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ON THE BIQUIEB PBOBLU1 POB THE EQUATION (4 - C2)2u(x,y)= 0
IN THE HAIP-FLANE

1. In this paper we construct the solation of the equation

(1) (A-02)2u(x,y) = A2n (x,y)- 2c2 u(x,y) + odu(x,y)= O
with ¢ as a positive oonstant, in the half-plane y > O satisfying

the boundary data

(2) lim afx.y)* f<(x ), lin A a(x,y)= f2(x )
(x,y)—>(x0,0) 10 (x,y)-y(x0,0)

f~, f2 being given functions.

2. Let P(x,y), Q(s,t), P/ Q, denote the points of the plane and
let

r2 = fx-s)2 ¢ (y-t)2.
Let
(3) U(r) = a(P,Q) » cr ~(or),

where K~cr) denotes the Mac Donald functions with index n([3] ,p.115).
Using the formulae(3]» p.117)

! V s>)= - zX -i (s>
o)
h a =1 znW 2z)’
we get
Cc5) AqU(P,Q)= -2c2EO(or)+ c3rL,(or)= -rc~"Cor')* c”~r).

The conditions (5) and ([1], p.115)

A~ 0Ccr)- c2Ko(cr)= 0, P i Q,

imply that the function defined by (3) satisfies the equation (1) with
respect to the point P i Q.
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3. Let D denote the bounded domain and S |Its boundary of the
class C »

Theorem 1. |If the fonction u(P) is of class O In | and of
class <« in its olosure and u(P) satisfies the equation (1) in the
domain D, then

6) 20*
4/\0*

- 3l£ai [A qu(p.Q) - ac”p.q)] *

if pe dns,

dA u(a)
dn if PE€(dus),

n denotes the inward normal.

Proof. Prom the formulae ([2], p.230 v.l and p.200 v.Il) we get

(?) j [u (A”Mv - 2c2Av + 0\)~ t(a2u - 202Au + c*u)]ldxdy =

D ,
fr. dAgq « 2 du . ~2, dv W ALdv do . . dAY . |
JLT “3n"~2¢~ 3n 2cu3dn“ i 3n+ y3n« Q“3nJIds

wn

where n denotes the inward normal.

Let v(Q)= U(P,q). If PE£ (PuS)' then the function TJ(P,Q) aatie-
fies the equation (1) in D with respect to the point Q; hence (6) is
satisfied. Let P be an interior point of domain D and Kg denote the
circle with center P and radius B. The function U(P,Q) satisfies
the equation (1) with respect to the point Q in the domain DnKg. Prom
(?) we get

0=WP . ... -APYP  +24Q) ¢

SuSg Q
- au(q) +aaqd(p,q) .u(g)d A P--]1deQ

where Sg denotes the circumference of the circle Kg.
Prom (3), (4) and (5) follows that

dA u(p.q)
fc— 5 -2c2K1( oB)+ c4B KO(cb)

on Sg.
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Hence we have

S [a(P.Q) - SeVp.Q) aasj2 + 2c2u(q) +
- Aa(q) +Adu(p,a) * 2 . u(a) ] deQ,

sBK1(cB)J~-~2)ds - 2c3BL,(cB) J Sjjrde + 208~ (08)[ u(q) ds
SB

- Cc2BKO(oB) J u(q) ds + [-2c2KO(cB) + o3HL](oB)] \ ds +
Sb Sb

-[-2c 260 (cB) + c4aBKO(cB)] f a(qg) ds.

h

Prom the asymptotic properties of the Mac Donald functions ([3],p.
146) follows that

11m BK (cB) = 0, lim cB K.(cB) = 1.
B-»0+ 0 B->0+ ~
Hence
|cB L,(cB) ] ds|] ~ H, oB ~(oB) rarB-M), when B-tO,
SB
Ko(cB) f ds]< ~ ko(oB) 2TB—0, when B —> O;
SB
where
.up 13a| M|,
QeSg QéSg

By means of a similar estimation we get
c2B L|(cB) J ds —> 0, when B —>0.
Sfi
Prom the continuity of the function u follows that for every 6>0
there exist BQ> 0 suoh that for every Q € Sg and 0< B< BQ
lu@Q) - u(P)I<£,

hence 13 [eCqg)- a(p)] dsq¥ 2 X 6 B

Sb
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and
11T+2¢2B (cB) J u(Q) dS =~lim+4irc2BK1(cB)u(p)= 40Tc2u (P).
R->0
B
Finally, we get
4tto2u(P) = $[u(P.Q) - To”~P.O +
S
Q 5
¢+ Agq UCP.Q) . ufQ) dA |~ P— ] «*Q.

From the above formula we get (6) when P is the interior point of the
domain D.

4. Let denote the half-plane t> 0 and P(x,y), Q(s,t) 6 Bj*
Let
ri2 = (x - s)2 +(y + t)2, B2 = (x-s)2 + y2.

Theorem 2. The function
Cs) G(P,Q) = U(r) - U(r1)

Is the Green function for the equation (l), for E~ with a pole P with
the boundary conditions

(9) G(PQ % "G(p.a)l =o
t=0 t=0
Proof. The function t)(r.j) is of class for t> 0 with respect
to Q and satisfies the equation (1). Por t =0 we have r = r~ = B,
o(P.Q)I = 0.
It=
Lf

ANG(P,q)= -202[ko(or)- Kgfcr™) + 02[oz"Tez)- crlKl(crl)],

then [~ P.0L =0.

Applying the formula (6) for D =e], formally, we get
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oo

ulP)= — g lufs.t*c~UCr) - DfAANTIfr)] +
+ n,a(8,0[n*un(r) - ro2!~ )]+

- Au(s,t)Dtu(r) + DtAa(s,t) U®njl s,
00 |t=Q
0 = Llafs.ojacrUCr”~- D4 ~r.,)] +

+ Dta(s,t)[A QU(i1)- 20~ (2~] +

- Au(e,t)DtU(r1) + U(r,])DtAu(s,t)j ds.

|t=0
from the above formulae using (2) and (9) *e obtain
(10) ulP) =-J-g I fre~rC~GfP.Q)- DtA QG(P,03 ds +
Arc  i- t=0
- ( f2(s)DtG(P,Q) ds.
4jtc J £ 1 =0
Prom (4) and (8) It follows that
DtG(P,Q) = 2c2yl0fcB),
t=0
DtA gG(P,Q) =-AcW ~fcB) + 2cV 0(cB),
ts 0
hence
(11) uP) =55 j» ~(8)[20 B“LyKk1(03)+ 0Z7 KO(cB)]da +
- N f2(s)y KO(cB) da.
5. We shall prove under oonvenlent assumptions of the functions f*,

f2 that the function u(z,y) given by the formula (11) satisfies the
equation (1) In Sg and the boundary data (2).
We shall give the following lemmas [4].

Lemma 1. |If the function f is absolutely integrable in the in-
terval (-oc, 0o0), then the integral

I(x,y)=-j- [ f(s) KO(oB) da
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is of class C°° in

V d(l'y) =b [f0> D W °B)dS*

™nmg ?.  if the funtion f is absolutely integrable in the inter-

val (-00, o) and oontinuos at the point xQ, then
oo
£ j" TCB3cyBA"K~"cBN3 — > tCxJ as (x,y)-*(x0,0+).
-00

We shall prove

Lemma 3. |If the function f is absolutely integrable in the in-
terval (-00,00, then
oo

J f(s)yKO0O(cB)ds —> 0 as (x,y)—* (x0,0).

-OO0

Proof. The function KQ(cB) is non-negative and decreasing for B> 0
([3], p.146). Prom the asymptotic formula ([3]. p.146)

KO(cy)™* In mE-,
y-»0+

we get lim y K (cy) = 0.
y —» 0+
Because B>y>0, then

f(s)yKO(cB)dsl 4 yKQ(cy) ~ If (s)]as-~0, when y-~0+.

Theorem 3. If the functions f~, fg are absolutely integrable in
the interval C-o00, 00) and continuous at the point xQ, then the func-
tion u(x,y) defined by the formula (11) is a solution of the equation
(1) in the half-plane y > 0 and satisfies the boundary conditions (2).

Proof. It is easy to observe that
2cB-1L,(cB) = - 2DyZ0(cB).

Prom lemma 1 follows that the function u(x,y) given by the formula (10)
resp. (11) is of class C°° in Bg and
[e]e}

(A - S2)2u(x,y)= -1-2 J f-j(3)(Ap-c2)2[rc2 DbG(P,Q)-1>tAQG(P,Q)]I<iN

oo

1
41C

\]’\(BKAp-CZ)Z!)’\ , N ds =
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A A(sTfaAry~rJrp.q) ¢
43r o '

- DtA Q(Ap-02)2G(P,Q)]It=0 da +
00

- f f2 ~ DthAT “°272G"P,4;)] 38 = °»
because the function G(P,Q) satisfies the equation (1) for P/ 0-

From lemmas 2 and 3 follows that the function u(p) satisfies the
boundary condition

lim  u(p) = f(x )
(i,y)->{io,0)

Concerning the proof of the second boundary condition we apply the
formula

Ap(yK0O(oB))«x yApKO0fcB) + 2ByKOCoB).

Since the function KQ(cB) satisfies the equation Au - ¢ u =0 in the
half-plane y > 0, we obtain

A p(yKOCcB))= c2y Io(cB) + 2DyZ0(cB).
Prom (4Y) DyKO(cB) = -oB-1yt] (cB), henoe
ApCcB~y~CoB))» -ApDyzZ0(oB) = - Dy(ApKO(cr)) =

= - Dy (c2S0(cB)) = -cryB"K, (cB) *

Using lemma 1, we get

00 00
Au(P)= 5~ ] fiCs)cV 0(cB)ds + J f2(s)[2c B-1yL] CcB)-c"K~cB)] ds.
-00 -00

Applying once more lemmas 2 and 3 we obtain

AUP)  wp(yg

Cxy)>0,0)
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