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ON THE BIQUIEB РВ0ВШ1 POB THE EQUATION ( д  -  C2) 2u (x ,y ) = 0 
IN THE HAIP-FLANE

1 . In  th is  paper we co n stru ct th e  s o la t io n  o f  the equation

(1) ( Д -о 2 ) 2и (х ,у ) = Д 2 и ( х ,у ) -  2с 2Д  u (x ,y ) + o4 u (x ,y )=  О,

w ith c as a p o s it iv e  o o n sta n t, in  the h a lf -p la n e  у  >  О s a t is f y in g  
the boundary data

(2 )  lim  a fx .y ) *  f < ( x  ) , l i n  A  a (x ,y ) =  f 2 (x  )  ,
( x ,y ) —>• (x o ,0 )  1 0 ( x ,y ) -y ( x 0 ,0 )  2 0

f ^ , f 2 being g iv en  fu n c tio n s .

2 . Let P ( x ,y ) , Q ( s , t ) ,  P /  Q, denote the p o in ts  o f the plane and 

l e t
r 2 = f x - s ) 2 ♦ ( y - t ) 2 .

Let

(3 )  U (r) = ü (P ,Q ) »  cr ^ ( o r ) ,

where K ^ c r )  denotes the Mac Donald fu n c tio n s  w ith  index n ([3 ] ,p .115). 

Using the form u lae(ГЗ]» p .117)

O )

we g e t

C5)

! V s >)=  -  zX - i ( s >*

h (*~a = ■  z_n]W z)’

A q U (P ,Q )=  -2 c 2E0(o r) +  c3r L ,( o r ) =  - г с ^ С о г ' ) *  c ^ r ) .

The co n d itio n s (5 )  and ( [ 1 ] ,  p .1 1 5 )

A ^ 0C c r ) -  c2Ko(c r )=  0 ,  P i  Q,

imply th a t the fu n ctio n  defined by (3 )  s a t i s f i e s  the equation (1 )  w ith 
re sp e c t to  the p o in t P i  Q.
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з .  L et D denote the bounded domain and S I t s  boundary o f  the
A

c la s s  C »

Theorem 1 . I f  the fo n ctio n  u (P ) i s  o f c la s s  0ł  In  I  and o f 
c la s s  <u in  i t s  o losu re  and u (P) s a t i s f i e s  th e  equation (1 )  in  the 

domain D, then

(6) 20*
4 ^ 0 *

-  3|£a i  [ A qü (p .Q ) -  a c ^ p . q ) ] +

d A u ( q ) 
dn

i f  p e dn s, 
i f  P € ( d u s )',

n denotes the inward normal.

P ro o f. Prom the form ulae ( [ 2 ] ,  p .2 3 0  v . I  and p .2 0 0  v . I l )  we ge t

( ? )  j  [u  ( A ^ v  -  2c2A v  + o \ ) ~  t ( a 2 u -  2o2Au + c*u)]dxdy =
D ,
f  r .  d A q  « 2_ du . ~ 2 „  dv A „ dv ^ do „ d A y  .
J LT “3n" ~ 2c^  3n 2c u 3 n “ Л и 3 п + Д у 3 п “ Q “3n“Jd8'
S

where n denotes the inward normal.
Let v (Q )=  U (P ,q ) .  I f  P £  ( P u S ) '  then the fu n c tio n  TJ(P,Q) a a tie - 

f i e s  the equation (1 ) in  D w ith  re sp e c t to  the p o in t Q; hence (б ) i s  
s a t i s f i e d .  Let P be an in te r io r  p o in t o f  domain D and Kg denote the 
c i r c l e  w ith  cen ter P  and ra d iu s B . The fu n c tio n  U (P ,Q ) s a t i s f i e s  
the equation (1 ) w ith  re sp e c t to  the p o in t Q in  the domain DnKg. Prom 
(? )  we get

0 = Ifr(P.Q) ̂ % L 9 l - 2o2u(p,q) + 2o2u(q) ♦
SuSg Q

-  a u ( q )  + a qd (p , q )  .  u (q )d- ^ P- - - ] deQ

where Sg denotes the circum ference o f  the c i r c l e  Kg.
Prom ( 3 ) ,  ( 4 )  and ( 5 )  fo llo w s th a t

d A  u (p ,q )
— f c-- 5 - 2 c 2 K1( oB )+ c 4B K0( cb )

on S g .
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Hence we have

S [ ü (P ,Q )  -  S e V p . Q )  â a $ j2  + 2c2u (q ) +

- Aa(q) +A4u(p,q) ^ 2  .  u(q) ] deQ ,

sBK1 ( c B ) J ^ - ^ 2 ) ds -  2c3B Ł ,(cB ) J  S j j ^ d e  + 20*8^ ( 08) [  u ( q ) ds

SB

-  c2BK0 (oB) J  u (q ) ds + [ - 2 c2K0( cB ) + o3HL|(oB)] \  ds +

Sb Sb

- [ - 2 с 2Е Ц ( с В )  + c 4BK0 (cB)] f  a (q )  d s .

h

Prom the asym ptotic p r o p e rtie s  o f  the Mac Donald fu n ctio n s  ( [ 3 ] , p .  
14 6) fo llo w s th a t

11m BK (cB ) = 0 , 
B -»0+ 0

lim  cB K .(c B )  = 1. 
B ->0+ ^

Hence 

|cB L ,(c B ) ] ds| ^  H, oB ^ ( o B )  г э г В -М ) ,  when B - t O ,

SB

K0(cB ) f  ds | <  ^  ко(о в ) 2 T B —> 0 ,  when В — > 0 ;

SB

where
.  .u p  1 3 â | M | , .
QeSg QéSg

By means o f  a s im ila r  e stim a tio n  we g e t

c2B Ł|(cB) J  ds — >  0 ,  when В —> 0 .

Sfi

Prom the c o n tin u ity  o f the fu n ctio n  u fo llo w s  th a t for every 6 > 0  
there e x is t  BQ >  0 suoh th a t fo r  every Q €  Sg and 0 <  В <  BQ

|u(Q) -  u ( P ) l < £ ,

hence | J  [ e C q ) -  a ( p ) ]  dsq |4 2 X 6 в

Sb
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and
11т+2с2БЦ (cB) J  u (Q ) ds =^lim +4 ir c 2BK1 (c B )u (p )=  4OTc2u (P).

R->0
J B

Finally, we get

4 tto2u (P) = $ [u (P ,Q ) -  г о ^ Р . О  +
S

Q <5

♦ Aq UCP.Q) .  ufQ) d-A | ^ -P— ] « * Q.

From the above form ula we g e t (6 )  when P i s  the in te r io r  poin t o f the 
domain D.

Let
4 . Let denote the h a lf -p la n e  t >  0 and P ( x ,y ) , Q ( s , t )  6  Bj*

r 12 = (x  -  s ) 2 + ( y  + t ) 2 , B2 = ( x - s ) 2 + y2 .

Theorem 2 . The fu n ctio n  

Св) G (P ,Q ) = U (r ) -  U (r1 )

Is  the Green fu n ctio n  fo r  the equation ( l ) ,  fo r  E^ w ith a po le  P with 
the boundary co n d itio n s

( 9 )  G (P,Q )
t=0

°> ^G(p,q)| = o,
t=0

P ro o f. The fu n c tio n  tJ(r.j) i s  o f  c la s s  fo r  t  >  0 w ith re sp e ct
to Q and s a t i s f i e s  the equation ( 1 ) .  Por t  = 0 we have r = r^ = B,
0(P,Q)| = 0 .

|t=0

Lf
A ^ G (P ,q )=  - 2 о2 [ к о ( о г) -  K g fc r ^ J  + o2 [ o z ^ T e z ) -  c r1K1 (c r 1) ] ,  

then Д ^ Р . О Ц  = 0.

A pplying the form ula (6 ) fo r  D = e | , fo r m a lly , we ge t
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oo

u(P) = — g I u f s . t ^ c ^ U C r )  -  DfcA ^ ïïfr )]  +

+ п , .а ( 8 ,о [ л ^ и ( г )  -  го 2! ^ ) ] +

-  A u (s ,t )D t ü (r) + Dt A a ( s , t )  U(r)j| йв,
oo |t=Q

0 = Ц a f s .o j â c ^ U C r ^ -  Dfc Д ^ г . , ) ]  +

+ Dt a ( s , t ) [ A QU ( i1) -  20^ ( 2^ ]  +

-  A u (e ,t )D t U(r1) + U(r,])Dt  A u ( s ,t ) j  d s.
|t=0

from the above formulae using (2 ) and ( 9) *e obtain
OO

( 10) u(P) = - J - g  Г f ^ e ^ C ^ G f P . Q ) -  Dt A QG(P,o3 ds +
4Jrc i -  t =0

OO

-  (  f 2(s )D t G(P,Q)
4jtc^ J £ 1

d s .
t=0

Prom ( 4) and (8 )  I t  fo llo w s th a t 

Dt G(P,Q) = 2c2y I 0 f c B ) ,
t=0

Dt A qG (P ,Q ) = - A c W ^ f c B )  + 2 c V 0 (c B ) ,
t s  0

hence

(11) u(P) = 55т  j ” ^ ( 8 ) [ 2 о  В “1у К 1( о Э ) +  oZ7  K0 (c B )]d a  +
—DO

-  ^ f 2 ( s ) y  K0 (c B ) da.

5 . We s h a ll  prove under oonvenlent assumptions o f  th e  fu n c tio n s  f ^ ,  
f 2 th a t the fu n ctio n  u (z ,y )  g iven  by the form ula (1 1 )  s a t i s f i e s  the 

equation (1 )  In  Sg and the boundary data ( 2 ) .
We s h a l l  g iv e  the fo llo w in g  lemmas [ 4 ] .

Lemma 1 . I f  the fu n c tio n  f  i s  a b so lu te ly  in te g r a b le  in  th e  in ­
te r v a l (-ос, oo), then the in te g r a l

I ( x ,y ) = - j -  [  f ( s )  K0 (o B ) da
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i s  o f  c la s s  C °°  in
OO

V  ql ( l ’y) = Ь  [ f  0> D W ° B) dS*
^  -OO

TVynrng ? . i f  th e  fu n tio n  f  i s  a b so lu te ly  in te g r a b le  in  the in ter­

v a l ( - 00, oo) and oontinuos a t the p o in t x Q, then
OO

£  j" Г С в Э с у В ^ К ^ с В И з  — > t C x J  as ( x ,y ) - * ( x 0 ,0 +) .
-oo

We s h a l l  prove

Lemma 3 . I f  the fu n c tio n  f  
te rV a l ( - 00, 00) ,  then

OO

J  f ( s )y K 0 (cB )d s — > 0
-OO

P ro o f. The fu n c tio n  KQ(cB ) i s  n on -n egative  and d ecreasin g fo r  B >  0 
( [ 3 ] ,  p .1 4 6 ) .  Prom the asym ptotic form ula ( [ з ] .  р .1 4 б )

i s  a b so lu te ly  in te g r a b le  in  the in -  

as ( x ,y ) — *  (x 0 ,0 ) .

K0 (c y )^ *  In  ■ £ - ,  
y -» 0 +

we g e t  lim  у  К (с у )  = 0 . 
у  —» 0+

Because B > y > 0 ,  then

f (s )y K 0(cB )d s l 4  yKQ(c y )  ^ I f  (s )| a s -^ 0 , when y - ^ 0 + .

Theorem 3 . I f  the fu n ctio n s f ^ , f g  are a b so lu te ly  in te g r a b le  in  
the in te r v a l C-oo, oo) and continuous a t  the p o in t x Q, then th e  func­
t io n  u (x ,y )  d efin ed  by the form ula (11) i s  a s o lu tio n  o f  the equation
(1 ) in  the h a lf -p la n e  y >  0 and s a t i s f i e s  the boundary co n d itio n s (2 ).

P ro o f. I t  i s  easy to  observe th a t

2cB- 1 L ,( c B )  = -  2DyZ0 (c B ) .

Prom lemma 1 fo llo w s  th a t th e  fu n c tio n  u (x ,y )  g iv e n  by the formula (10) 
r e s p . (11) i s  o f  c la s s  C °°  in  Bg and

OO

( A -  S2 )2u (x ,y )=  - 1 - 2  J  f - j ( э ) (Д р -с 2) 2 [г с 2 DbG (P ,Q )-I>tAQG(P,Q)]|<i^

1
4JTC'

OO

J ^ ( в К А р - с 2) 2! ) ^ , ^ ds = 
=0
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_1___
4-Зг o'

\  ^ ( s î f a À ^ y ^ J ^ p . q )  ♦

-  Dt A Q(Ap-o2 ) 2G(P,Q)]|t=o da +
oo

-  f  f 2 ^ Dt^A î “ ° 2 ^2G^P,4;)| 38 = °»

because the function  G(P,Q ) s a t is f ie s  the equation (1 ) fo r  P /  0,-
From lemmas 2 and 3 follow s that the function  u(p) s a t i s f ie s  the 

boundary condition

lim  u(p ) = f ( x  )
( i ,y ) -> { io ,0 )

Concerning th e  p ro o f o f th e  second boundary c o n d itio n  we apply the 
formula

A p (y K 0 (o B ))«  y A p K 0fc B ) + 2ВуК0СоВ).
л

Since the fu n c tio n  KQ(cB ) s a t i s f i e s  the equation  A u  -  c u =0 in the 
h a lf -p la n e  y >  0 ,  we ob ta in

A p (yK0 CcB))= c2y Г0(сВ ) + 2DyZ0 (cB ).

Prom (Ч) DyK0 (cB ) = -oB -1 yŁ] ( c B ) , henoe

A p C c B ^ y ^ C o B ))»  -A p D y Z 0 (o B ) = -  Dy(ApK0(c r ) )  =

= -  Dy (c 2S 0 (cB)) = -c ^ y B ^ K , (cB ) •

Using lemma 1 , we g e t
oo oo

A u (P )=  5^  J  f 1C s ) c V 0(cB )d s + J  f 2( s ) [ 2 c  B- 1 yL] C cB )-c^ K ^ cB)] ds.
-oo -oo

Applying once more lemmas 2 and 3 we obtain

lim A  u(p)
Cx,y)-»(x0,0) *2( x J  *
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