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OH THS NEUMANN PHOBLEIÎ FOB CERTAIN ANGULAB DOMAINS

1 . In  th is  papai we s h a ll  g iv e  the so lu tio n  o f  the Neumann probl>m 
for the equation

(1) A u ( x ,y )  = О 

in  th e  domain

( 2 )  ' D = j ( x , y ) :  0 < y < x ,0 < x < o o |

w ith the boundary co n d itio n s

(3) D u(x,0) = f-(x)t
n 1

(A) Dau (x ,x )  = f 2 ( x ) ,

where n denotes an inward normal.

2 .  In  order to  so lv e  the problem ( 1 ) ,  (3 )«  (A ) we s h a ll  co n stru ct
a convenient Green fu n c tio n  using the method o f symmetric im ages.Let 1^ 
denote the s tr a ig h t  l in e  t= 0 , 12 ; t = s , l j :  ssO , l^ t  t = - s .  Let X ,( x ,y )
denote the p o in t o f  the plane ( s , t ) ,  X  ̂ £  D .X ^ y .x )  the p o in t symme
t r i c  to  Xj w ith re sp e c t to  l 2 , I ^ ( - y , x )  the p o in t symmetric to  Xg with 
re sp e c t to  l j ,X ^ ( - x ,y )  the p o in t symmetric to  X j  w ith  re sp e c t to  
l 4 ,X ^ ( -x ,y )  the p o in t symmetric to  X^ w ith  re sp e c t to  l> j ,X g ( -y , - x )  
the p o in t symmetric to  X^ w ith re sp e c t to  l 2 ,X y (y ,-x )  the p o in t sym
m etric to  Xg w ith  re sp e c t to  l j , X g ( x , - y )  the p o in t symmetric to  Xj,
w ith re sp e c t to  1^ .

L et T ( s , t )  denote an a rb itr a ry  p o in t belonging to  the c lo su re  D 
o f the domain D.

Let

( 5 )  Ą  -  ( s - x ) 2 + ( t - y ) 2 , r 2 = ( s - y ) 2 + ( t - x ) 2 ,

Ą  = (s + x )2 + ( t - y ) 2 , r^  = (s + y )2 + ( t - x ) 2 , 

r 2 = ( s + x )2 + ( t + y )2 , r|  = (s + y )2 + ( t + x ) 2 ,

17 = 0"*)2 +0+y)2, Ą  = (s-y)2 +(t+x)2.
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I f t e i2. then

(6) *1 e r2 = B1< r 3 = r^ = B2 , r 5 = r 6 = B3 , r 7 = r 8 = B4 .

I f I  É then

(7 ) r1 = r 7
= b5 , r 3 = r 5 = Bg, r 2 = r 8 = B7 , *4 = r 6 = B8 .

та s h a ll  prove 

Theorem 1 . The fu n ction
8

(S ' G (x ,y ; s . t )  = J L  In  г
i=1

у  the Green fu n ctio n  fo r  the domain D and the Neumann problem.

P roof. The fu n c tio n  G (X ,T ) i s  a harmonic fu n c tio n  w ith recpect to the 
poin t T .

- 1_ £=Z + 1_
"  r 1 *1 *7

+
*7

+ 1_5=l
*3 *3

+ 1 _  b±Z
г 5 r 5

+

1 t - x  + 1 _  t+x  + 1 _  t+x  I 
r2 *2 г 8 r 8 I 6 26 lt= o

For

For

Hence

T €  12 v/e g e t

dqg  = f O t G

In r 3 ■4- In r 8

Da ( m :
r3 +

In  :

■r3 + In  :

-  D в ) !
I t= s

we ob tain

8^| t=o = ° ‘

= 0 .

_ 1
28 1

1 s+x 

*3 *3
_L §ni .
r8 r8

S im ila r ly

Dn( ln  x± + in  r d) | tafc = 0 , fo r i  = 1 , 3  = 2 , 

i  = 4 ,3  = 7 , 
i  = 5 ,d  = 6 .

3 . Applying the formulae ( 6 ) ,  ( ? )  we g e t

(9 ) G ( x ,y ;s ,o )  = In  + In  Bg + In  Br, + In  BQ,

(10) G ( x ,y ;s ,s )  = In  B  ̂ + In  B2 + In  B j + In  B^.
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Let

(11) u (x ,y )  = ^  \  f ^ s j G f e .y t s .o J d s  + ^  I f 2 ( s ) G ( x ,y j s ,s ) d s  ^ ^ « ( х . у ) ,
i  0 1=1

where «

(1 2 ) J . , ( x ,y )  = ^ j t 2 (s') In  B1d s , J 2 ( x ,y ) =  i ^ f 2 f e ; i n  B2d8,

Ob OO

J j ( x »y) = 3 ^ * 2 fe )  111 B3d s « V X ' 7) = W ^ f 2^s)l11 V 1**

J 5 (x ,y ) =  ^ ^ ( s )  l a  B5d s , J 6 (x ,y ) =  j ^ ^ C e U n  B gd s,

J ? ( x ,y ) *  f - , ( s )  In  Br^ds, J 8 ( x ,y ) =  1  J ^ C s J l n  B gds.

0

4 .  In  order to  prove th a t u (x ,y )  i s  a s o lu tio n  o f  the problem (1}
(3 )»  (4 )  we s h a ll  g iv e  the convenient lemmas. Let W denote a re c ta n 

g le

(13) V = j (x ,y )  ; a <  x  <  A ,0  <  b <  у <  в}, 
the s e t

(1 4 ) W., = { (x ,y )  ; c <  x  <  C ,0  <  d <  y<£ x  d } ,

a ,A ,c ,C  being a r b itr a r y  numbers and b ,B ,d ,D  a r b itr a r y  p o s it iv e  numbers.
!7e assume th a t the fu n ctio n s  f (a) , f 2 ( s )  are bounded and c o n t i

nuous and fo r  every ÎT >0
00

( I )  j j l f ^ s î l l ln  si ds < o e
N

and »

( I I )  J l f 2 (s)||ln s l d s « * >  t
H

Prom ( I ) ,  ( I I )  i t  fo llo w s th a t f ^ f s )  and f 2 ( s )  are a b so lu te ly  
in te g r a b le .

Let
И a max ( |f^ ( s)| , I fg fe j l) .

Lemma 1 . The in te g r a ls  ;Тк ,к = 1 ,2 ,3 .4  are uniform ly convergent in
every W.

P ro o f. T.q s h a l l  prove th is  lemma fo r  the in te g r a l  J^ I'x . t ) .P or J2’ J3 ’ J 4 
the p roof i s  analogous. Let £ >  0 be an a r b itr a r y  p o s it iv e  number.For 
s > 3 Q we have

(15) j S ^ C e - x ) 2 + y2 ^  2s

fo r  every ( x ,y )  belon gin g to  a bounded domain.
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Hence f o i  s >  s , Я (и ,& ) we ob tain
Oo U оO oo

5 | £ ,(e )| | l& [(»4 Û 2 + y2]! as 4  [ i f ^ l l l n  2s! d s ^  2 I f^ (s)||ln sl ds<£ 
M n u

f o i  every ( x ,y )  € W. The above in e q u a lity  i s  a s u f f ic ie n t  condition fo i 
the uniform ly convergence o f  the in te g r a l

lemma 2 . The in te g r a ls  J p ,p = 5 ,6 ,7 t8 are uniform ly convergent in
every W1 .

P ro o f. We s h a ll  g iv e  the p roof on ly fo r  J y  Por J g ,JV ,,Jg  the proof 
i s  analogous. Applying the in e q u a lity  (15) we g e t

OO OO

\  I f 2 (s )l In  У ( s - x ) 2+ ( s - y ) 2 d s4 2  \  | f 2 (s )l| ln  s l d s 4 e
H N

for every p o in t C x ,y ) € fc ,.
Let o o

p
(16) E j k l  = J f ^ s ) ^ ^ ,

v-O

d ,k = 0 ,1 ,2 $  1 = 1 ,2 ,3 ,4 ,

(17) Hjkp = S f 2 (s ,D I j ykHpd s * îj»icsO»1 y2| p=516|7|8*

Lemma 3 . The in te g r a ls  (16) are uniform ly oonvergent in  every s e t
7! and the in te g r a ls  (1 7 ) are uniform ly convergent^in  every s e t  .

P ro o f. Por s > N  the in te g r a l  M \ X jd s  or ^)f^(s)||ln  s ld s
Ï  s «

i s  a majorant f o r  a l l  in te g r a ls  (1 6 ) , (1 ? )  and th is  i s  a s u f f ic ie n t  con
d it io n  fo r  the uniform convergence o f the in te g r a ls  (1 6 ) , (17) •

Prom lemma 3 fo llo w s

Lemma 4 .  I f  the assumptions o f the fo reg o in g  lemma are s a t i s f ie d
then OOЛ
(18)

ВХ ^ (Х ,7 )  =
\  f .jC s JD ^ fc B j. a s ,  j ,  k = 0 ,1 ,2 ,  1 = 1 ,2 ,3 ,4 ,

oo

(19)
® * v * Cx,y ) =

\  f 2 ( s ) D ^ ^ B p d s , 3 , k = 0 ,1 ,2 ,  p = 5 ,6 ,7 ,8 .

Lemma 5 .  The fu n c tio n  u (x ,y ) defined by the form ula (1 1 ) i s  of 
c la s s  C2 in  the domain Э and s a t i s f i e s  the equation ( 1 ) .

P ro o f. Applying lemmas 3 ,4 ,5  we ob ta in  ^

A u ( x ,y ) =  i  5 f ^ e ^ y S C x . y j s . o î d s  + J  J ^ < a iV _ < ł(x ,y is ,s )d 3 - 0
о 0

sin ce  G (x fy ; s , t )  i s  symmetric and

A X f7G ( x ,y ; s .0) =  0 , ^ х>у< * (х ,у ;з ,з )  = 0 .
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5 . Now we s h a ll  prove th a t the fo n c tio n  o (x ,y )  d efin ed  by f osma

l a  (1 1 )s a t is f ie s  the  boundary co n d itio n s  (3),  (A ) .

Let

f L(s )s  f j^ s )  fo r  s > 0 ,  and f jC s )=  0 fo r  e < 0 , i * 1 , 2 .  

Prom (1 8 ) , 0 9 )  i t  fo llo w s  th a t

(2 0 ) Dy o (x ,y ) = K ^ x .y H  K g (x ,y )+  К ^ Г х . у ) *  K4 (x ,y )  + ^ ( x , y ) ,

where oo

V x »y>s î  \  ?i Cs) (e -x f g ;  y?  d8>

oo

5i(4 (s-7)51 ^  * f .4 )1/ ^ **•

V -  i I “•
OO -

N c ( x ,y )= ^  [  £ . ( в ) — r4-~- i - -к + ------- g -  Д — »"l as.
^  *  Jc 1 V x ) 2+(8-3j? (e -x )2+ (s+ y)2 -I

Dnu (* .y )  = ^ ( о у ч  -  Dx u) = K g (x ,y ) + K r;(x ,y) + K g (x ,y ) +

= K g (x ,y )+  L ,0 (x ,y )  + K11( x ,y )  + В Ц 2 ( х , у )  + b ,5( x ,y )  ,

where

= w  \
o.

V x 'y) = =* \ fo (s ) • • -n -  1 И 1 -g I dS,
2 L (в+х)^+ у  (s+y) г+ х^ 1

O* r

% (* ,y ) = ÿ  \ У ’ г а ' г й ' * 'o u Ve «7/ * л J  J

V x *y) “  T  \ f 2 (3 )[ , . U 5 / j  ■ ; . : л а :  îsl *■•^ *“' / T A ' eTA/ T #

Ki<^c,y) = X1 J 
0 f2 (04 ( e -x )2+ (S- ^  C8-X)2+ Ce-y)2 | afl'

Ł11(x ,j)  = y  J 
0 '^Ua7̂ 1 *ХДг»*1 “ ■
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& ,2 (* .7 )

£ , 3 (х ,у )

oo

CO

[' - 3  +  y  , .......3 -  x  1
l(s+x)2+ ( s - y ) 2 f s - x ) 2+ (s + y )2 J

Г -1I 12<s) 8 +  y S  -ł- X

|(s+x)2+ ( s - y ) 2 (s + x )2+ (s + y )2 j

7e s h a ll  prove

lemma 6 . I f  the fu n ctio n s  f ^ , f g  s a t i s f y  the assumptions o f  the
lemmas 1 -3  then

(21) Dy u (x ,y) — > V x O, 0 ) as ( x , y ) — ♦  (x 0 ,0 +) ,  x 0 >  0 ,

(2 2 ) ^ D y u {x ,7) -  Dz u (x ,y )) - — i> W V *

as (x ,y )  — » (x 0 ,x 0) , У <  X , x0 >  0 .

Proof o f 21 .

Kj Cx . y ) — ( s ee [ 1 ] ) ,

oo Oj

|^<*,X )I <  I  »  »  J  j J Ł y .  < !  *  у  $ at о .

Applying the uniform convergence o f  the in te g r a ls  K^.,3=3 ,4 ,5 ,  
we g e t

E -j(x ,y ) >  K j(x o ,0 )  = 0 ,  3 = 3*^»5*

Proof o f  ( 2 2 ) .  Applying the uniform convergence o f the convenient inte
g r a ls  we g e t

KjCx.y)--Kd(z0,Xo)= 0, 3 = 6,7,8,9, 11,12,13-

A fte r  the change o f the v a r ia b le

s - x  = t ( x - y ) ,  s -y  = ( t - 1 )  ( x - y ) ,  

we g e t oo

(2 3)

Since

v  (  ---------- 7 7 7 ^ ' - ------ Г7 a t  = 1 .
J  ( x - y ) 2 ( t 2 + ( t - D ) 2-  OC/ 
o O

Ł|0<I,r) - 'I  J»<S’ ** ’
= f  ( * )  ■
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OO

Ł,oCx ^ -  W  = jF J J f e 3) '  *2(хо>] ^9: Ł)K "(a: ^  33 = P1( I »7 ) *
— ©o

L et £ denote an a rb itr a ry  p o s it iv e  number and 6 such a number
th a t

I f g C s ) - f 2 ( i 0) | < e  , i f  le -x 0 l <  S  ,  e > 0 .

Let denote the s e t  B  ̂ = {  s  : I s —ac0l >  6  }  and B2 the s e t

B2 = { s  s l s - x | >  £ } .  |x -x 0| <  j - j .  S in ce  В2 Э В 1 we g e t

> I ( 3 N  l v aa- -  <Ь  S(f2(s)- f2(xo))
X - T

< IW)I

( s - x ) + ( s - y ) ‘

du

>2 ( g  .  «2
0 , as x - > x 0 ,y

—  ( 8  + (S- y ) 2

V х  >  y .

For P ,j(x ,y )  we g e t the estim a tio n

I p ^ x .y ) !  <  l  f  I ( v s ) -  f 2 ( x o>)l
lc. w i * Л '  / У *is - v « f y V

ds +

. 2M Г x -  у
J (7-7 ) ^ ^

From the above in e q u a lity  i t  fo llo w s th a t

d s .

L ,0( x »y) — *  f 2 (x o) * ** ( x »y ) — > fxo ' V  * x  >  y , I o >  ° ‘

From lemmas 1 ,2 ,3 ,* ,5 » б  fo llo w s

Theorem 2 . I f  th e  fu n c tio n s  f^ tf 2 are oo n tin ou s, bounded and sa 
t i s f y  the assum ptions ( i ) ,  ( I I )  then th e  fu n c tio n  u (x ,y )  defined try the 
form ula (11) i s  the s o lu tio n  o f  the problem ( 1 ) ,  (3 )»  (**■)•
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