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ON CERTAIN BICALOHIC PROBLEMS

1. In the paper we consider the equation

0) P2e(x,t) = 0,
where Pu(r,t) = D 2[u(x,t)] - Dt[u(x,t)] .

We shall solve the limit problem for the equation (1) in the domain
B2 with initial and boundary data. The analogous problem in the three

dimentiolial time-space was considered in the paper [2].

2. The fundamental solution of the equation
(2) Pu(x,t) =0
is given by formula

@ U(x,t] §,s) ft -»)2

n(t-s)

In the paper [1] the following theorems are proved:
Theorem 1. Every solution of the equation (1) is of the form
*) U(x,tj = UAX.t) + tUglljt),
(oc.to) and u-Tx.t) meaning the solutions of the equation (2)and in-

versely if Ijfx.t) and cufx.t) are the solutions of the equation (2)
then the function defined by (») is the solution of (1).

Theorem 2. The solution of the equation Cl) in the form (A)1ls unique

5. Let us oonsider the domain

Bl ={fx,t) : x>0, t> Ol

We shall solve the mixed problem for the equation (1). Briefly we
shall denote this problem by [B-C] problem. It concerns the construe-
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tion of the function u(x,t) of olass O4 in Bg» satysfying in R*
the equation (1), the initial data

(5) lim u(x,t) = "~ (x0), lim Dt [u(x,t)] = t2(x0)
(x,1)~>(xQ,0) (x,t)-~(x0,0)
x0>0, fc>0 * xo0>0, t>0

and the boundary data

(6) lim u(x,t) = f3(t0), lim Pttfx.t) = f4(t0),
(x,t)->f0 ,t0)
x>0, to>0 x>0, tQ>0

fA(s) (i =1,2,3,4) being the given functions defined for S>0.
le shall solve this problem by using the oonvenient Green-function.
Let X(x,t) denote the point belonging to Rg and X~ f-Xjt) the
symetrio point to the t-axis.
Let 7i(¢-,s) denote the arbitrary point in Bg =](x,t): x”~0,0 o}.
The Green-function for (2) and the domain Rg with boundary data
of Dirichlet type is of the form [3]"

(7) - exp .(L at
4(t-s)
4-. Let
(0]
(a ULN*A= \ 4V f»eo)*f o
@®

© eB=n = I[AV - Feptl , o
@) 43(2,b)= ~~= f f3fs)D"[ G(x,t; 0,s)]ds,

G.) ud(x,t)= j f4(s)(t—s)D\’/‘[G(x,tj 0,e)]ds.

lie shall prove that the function
L2) a(x,t)= ul(x,t)+ tUg(x,t)+ u?(x,t)+ ud(x,t)

is the solution of the problem [B - 0].
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5. We suppose that the functions f~s), Ci = 1,2,3,4) and fl(a)
aie absolutely integrable and bounded foi s~ 0.

Let
euplf. (8)I<M, i
s*0 1 s>0
Let @
.06
(13) o= T
w t) OI 5
(14) x? [ -2 (s)ds, x>0
) e exp[-——--2— g(s)ds, x ,
V. I'D= $ cts)a L 4(t-s)J

where oc>o0,/b, p~ 0, q>0 are arbitrary leal numbers.
We shall prove

Lemma 1. If the function f (f) is bounded and absolutely inte-
grable for ~ 0, then the integral is almost uniformly conver-
gent in the half-plane

w={(x,t); -00 <;x<o0o0 , t> o}.
Proof. Let a, b, ¢ by arbitrary positive numbers, b <c and let

W ={(x,t)slxl<a, 0<b4t<o}

denote the rectangle in the half-plane t > 0 and let

and (x,t)6W 1.

Por sufficently great H and for f>0B
(15) | T 2(f -x)2< 42

for every x satysfying the oondition Ix14 a.
Prom (15) we get

Since the integral in (16) is convergent, then for arbitrary £>0
there exists a number B such that for each (x,t) £
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T-gtta ?. if the function g(s) 1is bounded and absolutely integra
ble for s> 0, then the integral Jpq(x,t) is almost uniformly con-
vergent in the domain st,.

Proof. Let au, blt ol, dl are arbitrary real positive numbers,
al<b1, ol<dl and let

W ={(x,t): 0<&I1<i<blt O0<cl4t4d1}

denote the rectangle in Eg.
Using the inequality

m-k ~ m-m
e

(a7n 14 < me

for Ov.'04 k<oc, m being an arbitrary non-negative number; ¢ posi-

imox2 0 4

(18) ijpacx,t) k ) iIMt-e}  jE<fV

tive number, we get

t

N0 A\ ds~rCL( M= sup Ig(s)l ,
0 *>°
C, are the convenient constants. Prom (18) follows that Jpqg(x»f)
is almost uniformly convergent in
Bow we skali prove

Theorem 3. The function ufx.t) defined by (12) is of the class 0"
and satisfies the equation (1) in the domain fit.

Proof. The derivatives of the function lij + ti® are the linear combi-
nations with constant coefficients of integral of the type I/ fx .t)

According to lemma 1 these integrals are almost uniformly convergent.
Prom the above consideration follows that the function uw + tUg is of
class C4 in B2* Since the function G (x,t;C ,0) satisfies the equa
tion (2). Applying theorem 1, we conclude that the function o + tUg
is the solution of the equation (1). Prom the lemma 2 and from the con-

dition

lim D|[&(x,t; 0,s)] = O,
s— >t
x > 0
Px{d” [G (x,t; 0,8)]] =0

follows that the function u® + u™ is of the olass G and satisfies

the equation (1) in Bg.



Lemma 5. If the function f~(") is continuous at the point
then
lim wj(x*t) = L,(x0).
(x.t)—»(x0,0)
x0> 0, t> 0
Proof.
o”NX .t~ INCx.t)- 12(x,t),
«here @
esp - X gy
N (r 4t
12(*.t)= —rr 1 T=r exp - LLzE— jd$
2 2i¥ N vVt | 4t 4 -
He have the inequality
ke
nr fAV) -pr- exp - - dn
2v?r j n *t 4t
I _jt i dt cvt
< c¢c,t \N7TTZAN = — »
*r{w +x)L X
0

C - positive conscant. It follows from the above inequality that

lim 1-(x,t)= 0.
(x,t)-»(x0,0)
x0>0, t>0

Let us consider the integral L .(x,t).
Let

f1<f) for f > 0,
S\

0 for p <CO0.

We have

21
frx L U sel
A(I%E)=~F f.gr TP

31

X3,



Ib follows from @_3}, p.460) that

lim L ,fx,t)* f.,(x0).
(x ft)—>fx0,0)
Xx0>0, t>0

Lemma h.
lim = 0.
(x,t)—»(x0,0)
x0>0, t>0

Foe proof is analogous to thac of the leama 3-

Lemma 3 -
lim u (x,t) = 0.
fx.t)3* I'xo>0)
x0>0, t >0

Proof. Ve have the inequality

t

. i1
" D-!1G(x,t:0,s) f,(s)ds]=

201
= 16! 2 exp - f3rs)dsli<
i [4ctsl] 4ft-s)
0 -
4 M N t-s ds = M 1 t* ct*

o
¢~ o >0, G- positive constant. The thesis of lemma 5 follows
the above inequality.

Lemma 6 .
lim ud(x,t) = 0.
(x.t'f-~*TXgjoO)
x0>0, t>0

from

The proof is analogous to that of the lemma 5- Prom lemmas 3-6 follows

Theorem 4. If the assumptions of lemmas 3-6 are satisfied,

then

f-.e function defined by formula (12) satisfies the Initial condition

lia u'x.t) = fAfx '
z,t -*'x3,0'
x,NO, t>0
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Lemma 7. If tbe function t~(7) is of the olass C2 in a certain
neighbourhood of the point xQ, then

lim Dt[ul(x,t)] = fACx" .
Cx,tH (x0,0)
x0>0, t>0

The proof of this lemma is analogous to the one is given in [31
/p.464].

Lemma S. If the function f.({m) is of the class C2 in a certain

neighbourhood of the point xQ and the function fgOi) is continuous at
the point xQ, then

lim Db[ul(x,t)+ tu_(x,t)j = f2(x0)"’
fx,t)-»(x0,0)
xQ> 0, t> 0

Proof. W have
Dtrul;x,ti+ tu,fx,t)]= D¢cU~x.t)] + ~ (i.tl+ tD{[u2(x,t'i].

According to lemma 7

lim Djiijd.t)] = fAx Q)
x,t: —>(xQIo |
xo/0, ¢>0

and
lim tDt< ttpi'Xtt'/j = 0.
ix,t}->(x0,0)
x0>0, t>0

Prom lemma 3 follows that
lim u~x.trr f2(x0r flJ(x0>.
(x,tt)—» Cxo0,0)
x0>0, t> O
Henoe we have the thesis.
Lemma 9.
lim Dtiu~(x,t)i = 0.

I'x,t)-M x0,0)
x0>0, t>0

Proof. We have



» -3= f r5f)I,t{ ». s)jlda.
0

It is easy to observe that

lim Di[GCx,t{ 0, s)] = 0.
s-» t'
s < t

Using similar estimates as in lemma 5 we bare

liB~~ | v e)Dt{DfI> (x't* °- 8)]}ds = 0.
(x,t)-H x0,0)
xQ>0,t>0

Finally we obtain the thesis.
Lemma 10.
lim Dt [n"(x,t)] = 0.

(x,t)—(x0,0)
xo0>0, t>0

The proof is analogous to that of lemma 9*
From lemmas 7-10 follows

Theorem 5. If the asunrotion of the lemmas 7-10 are satisfied,
the function wu(x.t) defined by formula (12) satisfies the initial
dition

lim Dt[u(x,t)] = f2(xQ .
(x,t)—»(x0,0)
x0>0, t>0

Lemma 11. If t> 0, x> 0, then

Proof. Applying the change of the variable

_ X
2its

then
con-
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we bore
1 0o
< oqf- 1 W %
o0 - |-
Q A Va* -1
(t-s) !
the function f3(s) is continuous at the point tQ,
then
1im iL (x,t)* f3(t0).
(x,fc)-»(0,t"
x>0, to>0
Proof. Let

f*(s) for 8> 0,
t3(B) »<

In view of lemma 11

w3 (*,t)= f3(t0)+ exp ds.
4 W - A-(t-s) .
(t-s)2

from the continuity of the function f~(e) at the point tQ follows

that for every b > 0 there exists <f(t) , suoh that #?,(s)-f.(t™)I<"
when |s - tQI~ S. In view of this condition
1 -
IS »eSL*-T «*»[-;&] os 4 & -
| s-tOK<f
(t-e)

Since t—)toi we can suppose that |t - t(J

Introducing a new variable In the integral

X
s [ S

2 /t-e

we get
t0-«T r S | g

I J [ f5(«)- fj(*0)] —S—r «p|- yjds|<8M T e"2 dz.
(t-s)

As x -> 0+ both integration limits in the last Integral tend to O;
therefore there exists the positive number ¢(cf) , such that for
0<x <C the inequality

M*»<e>*V V] -* -5 «»[- ] 4,k t

holds. e (t-s) 2



36

Lemma 13-
lim w4 (x,t)= O
(x,6T-~(0,to)
x>0, t0O>C
Proof. Let 6 be an arbitrary positive number and 0<Ct-s 6 e« Te
bave t
: 2
lW(xt)] < Ml —r=rl\ — 2~§- expj- X dsL
4 2Vir 1j 4-(t-3 >
n rt-si2

Prom lemma 11 follows that for every £ > 0 there exists cfte) suob
that the inequality

Jud(x t)l < |

bolds.
Por t-s > ¢T there exists positive number c¢frf) > such that for
0<x the inequality

lunfx,t)l <

holds. Finally we set the thesis.

Lemma 14.
lim iLjfx.t) = 0.
(x,t)—>(0,t0)
x>0, toO> O
Proof.- In view of lemma 1 and the condition

lim G(x,t;~,0=0
(x,t)—»(0,to)
X > o0, tO>0

ve get the thesis.

Lemma 15.

lim t UjCx.t) = 0.
{'x.t)—>(0,to'i
*x > 0, tQ0

fhe proof is analogous to that of the lemma 14. From lemmas H-15 follows

Theorem 6. Under the assumption of the lemmas 11-15 the funotioa

defined by formula (12) satisfies the boundary condition
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lim u(x,t)a f,(tQ -
(x,t)—>(0. «
x> 0, tQ> O

Lemma 16. |If the function f~Cs) is continuous the point tQ, then

lim Pu4(x,t). f4(t0).
Cx,t)-~CO0O,t0)
x>0, to>0

The proof is analous to that of the lemma 12.

Lemma 17.

lim P Uj(x,t)= 0.
<x,t)H >(0,to)
x>0, tQC

Proof. Tie have

Punr(x,t) = -2— ~ fj(e)Pjjll>c [ G(x,tjO,s)]jde -

Cfj(t)IS(x,t;0 ft)] .

It is easy to verify that

lim IG (x,t50,s)j = 0
s->t
x>0

and f 5
P{Cx [e(*.t]0,s)J} = 0.

In vie* of these conditions we get the thesis.

Lemma 18.
lim Pu~fijOs 0.
(x,t)-»(0,tj)
X >0,t0>0
Proof. In view of lemma 1

Jo

PUrCx.tb 2, f1N Bj-fVx.t»! ,0)]
ZTW J
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It is easy to observe that
Pz [G (x,fc;E ,<>)]» O.

Hence we have the thesis.

Lemma 19.
lim P tUgC~ft) = 0.
(x,t)->(0,to)
x>0, to>0
Proof. In virtue of lemma 1
00
PAtuAX.t)]* —=m t ~A[f2(") - fi'(F)lpx[G (x,t;~ ,0)] dy - u~x.t).
2 Vi 0
Since
Px[G (x,t}£ ,0)]= O
and

lim U2(x,t)= 0
(x,t)->(0,t0)
x>0, to>0

we have the thesis.
Prom lemmas 16-19 follows

Theorem 7. Under the assumptions of the 1ler.-as 16-19 the function
ufx.t) defined by formula (12) satisfies the boundary condition

lim Pu(X|t)s f4(t0).

(x,t)-~(0,tQ
x>0, tQ> 0

Prom the theorems 1-7 follows

Theorem 8. If the functions f~s). i =2,bN1 are bounded and
continuous for s > 0 and the function f~(s) of the class C2,then the
function ufx.t) defined br formula (12) is the solution of the prob-
lem [B-0].
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