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OT THS TATOU FBOBIHf TOB HABMOTIC FOTCTIOTS LU THS HAI?-SPA(JB

Zn this paper we shall give the proof of the theorem being a three
dimentional analogous of the ?ato& theorem for the half-plane ([1]). We
shall suppose that the boundary function is of a divergent form*

1. Let Bg denote a plane (s,t), Bj denote a half-space z> 0.
In [2] the following theorem Is proved.

Theorem 1. If <p(s,t) 13 a continuous and bounded function In Eg,
then the function

(€)) uxy,2) =21 GsR +GDH2 k22) YEs) duit
@

is harmonio in B~ and

u(x,y,z) —>(x0,70) as (x,y,z)-»(xo0,y0,0).

If & (B,t) is bounded and mesurable in Bg, then the function u£ty,z)
defined by the formula (1} is harmonio in EI.
let !

M (x-s,y-t,z) = &jr( (x-s)2+(y-t)2+ z2)
We suppose that
(2) <p(e,t) = Dgf~rs.t) + D~ fgls.t),

where f~, fg are bounded and mesurable in Bg. Applying the Green for-
mula, we get

u(x,y,z)= lim \ f. fs,t)oos(n,s)- f;)Cs,t)ooe(n,tMIC(x-s,y-t,z)de'+
B-yoo ~ J

- N[f,,c8,t) DsM (x-s,y,t,z)+ fgfs.t)D".HCx-8,y-t,z)] dsdt,



where Cg denotes the circumference s2 + t2 = B2, n - outward normal,
iince f~, f2 are bounded, we obtain

(3) lim \ Tf-Cs.“cos”njs)- ~(3,b)coe(3,b) MCx-3,y-b,2) &' =0
B-)oo 1 J
in the neighbourhood ofevery point (x,y,z) £ Piom (3) it follows
that
0) u(x,y,z) = - [[*(s.tjDgCx-s.y-t.tH f2Cs,t)Dfg(x-s,y-t,z)]d3dt.
2. Let Q=(x,y,z)éBj, =(x0>y0t°) and L denote an arbitrary

positive constant. Let Q denote a set of the pointa Q for which

IX-Xx ..
(5) “m <..L...and JSU < 1.

Let
P1(s,t,Q)= -s D3M(x-x0-s,y-yO0O-t,z),

?z(S'b,q,)= _t DtM(x-xo_s»Y“Yclb»2)e

Applying the change of the variables s = s'+ xQ, t =t' + yQ to
the integral (4-), we get

u(x,y,z)= - | f.,(xo+ 3,yQ+ t)D3M(x-x0-s,y-yQ1t,z) dsdt +

- Jf3(lgt S’V t)DfM(x-x -3,y-y -t,z) dsdt =

f.i(x+s,y + t)
=5 - E3 P1(s,t,Q)d3dt +

£270%3,70t ™ py(s t,Q)dsdt.

Ye shall prove the following lemma

Lemma. If Q£ Q ,  then
(6) J Pj/SjtjQ) dsdt = 1,
(7) there exist constants such that

J IP1(s,t,Q)]dsdt <
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(8) foi arbitrary r> O

lim \]P.(s,t,Q)]asdt =0,
-+ 0O J

qef d
where D =j(s,t): s2 + t2> r27~, i =1,2.
Proof. We shall give the proof in the <case 1=1. Por i =2 the

proof is analoglgus. Since

lim 8 Mfx-xe-s,y-yi, -t,z)oos(n,s)dcr =0
E-} 001
5B
for every Q 6 ~ we get
N~ P-)(s,t,q)dsdt = - lim ~ sM(x-x0-s,y-yQ t,z)cos(n,3)acr +
2

-J H(x-x0-sty-yO-t,z)dsdt = 1,
B2

and consequently (6).
Applying the change of the variables x-x0~s =s', y-y =
the integral (7), we get

J 1P1(s,t,q)ldsdt = ( jsDsM(x-xQ-s,y-yO0-t,z)]dsdt =
2
- SI(x-xQ@a)DgM (s,t,z)] dsdt <.Ix-xj,;]T)BM (3,t ,z)]dsdt +

+ J1s DBM(s,b,z)ldsdt.

On the other hand

J |DsM (s,t,z)] dsdt = || [Isl(s2 + t2 + z2) dsdtrn-
*2 *2
NsDsM (s,t,z)] dsdt = || j*s2(s2 + t2 + z2) dsdt 4-0.,,
*2 *2

«here C,p C2 are certain positive constants. Hence

J 1'P1(s,t,Q)]dsdt <0,1 + C2 =tj,
*2
and consequently (7).
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Let r >0 be given. Applying the change of the variables -s'z =
= X-Xg-S, -t'z = y-yo.-t to the integral (8), we get

Jlpl(e,t,Q)]asat Il 51s(x-x0-s)]((x-x0-s)2+(y-y0O-tf+ z 2j dsdt=
D D

ng $lfsa-x-x0)s| (s2+ t2 + 1) ~ dsdt 4
< C, Vs2(s2 + t2 +1) 2 dsdt

+ 04 Isl (s2 + t2 + 1) ~ dedt,

Do

where C#, aue certain positive constants, and
30 = {(8,t) : (x-x0-sz)2 + (y-yO0-tz)2> r2}.
Let e>0 be given; then there exists a number r@ 0 such that

C_jj s2(s2+t2+1)* ~ dsdt + CM|"Is|(s2+t2+1) ~ dsdt < f,
D, D1

for R> r0, D1 =] (s,t)s s2 + t2> R2}.
Let Dg denote a sphere with centre such that

B2 =4-2L 2>r02
z

for every point Q€ Qrs Dg, where L is the convenient constant from
the inequality I's5). If Q € D2 (8»t) € DO» then (s,t) 6 D-j.
Hence n 4

\IP1(s,t,Q)]dsdt< Js2(s2+t2+1) dsdt + JIsl (s2+t2+1) dsdt »

D Do Do

N Cj~Ns2(s2+t2+1) dsdt + C~/Jlel (s2+t2+1 ") dsdt

for every point Q n Dg.

Theorem 2. If 3_) f~, £2 are bounded and mesurable functions in
B2 and satisfy the condition (2), the function D f,J(x ,fc) is continuous



1€£

with respect to t for t =y0, the function Dtf2(s,y0) is continu-
ous with respect to s for s = xQ, then the function u(x,yz), defi-

ned by the formula (1) is harmonic in and satisfies the boundary
condition

lim uC)= <Kgql.

geQ

Proof, Dbet

. [ fu(s+x it+y )
~XLy.z)

=) —e 1 — P1(s,t,Q)dsdt,
*2
f fACs+x”/t+y,,)
unNx.y.z) = 1 -2 — P2(s,t,Q) dsdt,
*2
We shall prove that
N(x.y.z) —> Oan(x0,y0) as and QeQ.

Applying the Green formula and (3)» we get

\'V W DsM(x-x0-s,y -y 0-t,z ) dsdt 0

and consequently

j* "(Xp4Y-B.Yp”")- M(Xp.yptt)
ul(x,y,z") (s,t,Q) dsdte

*2

Let £ > 0 be given; then there exists a number ry 0 such that

Vy-s,y 0+t) - fA(Xxn»yft+t)
—\A'(*o,m)k

n al n

for s +t 4 r . Prom the lemma it follows that
IN(X,y ,2)-D3MC*00) |<j | [-Qf+S'7° % ~VI(*0.Y0n~ (s)b])] dsdt
82
B2\D

4 § + 2M [ IP](s»t,Q)]dsdt 4 s,
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where
fICy- s’7g+ *)- V * o»7q+
s

for every point Q¢ Qo D2, D2 being the convenient neighbourhood of
point Qgj, The condition (8) implies the existence of D2.
Similary we can prove that

Uu2(x,y,z)—v Dtf2(x0,y0) as 4 —» " and Qe Q .
From (2), we get

n(x,y,r)-* tf(x0,y0) as % % and QeQ.

Since the function ufx.y.z) given by the formula (1) is harmonic in
it, thus we get the thesis of theorem 2.
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