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OH THS NEUMANN PHOBLEIT FOB CERTAIN ANGULAB DOMAINS

1. In this papai we shall give the solution of the Neumann probl>m
for the equation

(1) Au(x,y) =0

in the domain

(2) D=j(x,y): O<y<x,0<x<oo0]
with the boundary conditions

(©)) Dnu(x,O) =f—£x)t

® Dau(x,x) = f2(x),

where n denotes an inward normal.

2. In order to solve the problem (1), (3)«x (A) we shall construct
a convenient Green function using the method of symmetric images.Let 1n
denote the straightline t=0,12; t=s,lj: ssO, I*t t=-s. Let X,(x,y)
denote the point of the plane (s,t), X»£ D.X”"y.x) the point symme-
tric to Xj with respect to 12,I"(-y,x) the point symmetric to Xg with
respect to 1j,X"~(-x,y) the point symmetric to Xj with respect to
14 X~(-x,y) the point symmetric to X~ with respect to I>j,Xg(-y, -Xx)
the point symmetric to X~ with respect to 12,Xy(y,-x) the point sym-
metric to Xg with respect tolj,Xg(x,-y) the point symmetric to Xj,
with respect to 1.

Let T(s,t) denote an arbitrary point belonging to the closure D
of the domain D.

Let

(5) A - (s-x)2 +(t-y)2, r2 =(s-y)2 +(t-x)2,
A = (s+x)2 +(t-y)2, rr =(s+y)2 +(t-x)2,
r2 = (s+x)2 +(t+y)2, r|] =(s+y)2 +(t+x)2,

17 = 0"%)2 +0+y)2, A =(s-y)2 +(t+x)2.
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i+ teR. then
(6) *1er2:Bl<r3=r’\=Bz,r5:r6:BS,r7:r8:B4.
If 1 E then
(7) yp= 7 - PS5 r3=r5=Bg r2=r8 =87 *4=1r6= B8

Ta shall prove

Theorem 1. The function

8

(s’ G(x,y; s.t) :Jd_=1 Inr

y the Green function for the domain D and the Neumann problem.

Proof. The function G(X,T) is a harmonic function with recpect to the
point T.

-1 £F=~Z+1 . + 1_5:| +1_ bz
"rl *1 *7 *7 *3 *3 r5 r5
1 t-x + 1_ t+x + 1_ t+x |

r2 *2 r8 r8 16 26It=0

For T € 12 vle get

dgas = Foig- Do) = 0.
I t=s
For In r3 % In rg We obtain
Da(m : In : _1 Lstx L 8ni
r3 + 28 1 »3 +3 I8 I8
Hence
#3 + " Tgnjt=0 = o
Similarly
Dn(ln xx + in rd)|tafc = 0, for i =1,3 = 2,
i =43 =17,
i =5d =

3. Applying the formulae (6), (?) weget

(9) G(x,y;s,0) =In +In Bg + In Br,+ In BQ,

(10) G(x,y;s,s) =In B + In B2 + In Bj+ In B".
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Let

(11) u(x,y)=" \frsjGfe.yts.oldds + 7~ | f2(s)G(x,yjs,s)ds "M« (xX.y),
i 0 1=1
where «

(12) Jo(x,y)="jt2(s') In Blds, J2(x,y)= i~ f2fe;in B2ds,
€)) (€]
Jj(x»y)= 37*2fe) 111 B3ds« V. X'7)= WAF2/8)I11 V 1+*

J5(x,y)=~ " (s ) la B5ds, J6(x,y)= j*~CeUn Bgds,

J?2(x,y)* f-,(s) In Br~ds, J8(x,y)= 1J~CslJIn Bgds.
0

4. In order to prove that wu(x,y) 1is a solution of the problem (1}
(3)» (4) we shall give the convenient lemmas. Let W denote a rectan-
gle
(13) Vv =j(xy); a<x<A0< b<y<B}

the set
(14) W, ={(x,y); ¢ < x< C,0< d< y<f£ x d},

a,A,c,C being arbitrary numbers and b,B,d,D arbitrary positive numbers.
I7e assume that the functions f(a), f2(s) are bounded and conti-
nuous and for every 1T>0
0o

(1) jjIfAsTlIn si ds <oe
N
and »
() JIf2(s)]1In slds«*> t
H
Prom (1), (Il) it follows that f~fs) and f2(s) are absolutely
integrable.
Let

N a max (|~ (s)] , Ifgfeijl).

Lemma 1. The integrals k,k=1,2,3.4 are uniformly convergent in
every W

Proof. Tg shall prove this lemma for the integral J*I'x.t) .Por J2'J3'J4
the proof is analogous. Let £> 0 be an arbitrary positive number.For
s>3Q we have

(15) jS~"Ce-x)2 + y2 /™ 2s

for every (x,y) belonging to a bounded domain.
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Hence foi s > s , dAWun,&) we obtain
Q U o0 %)

51£.)] 11&[(»402 + y2]' as 4 [if~1lln 2slds™ 2 [f~(s)]]Insl ds<£
M n u
foi every (x,y) € W The above inequality is a sufficient condition foi
the uniformly convergence of the integral

lemma 2. The integrals Jp,p=5,6,7t8 are uniformly convergent in
every W.

Proof. We shall give the proof only for Jy Por Jg,V,Jg the proof
is analogous. Applying the inequality (15) we get
e e} o

\If2(s)l In Y(s-x)2+(s-y)2 ds42 \ |f2(s)l]In slds4e

H N
for every point Cx,y) € fc,.
Let 0o
(16) Ejkl = Jf»~r s )y~~~ , dk=0,1,2% 1=1,2,3,4,

v-0

(17) Hikp S F2(s.D1jykHpdss 1icsO»1y2] p=516]7]8>

Lemma 3. The integrals (16) are uniformly oonvergent in every set
7N and the integrals (17) are uniformly convergent®in every set

Proof. Por s>N the integral M\ Xjds or MEA(s) 1 In slds
T s «
is a majorant for all integrals (16), (1?) and this is a sufficient con-
dition for the uniform convergence of the integrals (16), (17)e
Prom lemma 3 follows

Lemma 4. |If the assumptions of the foregoing lemma are satisfied
then
Vi
(18) \ f.jcsIiD~fcBj. as, j, k=0,1,2, 1=1,2,3,4,
BX ~ (X,7) =
(19) \ f2(s)b~"Bp ds, 3, k=0,1,2, p=5,6,7,8.

® *v *Cx,y )
Lemma 5. The function u(x,y) defined by the formula (11) is of
class C2 in the domain 3 and satisfies the equation (1).
Proof. Applying lemmas 3,4,5 we obtain n
Au(x,y)= I Bfrenryscx.yjs.oids +J J~<aiv_<k(x,yis,s)d3-0
since G(xfy;s,t) is osymmetric and 0

A Xf7G(x,y;s.Q= 0, ~ x>y<*(x,y;3,3)= 0.
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5. Now we shall prove that the fonction o(x,y) defined by fosma-
la (11)satisfies the boundary conditions (3), (A).
Let

fL(s)s fj*s) for s>0, and fjCs)= 0 for e<0,i*1,2.

Prom (18), 09) it follows that
(20) Dyo(x,y) = K~x.yH Kg(x,y)+ £~ Tx.y)* Ka(x,y)+ ~(x,y),
where (o]

V x»y>s T \ ?iCs) (e-xfg; y? d8>

00
5i(4 (s-7)51™ * f.4)Y N e
= (14
V -il .
o0} _
Nec(x,y)=~ [ £.(8)— rd-~-i--K + - g -] —»"l as.
* & 1 V x)2+(8-3j? (e-x)2+(s+y)24

Dnu(*.y) = ~ (oy4 - Dxu) = Kg(x,y) + Kri(x,y) + Kg(x,y) +

Kg(x,y)+ L,0(x,y) + KLl(x,y) + BL2(x,y) + b,5(x.,y),

where
=w \
o.
! —— fo(s) .- n - M1 glds,
Voxy) VU Lty (sty) T XA L
O r
% *’ =V \ 1] ' ~ T % '
R A A TV "I 7

N\
Voxy) T W 208k U, 5/ = ;éfﬂ/afﬂ*--

fa

Ki<c, J
y) 0 f2(04 (e-x)2+(S-~ C8-X)2+ Ce-y)2 | afl’

' NMUalt AL

E11(X )

1
<
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00
' -3 y e 3 - 1
&.2(*.7) g [ +y X
I(s+x)2+(s-y)2 fs-x)2+(s+y)2]
1
£.3(x.y) 8 + Yy S + X _
(s+x)2+(s-y)2 (stXx)2+(s+y)2 ]
7e shall prove
lemma 6. |If the functions f~ ,fg satisfy the assumptions of the
lemmas 1-3 then
(21) Dyu(x,y) — > V x0,0) as (x,y)—e¢ (x0,0+), x0> O,
(22) ADyu{x,7) - Dzu(x\y)) - _ p W Vv *
as (x,y) —» (x0,x0), ¥< X, x0> 0.
Proof of 21
KjCx.y)— (see [11),
0o 0j
[I"<*X)< 1 »» ) jlby . <! *y$ at 0.

Applying the uniform convergence of the integrals K~*.,3=3,4,5,
we get

E-j(x.,y) > Kj(xo0,0) =0, 3 = 3*AR5*

Proof of (22). Applying the uniform convergence of the convenient inte-
grals we get

Kiocxy)—-Kd@ Xo)=0, 3=6,7,8,9, 11,12,13-
After the change of the variable

$-x = t(x-y), s-y = (t-1) (x-y),

we get 00

(23) V (e 777N " - 7 at = 1.
) (x-y)2(t2 +(t-D)2

Since

HO4) -1 B8 -

=f(*)m
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oo

£0CxA - W =jF JIfe 3) *2(xe] MbK "(@ 33 = PL(1»7)*

Let £ denote an arbitrary positive number and 6 such a number
that

I1fgCs)-f2(i0)]<e , if le-x0l< S , e>0.

Let denote the set B ={s : Is—a0l> 6} and B2 the set
B2 ={s sls-x]> £}. |x-x0] < j-j. Since B23B1 we get

X-T
s SE2(s)- F2X0) (o xya(s.yy ZT(3N 1 var - <
— (8 +(Sy)2
<Iw)l 0.5 x> X0y y ysy
>3 (g . «
For P,j(x,y) we get the estimation
IpAx.y) < | f 1 (v s) - f2(xo3)l ds +
Is. Wit f1 ' I yyv

. 2M[J XAIA  ds.
()
From the above inequality it follows that

L,0(x»y) — * f2(x0)* ** (x»y)— >fxo'V *x> y,lo> °°
From lemmas 1,2,3,*,5»6 follows

Theorem 2. |If the functions f*tf2 are oontinous, bounded and sa-
tisfy the assumptions (i), (Il1) then the function u(x,y) defined try the
formula (11) is the solution of the problem (1), (3)» (*m)e
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