sup lg( s ) l  ,
0 * > °

C , are the convenient co n sta n ts . Prom (1 8 ) fo llo w s th a t J pq(x »fc) 
i s  alm ost uniform ly convergent in  

Bow we s k a l i  prove

Theorem 3 . The fu n c tio n  u f x .t )  defined by (12) i s  of the class 0^ 
and s a t i s f i e s  the equation  (1 ) in  the domain fit .

P ro o f. The d e r iv a tiv e s  o f  the fu n ctio n  lij + t i ^  are  the lin e a r  combi

n ation s w ith con stan t c o e f f ic ie n ts  o f  in te g r a l  o f  the type I ^ f x . t )  .  
According to  lemma 1 th ese  in te g r a ls  are alm ost uniform ly convergent. 
Prom the above co n sid era tio n  fo llo w s  th a t the fu n c tio n  û  + tUg i s  o f 
c la s s  C4 in  B2 * Sin ce  the fu n ctio n  G ( x , t ; Ç  , 0 )  s a t i s f i e s  the equa 
tio n  ( 2 ) .  Applying theorem 1 , we conclude th a t the fu n ctio n  cu, + tUg 
i s  the s o lu tio n  o f  th e  equation ( 1 ) .  Prom the lemma 2 and from the con
d it io n

lim  D | [ & ( x , t ;  0 ,s ) ]  = 0 , 
s — > t
x >  0

Px { d  ̂ [ G ( x , t ;  0 ,s )]|  = 0

fo llo w s th a t the fu n ctio n  u^ + u^ i s  o f the o la s s  G and s a t i s f i e s  

the equation (1) in  Bg.
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Lemma 5 . I f  the fu n ctio n  f ^ ( ^ )  i s  continuous a t the p o in t х э ,
then

lim  u»j (x* t )  = L ,( x 0) .
( x . t ) —»(xo ,0 )  
x0 >  0 ,  t  >  0

P ro o f.

«here
o ^ x . t ^  I ^ C x . t ) -  I 2( x , t ) ,

OC

^  ( Г
езф _  (% - x ) ‘  

4 t
df.

I 2 ( * . t ) =  — r r  1 T =r exp -  LLz£—  j d$. .
2 2 i ¥  j  ^ V t I  4 t  -1 -

He have the in e q u a lity

Л г  f ^ V )  - p r -  exp 
2v?r j  n *t

_  ~*~x)£
4 t

d^

/  _ j t  i d t  c v t 
<  c , t  \ 7 T Z ^  = —  »

*r { %  + x ) L X  
0

C -  p o s it iv e  co n sca n t. I t  fo llo w s  from the above in e q u a lity  th a t

lim  I - ( x , t ) =  0 . 

(x ,t ) -» ( x o ,0) 
x o > 0 ,  t > 0

Let us consider the in te g r a l  L . ( x , t ) .  
Let

S  \

f 1 < f) fo r  f  >  0 ,

0 fo r  p  <C 0 .

We have

^ ( I *6 ) = ^ F
f ' x
i

Л
?r exp L U s e I

-  4 t

2 1



Ib follows from (13}, p.460) that

lim  L , f x , t ) *  f . , ( x 0 ) .  
( x f t ) —>fx0 ,0 )  
x o > 0 ,  t > 0

Lemma h .

lim  = 0 .
( x , t ) —»(x0 ,0 )  
x 0 > 0 ,  t > 0

Гое proof i s  analogous to  thac o f the leama 3- 

Lemma 3 -

lim  u ( x , t )  = 0 . 
f x . t ) 3-*  !'xo>0) 
x 0 > 0 ,  t  > 0

P ro o f. ;Ve have the in e q u a lity

t  г " i l
I ' D,- ! G ( x , t : 0 ,s )  f , ( s ) d s | =

-  f 3 r s ) d s l <

4  M ^  t - s  ds = M I  t*  C t“  ,

о

:c ^  cf > 0 , G -  p o s it iv e  c o n sta n t. The th e s is  of lemma 5 fo llo w s from 
the above in e q u a lity .

Lemma 6 .
lim  u4 ( x , t )  = 0 .
(x .t 'f -^ T X g jO ) 
x 0> 0 ,  t > 0

The proof i s  analogous to  th a t o f the lemma 5 - Prom lemmas 3 -6  fo llow s

Theorem 4 . I f  the assumptions o f lemmas 3 -6  are s a t i s f i e d ,  then 
f-.e fu n ctio n  defined by form ula (12) s a t i s f i e s  the I n i t i a l  co n d itio n

l i a  u 'x . t )  = f ^ f x  ' .  
z , t  - * 'x 3 ,0 '
x , N 0 , t  > 0

.2  1
= 16!

j  [ 4 Ct-sl|
0 -

2“  exp
4 f t - s )
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Lemma 7 . I f  tbe fu n c tio n  t ^ ( î )  i s  o f the o la ss  C2 in  a c e r ta in  
neighbourhood o f  the p o in t x Q, then

lim  Dt [u1 ( x ,t ) ]  = f^ C x ^  .
C x ,t H ( x o ,0 )  

x 0 > 0 ,  t > 0

The proof o f th is  lemma i s  analogous to  the one i s  given  in  [31 
/ р . 4 6 4 / .

Lemma S . I f  the fu n c tio n  f ..({■ ) i s  o f the c la s s  C2 in  a c e r ta in

neighbourhood o f the p o in t x Q and the fu n ctio n  fg O i) i s  continuous at 
the p o in t x Q, then

lim Db[u1 ( x , t ) +  t u _ ( x ,t ) j  = f 2 (x 0) ’ 
f x ,t ) -» (x 0 ,0 ) 
x Q >  0 , t >  0

P ro o f. We have

Dt ru1 ; x , t i +  t u , f x , t ) ] =  D ç U ^ x . t ) ]  + ^ ( i . t l ł  tD{;[u2( x , t ' i ] .

According to  lemma 7

lim  D j i i j d . t ) ]  = f ^ x Q) 
x , t :  —>(x Q 10 I 
xo / 0 ,  c > 0

and

lim  tD t< ttpi'Xtt'/j = 0 . 
i x , t } - > ( x o ,0 )  
xo > 0 ,  t > 0

Prom lemma 3 fo llo w s th a t

lim  u ^ x . t ^ r  f 2(x 0'r  f !J (x 0> .
( x , t t ) —» Cxo ,0 ) 
x0> 0 ,  t >  0

Henoe we have the t h e s i s .

Lemma 9 .

lim  Dt i u ^ (x ,t ) i  = 0 .
! 'x , t ) -M x 0 ,0 )  
x o > 0 ,  t > 0

P roof. We have



I t  i s  easy to observe th a t

lim  D i [ G C x ,t {  0 ,  s)] = 0 . 
s -»  t '  
s < t

Using sim ila r  estim a tes as in  lemma 5 we bare

l i B ^ ~  | v e)D t { Df l > (x ’ t ‘ ° -  8) ] }  ds = 0 . 
(x ,t ) -H x o ,0 )  
x Q> 0 , t > 0

F in a lly  we ob ta in  the th e s is .

Lemma 1 0 .

lim  Dt [n ^ (x ,t ) ]  = 0 .
( x , t ) —> (x o ,0 )  
xo> 0 ,  t > 0

The proof i s  analogous to  th a t o f lemma 9*
From lemmas 7 -1 0  fo llo w s

Theorem 5 . I f  the asunrotion o f  the lemmas 7 -1 0  are s a t i s f i e d ,  then 
the fu n ctio n  u ( x .t )  d e f in e d  by form ula (12) s a t i s f i e s  the in i t ia l  con
d it io n

lim  Dt [ u ( x ,t ) ]  = f 2 (x Q) .
( x , t ) —» (x o ,0 ) 
x0> 0 ,  t > 0

Lemma 11 .  I f  t  >  0 ,  x  >  0 , then

P ro o f.  Applying the change o f  the v a r ia b le

x
2it-s

Z  =

»  - 3 =  f  r5 f , ) I , t {  » .  s)j|d a .

O
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we bore

then

t
c X « p f - r2 '

OO

] "• • w 1, V a * - 1-
Î  0\

( t - s )  ^
4 ( t - s ) .

the fu n c tio n f 3 ( s ) i s  continuous a t the p o in t t Q,

11м i L ( x , t ) *  f 3 ( t 0) .  
(x ,fc )-» (0 ,t^  
x > 0 ,  t o> 0

Proof. Let

t 3 (B) » <
f * ( s )  fo r  8 >  0 ,

fo r  a <C 0 .

In  view o f lemma 11

tt3 ( * , t ) =  f 3 ( t 0)+
4 W

( t - s ) 2

exp
- A -(t -s )  .

d s .

from the co n tin u ity  o f the fu n ctio n  f ^ ( e )  a t the p o in t t Q fo llo w s 
that for every Ь >  0 th ere e x is t s  <f(t)  , suoh th a t ł ? , ( s ) - f . ( t ^ ) l < ^
when |s -  t Ql ^  <S . In  view o f th is  co n d itio n

I S '»<••>]-* -T  «*» [-;& ] ds 4  & •
| s -t0 K<f ( t - e )

Since t - ) t  i we can suppose th a t |t -  t
О о

Introducing a new v a r ia b le  In  the in te g r a l

_x____
Z s

2 / t - e

we ge t
t 0-«T r -  *j. i g
I J  [  f 5 ( « ) -  f j ( * 0)]  — S — г  « p | -  y jd s| < 8 M  Г e " 2 d z .

( t - s )

As x  ->  0+ both in te g r a tio n  l im its  in  the l a s t  In te g r a l tend to  0 ; 
th erefore there e x is t s  the p o s it iv e  number ç (c f ) ,  such th a t fo r  
0 < x  < Ç  the in e q u a lity

П *»<•>* V V ]  - * - s  « » [ - ] 4 , k  t
( t - s )  2-O O

holds.
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Lemma 1 3 -

lim  u4 ( x , t ) =  О
( x , 6 Ï - ^ ( 0 , t o) 
x > 0 ,  t 0 > C

P ro o f. Let 6  be an a rb itra ry  p o s it iv e  number and 0 < C t-s  6  • Te

bave t

| u4 ('x,t')| <  Md' — r=r-l \ ----- 2—y -
4 2 Vir I j  5

n r t - s ï 2

e x p j- x2
4 -(t -3  >

dsL

Prom lemma 11 fo llo w s th a t fo r  every £ >  0 there e x is t s  cfte) suob 

th a t the in e q u a lity

|u4 ( x , t ) l  <  I

b o ld s .
Por t - s  >  ćT there e x is t s  p o s it iv e  number ç fr f)  > such th a t for 

0 < x  the in e q u a lity

lu ^ f x ,t ) l  <

h o ld s . F in a lly  we s e t  the th e s is .

Lemma 1 4 .

lim  iL j f x .t ) = 0 .
( x , t ) —> ( 0 , t o) 
x  > 0 ,  t 0 >  0

P ro o f. -  In  view o f  lemma 1 and the co n d itio n

lim  G (x , t  ; ^ , 0 = 0  

( x , t ) —» ( 0 , t o)
x > o, t0>o

ve g e t the th e s is .

Lemma 1 5 .

lim  t  U jC x .t )  = 0 .
{ 'x .t ’)—> ( 0 ,t o 'i 
*x  >  0 , t Q> 0

fhe proof i s  analogous to  th a t o f  the lemma 1 4 . From lemmas H -1 5  follows 

Theorem 6 . Under the assumption o f the lemmas 11-15 the fu n otioa  

defined by formula (12)  s a t i s f i e s  the boundary co n d itio n
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lim  u (x , t) я f , ( t Q) •
( x , t ) —>(0.  • ' 
x  >  O, t Q>  O

Lemma 1 6 . I f  the fu n ctio n  f^ C s ) i s  continuous th e  p o in t t Q, then

lim  Pu4( x , t ) .  f 4 ( t 0 ) .
C x ,t ) -^ C O ,t 0') 

x > 0 ,  t o> 0

The proof i s  analous to  th a t o f  the lemma 12.

Lemma 17 .

lim  P U j ( x , t ) =  0 .
< x ,t ) H > (0 ,t o)  
x > 0 ,  t Q> C

P roo f. Tie have

P u ^ (x ,t )  = -2—  ^ fj(e )P jj| l> c [  G ( x ,t jO ,s ) ]  jd e  -  

_  f j ( t ) I S ( x , t ; O f t ) ]  .

I t  i s  easy to v e r if y  th at

lim  I G ( x , t 50, s ) j  = 0 

s ->  t  
x >  0

and f -,
Px{Dt [e(* .t|0 ,s)J} = 0.

In v ie *  o f th ese  c o n d itio n s we g e t the th e s is .

Lemma 1 8 .

lim  P u ^ f i j O s  0 .

( x ,t ) - » ( 0 ,t j )
x > 0 , t 0> 0

P roof. In  view o f lemma 1
JO

Pu^Cx.tb - 2—  , f 1( )̂ Bj-fVx.t»! ,0)] .
z'TW J
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I t  i s  easy to  observe th a t

Pz [G (x ,fc ;£  ,<>)]» 0 .

Hence we have the th e s is .

Lemma 1 9 .

lim  P tU g C ^ ft) = 0 .
( x , t ) - > ( 0 , t o) 
x > 0 ,  t o> 0

P ro o f. In  v ir tu e  o f lemma 1
OO

P ^ t u ^ x . t ) ] *  — =■ t  ^ [ f 2(^) -  fi'(f)]p x [ G (x ,t ;^  ,0)j dÿ -  u ^ x . t ) .  
2 V-ii 0

Since
Px [ G ( x ,t } £  ,0 ) ] =  0

and

lim  U 2 (x ,t )=  0 
( x , t ) - > ( 0 , t 0)  
x > 0 ,  t o> 0

we have the t h e s is .
Prom lemmas 16 -19  fo llo w s

Theorem 7 . Under the assumptions o f  the 1er.-a s  16-19 the fu n ction  
u f x .t )  defined by form ula (1 2 ) s a t i s f i e s  the boundary c o n d it ion

lim  P u (X | t)s  f 4 ( t 0) . 
( x , t ) - ^ ( 0 , t Q) 
x > 0 ,  t Q>  0

Prom the theorems 1 -7  fo llo w s

Theorem 8 . 
continuous fo r  s 
fu n ctio n  u f x .t )  

lem Гв-о].

I f  the fu n c tio n s  f ^ s ) .  
>  0 and the fu n c tio n  f^ 

defined br form ula (1 2 )

i  = 2 , Ъ Л  are bounded and 
( s )  o f the c la s s  C2 ,th en  the 
i s  the s o lu tio n  o f the prob-
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