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Zn th is  paper we s h a ll  g ive  the proof of the theorem being a three 
dimentional analogous o f the ?ato& theorem for the h alf-p lan e ( [ 1 ] ) .  We 
s h a ll  suppose that the boundary function  i s  o f a divergent form*

1. Let Bg denote a plane ( s , t ) ,  B j denote a h alf-sp ace z >  0 . 
In [ 2 ] the follow ing theorem Is  proved.

Theorem 1 . I f  < p (s ,t )  1з a continuous and bounded function In Eg, 
then the function

(1) u(x,y,z) = 2! [ ((x-s)2 + (y-t)2 ■*- Z2) Ÿ’fs.t) dsdt
®2

i s  harmonio in B^ and

u (x ,y ,z )  — > (x 0 ,7 0) as ( x , y , z ) - » ( x o ,y o ,0 ) .

I f  Ф ( в , t )  i s  bounded and mesurable in  Bg, then the function  u£^y,z) 
defined by the formula (1} i s  harmonio in  E l .

l e t  _ !

M (x -s ,y -t ,z )  = & jr(  (x - s ) 2+ ( y - t ) 2+ z2 )  .

We suppose that

(2 )  <p(e, t )  = D g f ^ s . t )  + D ^ f g ls .t ) ,

where f ^ , f g  are bounded and mesurable in  Bg. Applying the Green for
mula, we get

u (x ,y ,z )=  lim  \ f . , f s , t ) o o s ( n ,s ) -  f ;)C s ,t)o o e (n ,tM lC (x -s ,y -t ,z )d e '+
B-yoo ^  J

-  ^[f,,c8 , t) DsM (x -s ,y , t , z) + fgfs.t)D^.HCx - 8 , y - t , z)] d sd t,



where Cg denotes the circum ference s 2 + t 2 = B2 , n -  outward normal, 

i in c e  f ^ ,  f 2 are bounded, we ob ta in

(3 ) lim  \  T f - C s .^ c o s ^ n j s ) -  ^ ( з ,Ь ) с о е ( з ,Ь )  м С х -з ,у -Ь ,2 )  d<?" = 0
B -)oo 1 J

in  th e  neighbourhood o f every p o in t ( x , y , z )  £ Piom ( 3 )  i t  fo llow s
th a t

O )  u (x ,y ,z )  = -  [ [ ^ ( s . t j D g C x - s . y - t . t H  f 2C s ,t ) D fc( x - s ,y - t ,z ) ] d 3 d t .

2 . Let Q = ( x , y , z ) ê B j ,  = (x 0 >y0 t ° )  and L denote an a rb itra ry  
p o s it iv e  co n sta n t. L et Q  denote a s e t  o f the p o in ta  Q fo r  which

( 5 )

Let

I x -x
<  L and“■ ...............  J S Ü  <  l .

P1 ( s , t ,Q ) =  - s  D3M (x-x0- s , y - y 0- t , z ) ,

?z (S' b, q, )=  _ t  Dt M(x -x o_ s »У“ УсГb»2) •

A pplying the change o f  the v a r ia b le s  s = s '+  x Q, t  = t '  + y Q to  
the in te g r a l  (4 -) , we g e t

u ( x , y , z ) =  -  I  f . , ( x o+ 3 , y Q+ t)D 3M (x-x0- s , y - y Q- t , z )  dsdt +

-  J f 2( l o+ S ’ V  t )D fcM (x-x - з , у - у  - t , z )

= 5

2 ' о 

f . i ( x + s , y  +  t )
■■■■ ■ 3 ° --------- P1 ( s , t , Q ) d 3 d t  +

dsd t =

£2 ^ о+3, 7о+ ^ P2 ( s , t ,Q ) d s d t .

Уе s h a ll  prove the fo llo w in g  lemma 

Lemma. I f  Q £ Q  , then

(6 ) J  P j / S j t j Q )  dsdt = 1 ,

( 7 )  th ere  e x is t  co n sta n ts  such th a t

J  I P1( s ,t ,Q ) | d s d t  <
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(8 ) f o i  a rb itra ry  r >  О

lim  \| P .( s ,t ,Q ) | a s d t  = 0 ,
- ♦ O  J

q e £  d

where D = j ( s , t ) :  s 2 + t 2 >  r 2 ^ , i  = 1 ,2 .

P ro o f. We s h a ll  g iv e  the proof in  the case 1 = 1 .  Por i  = 2 the 
proof i s  analogous. S in ce

E —}
lim  Г 8 M fx-xe-s ,y -y i , - t ,z ) o o s ( n ,s ) d c r  = 0 

oo J
5B

for every Q 6 ^  we g e t

 ̂ P -) ( s ,t ,q )d s d t  = -  lim   ̂ sM (x-x0- s , y - y Q- t , z ) со з (п ,з )а с г  +

2 г B
- J  H (x -x 0- s ty -y 0- t ,z ) d s d t  = 1 ,

B2

and consequently ( б ) .
Applying the change o f the v a r ia b le s  x -x 0~s = s ' ,  y -y  ■

the in te g r a l  ( 7 ) ,  we g e t

J  1 P1 ( s , t ,q ) l d s d t = (  jsD s M (x-xQ- s , y - y 0- t ,z ) | d s d t  =

2

-  S I ( x - x Q- a ) DgM (s ,t ,z )|  dsd t < . Ix-xj,;|T)BM (3 ,t ,z)|dsdt +

+ J I s  DBM ( s , b , z ) l d sd t.

On the other hand

J |DsM (s ,t ,z )|  d sd t = | |  [|s|(s2 + t 2 + z2 )  d s d t ^ ^ -  , 

*2 *2

^lsDsM (s ,t ,z )|  d sd t = ||  j* s2 (s 2 + t 2 + z2 )  d sd t 4 - 0 . , ,  

*2 *2

«here C,p C2 are c e r ta in  p o s it iv e  c o n sta n ts . Hence

J  I P1 (s,t,Q )|d sdt < 0 , 1  + C2 = Ł j ,

*2
and consequently ( 7 ) .
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L et r > 0  be g iv e n . Applying the change o f the v a r ia b le s  - s ' z  =
= x - x „ - s ,  - t ' z  = y - y . - t  to  the in te g r a l  ( 8 ) ,  we g e t  о о

J|p1 (e ,t ,Q ) | a s a t  = | |  5 | s(x -x 0-s)|((x-x0- s ) 2+(y-y0- t f + ż 2j  

D D

= gfz $ lf s a -x -x 0) s | ( s 2+ t 2 + 1) ^  dsdt 4

dsdt=

<  C , J s 2 (Î  s 2 ( s 2 + t 2 + 1 ))  2 dsdt

+ 04 j  Is l  ( s 2 + t 2 + 1 ) ^  d e d t,

Do

where C ^ , аце c e r ta in  p o s it iv e  c o n sta n ts , and

э 0 = { ( 8 , t )  : (x -x 0- s z ) 2 + ( y - y 0- t z ) 2 >  r 2 } .

Let e > 0  be g iv e n ; then th ere  e x is t s  a number r Q> 0  such th a t

C_ jj s2 ( s 2 + t 2+ l ) “  ^  dsd t + C^|"|s|(s2+ t 2+ l )  ^  dsd t <  fc ,
D, D1

fo r R >  r 0 , D1 = | ( s , t ) s  s 2 + t 2 >  R2 }-.

Let Dg denote a sphere w ith  cen tre  such th a t

B2 = 4 - 2 L 2 > r 02 
z

fo r  every p oin t Q € Qr s  Dg, where L i s  the convenient con stan t from 

the in e q u a lity  Г 5 ) . I f  Q € D2 ( 8 » t )  €  D0 » then ( s , t )  6  D-j.
Hence ^  4

\ !P1 (s ,t ,Q )| d s d t<  J  s 2 ( s 2+ t 2+ l )  dsd t + J ls l  ( s 2+ t 2+1 )

D Do Do

^  C j  ^ s 2 ( s 2+ t2+1 )  d sd t + C ^ Jle l ( s 2+ t 2+1 ")

d sd t ^

dsdt

fo r  every p o in t Q n  Dg.

Theorem 2 . I f  <jp , f ^ , f 2 are bounded and mesurable fu n c tio n s  in  
B2 and s a t i s f y  the co n d itio n  ( 2 ) ,  the fu n ctio n  D f,| (x  ,fc) i s  continuous



1€£

w ith re sp e c t to  t  fo r  t  = y 0 , th e  fu n c tio n  Dt f 2 ( s ,y 0 )  i s  continu
ous w ith re sp e c t to  s  fo r  s  = x Q, then the fu n c tio n  u ( x ,y z ) ,  d e f i 
ned by the form ula ( 1 )  i s  harmonic in  and s a t i s f i e s  the boundary 
con d itio n

lim  u Cq ) =  < K qJ .

q e Q

P ro o f, bet
. Г  f  и ( s+x  i t+ y  )

^ ( X . y . z )  = ) — -------- 1--------—  P1 ( s , t , Q ) d s d t ,

*2

f f ^ C s + x ^ t+ y ,,)
u ^ x .y .z )  = ] - 2 ------------------ —  P2 ( s , t , Q )  d s d t ,

*2

We s h a l l  prove th a t

^ ( x . y . z )  — >  Оа^ ( х 0 ,у 0 ) as and Q e Q .

Applying the Green form ula and ( 3 ) » we g e t

\  V W  Ds M (x-x0- s , y - y 0- t , z )  dsdt 0

and consequently

u1 (x ,y ,z ')
j* ^ (Х р Ч -В .У р ^ )-  ^ ( X p .y p t t )  

*2

( s , t , Q )  dsdt •

Let £ >  0 be g iv e n ; then th ere  e x is t s  a number г  у  0 such th a t

V y - s , y 0+ t )  -  f ^ (x n »yft+ t ) - V-l ( * 0 ,7 0) k
£

Л Л Л

fo r  s + t  4  r .  Prom th e  lemma i t  fo llo w s th a t

I^(x,y ,z)-D3 1̂ С*0У о ) |< j I [—Cg°-+S’7° %  ~ V l( * 0. У о ^ (s,Ь Д ) |
в 2

B2\D

4  §  + 2M [  I P-| (s » t ,Q )| d s d t  4  s ,

dsdt
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where
f l C y -  s ’7 q+ * ) -  V * o »7q+ 

s

fo r  every p o in t Q ç  Q  о  D2 , D2 being the convenient neighbourhood o f  
p o in t Qçj, The c o n d itio n  (8 )  im p lies the e x iste n ce  o f  D2 .

S im ila ry  we can prove th a t

U 2 ( x ,y ,z ) —v Dt f 2 (x 0 ,y 0) as 4 —» ^ and Q e Q .

From ( 2 ) ,  we g e t

и ( х , у , г ) - *  tf ( x 0 ,y 0') as % % and Q e Q .

Since the fu n ctio n  u f x .y .z -) g iven  by the form ula (1 ) i s  harmonic in  
i t ,  thus we g e t the th e s is  o f  theorem 2 .
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