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OU FBAKLESS FUNCTIONS

H. Busemann In  h is  monograph; [1 ] p .109 in trod u ces the p ea k less
fu n ctio n s by d e f in i t io n :  "A fu n ctio n  f ( r )  whioh i s  defin ed  and con
tinuous on a convex s e t  o f  the r e a l  т  -a x is  i s  c a lle d  "p e a k le ss"  i f

f ( r 2 ) <  m a x jf  ( t . , )  , f  ( r ^  fo r  <  Г 2 <

and the e q u a lity  s ig n  im p lie s  f f t ^ )  = f  ( ' t j ' ) .

The author s t a t e s :  "A fu n c tio n  i s  p ea k less i f  and only i f  i t  be
lon gs to  one o f  the fo llo w in g  ty p e s : f  ( v )

1 /  i s  co n sta n t,
2 /  i s  s t r i o t l y  in cre a sin g  or d eo rea sln g ,
3 /  takes i t s  minimum a t one p o in t , decreases s t r i o t l y  to  the l e f t  of the 

p o in t and in cre a se s s t r i c t l y  to  th e  r i g h t ,
V  tak es i t s  minimum a t a l l  p o in ts  o f  an in te r v a l and d ecreases s t r i c t ly  

to the l e f t  and in c r e a se s  s t r i o t l y  to  the r ig h t  o f  th is  in te r v a l” .

The purpose o f  our note i s  ho f in d  the s o lu tio n  o f the fo llo w in g  
problem: Let ( a , 4 )  , ( b , 4  ) w ith  I >2 and В 4 0 be two l in e a r ly
ordered s e t s .

Let f  : A —> В be a function  with domain A and values in  В and
have two p ro p erties:

CD А [ т . С Г ^ г ,  = » f ( r  K m a x f f C r A  f ( T , ) '
t 1 t tr2 , t j 6 A  г  5 2 I

(u ) A [ * , < t r 2  a f  (тг) «  max {  f  ( x j ,  f  (tj)|  
T1 ’ 2̂* *3 è  A 1

Such fu n c tio n s , hy analogy to  H. Busemann, w i l l  be o a lled n p ea k less func
t i o n s " .  The problem i s  to  f in d  a l l  th e  p e a k le ss  fu n c tio n s , when the orde
red s e ts

( A ,< )  , ( B , < )  are g iv e n .
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nmftnifcioa 1 . The symbols <  , >  , max{a,b}> axe need as u so a ll 
in  the theory o f  ordered s e t s .

n a f in itto a  2. fo r  the nonempty su b set A* o f  A and the fu n ctio n  
f  ; A—> B , f  i s  c a lle d  non-deoreasing in  A* /n o n -in c re a sin g  in  A*, 
s t r i c t l y  in o reasin g  in  A*, s t r i c t l y  decreasin g in  A */ i f  and only i f  for 
each T 1t é  A* the in e q u a lity  < r 2 im p lies f ( r ^  4  
/ f C r . , ) ^  f ( r ^ ,  f ( r 1) <  f ( r 2 ) ,  f ( r 1' ) >  f ( r 2V  r e s p e c t iv e ly .

Leouna 1 .

Let f  : A—>B be n on-decreasin g in  A and s a t i s f y  the conditions 
( i )  and C i i ) . Then

(a )  f  i s  con stan t in  A or
(b)  f  i s  s t r i c t l y  in c re a sin g  in  A or
(c ) there e x is t  nonempty s e t s  A^, Ag w ith  A1 v-» Ag = A and <  r 2

fo r  € i j i  i  3  1 i2  such th a t f  i s  co n sta n t in  A  ̂ and s t r i o -
t l y  in cre a sin g  in  Ag /n a tu r a lly  f  f(V g ') fo r  t i  6 A j / .

P ro o f. Suppose, th a t f  i s  n ot con stan t in  A. D e fin e :

A, = A : V  u < t a  f ( u ) <  f  f r )  i #
Ł 1 u 6  A J

By our su p p o sitio n , there i s  Ag i  0 .
I f  v  €  Ag and f  <  T * , we fin d u € A  w ith  u < z  and f ( u ) < f ( t ) .

Thus we have u <  x *  and f  (u) <  f ( r ) 4 f  C X я ) , which im p lies t *  € Ag. 
Observe, th a t f  i s  s t r i c t l y  in c re a sin g  in  Ag. B or, i f  t -^ , t g t A g  a0*3 

<  ~2 there e x is t s  u w ith u <  and f  (u) <  f  By / i )  i s

f ( ' ^ 1') <. m a x { f ( u ) ,  f  ( r 2)| = f  ( r 2 ) and f  = f  ( r 2) owing to  ( i i )  
lead s to  f  ( = f  ( t g ) =  f ( u ) ,  thus f C r ^ )  <  f  ( t g ) .  I n the case Ag=A
f  i s  s t r i c t l y  in c re a sin g  in  A . Consider now the case  A -  Ag = 1 and 
l e t  v €  A -  Ag. O bviously i s  v  <  v  fo r  f £ A g  and v  * minA. There 
i s  a lso  f ( v )  £. f  (v)  fo r  t  £ Ag. The e q u a lity  s ig n  fo r  any r  €  Ag
im p lie s  th a t f ( t * ) s  f f r - )  fo r  each 
p o s ib le , because o f the d e f in it io n  o f  
s in g  in  A.

The l a s t  case 
d e f in it io n  we have

rr*e A and
Thus

z**Z.z  , which i s  im - 
f  i s  s t r i c t l y  in crea -

A -  Ag >  2 le a d s  to  the s e t  
t  €  A  ̂ i f  and only i f

А Г u ^  fC u ) >  f  f r ) l ,
a t  A J

d f A -  Ag. By i t s

Taking г , т ' е  Â  r < t '  we ob ta in  f  (V )>  f  ( z ‘)  because o f the above 

con d itio n  and f ( r ) 4  f  ( x ‘) by su p p o sitio n  th a t f  i s  non- d e cre a sin g . 
Thus f  i s  con stan t in  A^, and ob vio u sly  Z2 fo r  ' t j £ A ^ ' .  In
th is  case f  s a t i s f i e s  the p rop erty  ( c )  o f our lemma.
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Lema 2 .

Let f  ! A ~>B Ъе non-lnoreasing in  1 and s a t is f y  the conditions
( i )  and C i i ) .  Then

(a ) f  i s  constant in  1 or
(d ) f  i s  s t r i c t ly  decreasing in  A or
(e ) there e x is t  nonempty s e ts  A1, Ag with A ^ U A j  s  A end 2

for i  3 1 ,2 , such th at f  i s  e t r lo t ly  decreasing in
Â  and constant in  Ag.

The proof o f lemma 2 i s  analogous to  th at o f lemma 1 .

Assume that f  j A -> B  w ith properties ( i )  and ( i i )  i s  not non-de
creasing and not non-increasing in  A. Then either

( f  ) there e x ist nonempty s e ts  A^, Ag with Â  U  Ag з A and <  Tg 
for A^, i  i  1 ,2 , such that f  i s  s t r i c t ly  decreasing in  A1 and
s t r i c t ly  increasing in  Ag or

(g ) there e x is t  nonempty s e ts  A^, Ag, A^ with A^uAgUA^ = A and

for e  A^, 1 = 1 ,2 ,3 ,  such th at f  i s  s t r i c t ly
decreasing in  A^, oonstant in  Ag and s t r i c t l y  increasing in  A  ̂

and moreover f ^ )  > f ( r 2 ) ,  f ^ g ) ^  f f o r  V ± t  A± , i  « 1 ,2 ,3 .

Proof. Our assumptions imply the existence o f  O j, Ug, u^, u^ with 
Xj <  Ug, Uj <  u^ and f(u 1) >  f(U g '), f ( U j ) <  f  ( u ^ . Observe, that fo r  the
se i j ,  &4 there must be сц <и ^. I f  n o t, then u4 <.u^ and U j ^ u ^  
4 0 L|<Ug. By (1) we have

Thus when f ( o ^ )  * •  obtain f C u ^ K f f U g ) ,  and f C u ^ )4 f ( i i j )  in
the other case. These in e q u a litie s  contradict the d e fin itio n  of the ele -

B v id en tly  CLf 6 Ï  and u^ £  A*.
I f  t „  e  î n A 1 we f in d  tt , u* w ith  ^ < ^ < 0*  and f ( i T ) < f  (?£>,

Lemma 3

ments u^, Ug, U j, u^. 
Те defin e next

contradicts the above in e q u a litie s . Thus T o  A* = 9
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As In  the proof o f  lemma 1 we s t a t e  now th at*
fo r  t 6 Ï  and x* < x  ia  A and fo r  r € A *  and X < x '  i s  r ’eA*.
In  oonsequenoe i f  t  (  Ï  and r * £  A* then th ere  i s  r  <  r * .  L et now 

Г1* r 2 ^ A and <  T g . Find a >  T g  w ith  f  ( £ g ) > f ( u ) .  By ( i )  i s

f  ( Г 2) <  max { f  , f (u ') !  = f  ( г л)

and the e q u a lity  s ig n  i s  im posible because o f  C i i )  and f (  u') <  f  ( t g )  • 
Hence f  i s  s t r i o t l y  decreasing in  A. In  th e  same way we s t a t e ,  th at 
f  is  s t r i c t l y  in cre a sin g  in  A*» In  the case  A = A u A *  d e fin in g  
A1 =  i , A j Й  4*  in  consequence we have the statem ent ( f ) .  When the 
s e t ,  A - ( X  kj  A*) has the unique element v  we d efin e

Ayj =  i u  { t } and Ag =  Ая and there i s  again the 
statement ( f ) .  Consider now the la s t  case A - lX « -> A * )> 2 .

Let A1 =  Î ,  Ag =* А - ( Г о  Аи ) ,  A^ =  A *. I t  fo llo w s from the pro

p e r t ie s  o f Г  and A * t h a t  T1 <  r2 ^ r3 fo r  £  Ai*  ?artbeI11101® i f
r  t  A j . by the d e f in it io n s  o f A j , X and A*, we have

Л  [ t  <  u f ( v ) < . f ( u ) l  and 
u 6 A

/1  [  n < r  ^ f ( u ) > f f r ) ] .
a € A

In oonsequenoe t ( x )  fo r  t  é Ag i s  the minimal v a lu e  o f fu n c tio n  f . 
Thus f  i s  con stan t in  A2 and f C r )  <  f  Cr') fo r  t  6  Ag and 
t ' 6 Aj u  A j. The proof o f  lemma 3 i s  com plete.

S in ce  f  s A —*B  i s  nondecreasing in  A or i s  n onincreasin g in  A 
or i s  not nondecreasing in  A and i s  not n on ioreasin g in  A by lemmas 
1 ,2 ,3  we have proved the fo llo w in g  theorem:

Theorem 1 .

I f  f  : A —»B i s  a p e a k le ss fu n c tio n , then f  s a t i s f i e s  one o f  the 
con d itio n s Ca), ( b ) ,  C o ), C d ) , ( e ) ,  ( f ) , ( g )  from lemmas 1 , 2 , 3 .
I t  i s  very easy to  v e r if y  th a t oonversely

Theorem

Function f  : A—*-B s a t is f y in g  one o f the c o n d itio n s C a ) , ( b ) ,  (o),C<Ą 
( e ) ,  ( f ) ,  ( g )  i s  a p ea k less fu n c tio n .
Our co n sid era tio n s show th a t B . Bus émana does n ot g iv e  a l l  the c la s s e s  
o f h is  p e a k le ss fu n c tio n s . The c la s s e s  ( o ) , ( e ) a r e  om itted in f l V

B i b l i o g r a p h y

[1 ] H erbert Busemann, The geom etry o f  g e o d e s ic s , Academic P re ss ,Шс. 
Hew lo r k , 1955.


