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ON THE SOLUTION OF THE EQUATION F j (x. p>) .об) « F3(x,oL/b)

Introduction

This note is the continuation of the note [l-], and therefore we 
shall use here the symbols, definitions and theorems given in £l]. The 
numeration here will be the continuation of the numeration in [lj. In this 
paper we shall consider the equation

where the functions Fi»F2 ' F3 ягв Partially defined in the set XxAxAxG, 
and the values of there functions belong to the set X. We shall give some 
theorems, enabling us to find the solution of the equation (ii) from the so

lutions of the equation

which has been solved in [l]. In a particular case we obtain the solutions 

of the equation

and the solutions of this equation with the identity condition. Dealing 
with the solutions of the equation (ii) we use the solution of the transla
tion equation on the group given by Z. Moszner in [2̂ . More detailed infor
mations of the earlier results regarding the solutions of the equation' (ii) 

will be given in this paper.
Let X be an arbitrary set, (A»’) an arbitrary structure, „о" the super

position of functions in the set [X- О > defined as follows:

(Ü)

fog: ={(x.y) : x 6 Dg л g (x) 6 Df л y = f (g (x)) j .

It is easy to verify that is a semigroup with a unit and

that the identity function on X /designed by!/ is that unit.
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Definition 15. The triplet of functions (f̂ .Fg.Fg) ̂  [* x A—e->xjv 

will be called the solution of the equation

(38) F1(F2(x*/î)-ob) = F3(x, об-p) .

if for arbitrary oC,^«A such that Coi|j?>)£D, and for an arbitrary xeX 
the following condition is satisfied:

^  f(x,/5)EDF A(F20«.ye).ee>OF л F3(x,oî )]t
2. 1 3

Definition 16. We shall denote by XI the set of all triplets 
(f »F 2 *F3) € [x x A-e-*Xj3 such that for arbitrary xeX and arbitrary 
pair (t£,,n>)fD# the following condition is satisfied

M  [cU °F A ptDp^A oCf«Dp^J==>{[(x ,fb) Ć DF^A(F2( x , ^ ) ^ ) e  Dpk=>[(x,oc.^>)e D^]

Theorem 13. The triplet of functions F̂i'F2,F3) [* x A x] 3 is
a solution from the set Q  of equation (38) iff there exists in the set 
[A— e—>[x c--?Xj]3 the triplet of functions sat_siying the equ
ation

(41) H1 (o6) Oj H2 (p ,) = H 3 U - ( b )

such that the following conditions are satisfied:
*

(42) (x,'cO) € Of -  ) (oie DH л xfe DH w)) for xtX, c£e A, i = 1,2,3,

(43) (x.oi) 6 Ор===Ф Fi(xKi) =[Hi(ot)l(x) .for *tX, o( £ A, i = 1,2,3.

Proof. Let the triplet of functions (Fi»F2 *F3) e XI satisfy equa
tion (38) .

Let us put %

Ĥ ot) : =|(x,y) :| (je, oi,) t Dp a у = Fi(x,oi)] for оC £ Dp , i ■ 1,2,3.

Let (cb,p>)6D,, c<CtOH , /3feDH , oi>|?>£DH . Then

°F1' ^|£DF2' ^'Pt0F3- 

! —
From the above, using (F̂ ,F2,F3)é we get

[(x.fb) F dF2a (F2^x* f t )  • ^ df Ł Dpi for xtX,
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whence

°H1 (*) о H2Cpf0H3Co6 ̂ -

For x € D we obtain
H3U-/i)

(HjWo Н2С^)Сх)»[н1(оЬ)] ([h2Ĉ ) '1 w) = F1(F2(x..̂ ),eCl = F3(x,^) = 

= [h3 ( o i-p)](.x) ,

thus the triplet (Ĥ .Hg.Hg) satisfies equation (4l) . From the defini

tion of functions it follows that conditions (42) and (43)

hold.

Let us assume now that the triplet Н̂1 »Н2 ,нз) L [a— [x— 3 satis

fies equation (4l) and let (f^,F2,F3) € [ x  x A o- >x ] 3 be a triplet such

that conditions (42) and (43) hold. Let (oi(ft)tOo, oCeDp.psDp , сО-ЛбОр . 
Then ' 1 2 I 3

o i € DH * p 6 DH • at ć Dh 

and we obtain

h1U') 0 H2(p) = H3(ot-p>) ,

and hence

V )  о H2(|b) = DH3W'p)

whence

[ (x.|b)€ Dp^A (FgCx.p') .O i) € Ор]ф=)>[(х,Л.р) É' Df̂ ] for xtX.

thus the triplet (Fi*F2*F3)̂  ̂  • Let us assume that (x, o i - f b) £ Dp . 
Then

(x,̂ >) ć Dp̂  and (F2(x,^),oi) e Dp̂  

and we get
ч.

F1 (F2 (x.(3>)|Ji) = fHi  U ) ] ( [  Н2 ^ Я  ^  0 H2 ( p ^  ^ x) =

= [нз(о6‘р>)1 ( x) = F3(x,oi‘̂>).

Therefore the triplet of functions (Fj,F2,F3) satisfies equation (38), 

which completes the proof.
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C o r o lla r y  5 . The t r i p l e t  of functions ( f , F , f ) 6 Q  s a t i s f i e s  equation 

(зв) i f f  there e x is t s  a function H in the set  [ a —o—>[x—e~»x]} such that 

the t r i p l e t  (H,H,H) s a t i s f i e s  equation (4l) , and the follow in g condi

tion s are f u l f i l l e d :

(44) (x ,  oL) € ------>(oL € Он д x e PH(flL>) for x fcX , « /«A ,

(4 5 ) (x, эо) € O p = j > F ( x K Ł )  ■ [ н  Cot)] (x) for x € X ,  Л е д .

\

Vie s h a l l  now give  some lemmas about the r e g u la r i t y  of elements in the s e 

migroup ( [ X —e-»x] , o) .

Lemma 9. Right regular elements of the set [X—1*-»-x] are the func
tion s the range of which i s  the se t  X, i . e .

f £ [X------- x ] < î = = *  Qf -  X.

P r o o f. Let f be an a r b itr a r y  element of the se t  [x-«-»x)rr. Then 

for a r b itr a r y  gL .g 2 € we have

(46) g j  о f  ■ g2 о f = ^ g 1 -  g2 .

Of cou rse. Of С X. Let us suppose that X \ 0 f / 0  and l e t  x0 Ł X \ 0 f . 
Let x1#x2 be a rb itr ar y  elements of the set  X such that /  Xg.
Denoting

(x for x f xQ, x e x ,

xt  for x ■ x0 , for i  » 1 , 2 ,

we obtain for x € X

(Sj 0 * ) ( * ) ■  9 Ł( f  U ) )  « f (x )«  g2 (f(x)) ш (g2 о f ) ( x ) ,

i  . e .
gx о f = g2 о f ,

whence , by (4б)

9l - 92-

which is  contrary to the d e f in it io n  of g L and g2 « Therefore the condi
tion f t [ X —» -» x ]rr implies 0^ = X, which c lo se s  the f i r s t  part of the 

p ro o f.
Let now f be a function such that Qf = X and l e t  and g2 be arb i
trary functions such that
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(47) g? o f * g2 o f.

Let x be an arbitrary element of the set D . There exists x in the 
0 9i

set D, such that f(x> = x„. Thus x„ D Hence and by C47)г о 0 gf ° r 7 /
x* 0 r ,g2° f

whence x £ D . Therefore D C 0 . One can show analogously that
0 92 91 92

D„ C D„ . Thus D = On .
92 91 91 92
Moreover, we have

9^ ^ )  = 9j (f(x)) “ (gj O f ) (x) « (g2 o f) (.X) = g2 (f (x)) = g ^ x ^  .

whence the functions ĝ  and g2 are equal. We have thus proved that the
condition = X implies the condition f fc [x-- >x]rr, which completes

the proof.

Lemma 10. Left regular elements of the set [_ X- o->x] are the one- 

to-one functions on X, i.e.

f t[x--»x] L 0f = X and f is one-to-one function].

Proof . Let f € [x-^x]lr. Then, for arbitrary functions g^g^ 
we have

(4 8 ) f o ' g j  « f о 92= ф  9 1 = 92 '

Let us suppose that X \D ̂ / 0. Putting

gx(x) î = x for x 6 Df,

g2U) : = x for x £ X,

we obtain that 

(4 9) f о дг = f о g2,

whence, by definitions of functions дг and g2, ĝ  ̂= g2, which is con
trary to the definitions of functions дг and g2- Thus 0̂  = X.
Let us now suppose that f is not a one-to-one function, i.e. t h e r e  exists 
XjyXgé X such that x̂  / x2 and fCXj) = f (x2> . Let x0 be an a r b i t r a r y ,  

fixed point of the set X.
Let us put

f  X for X  ^  xc ,

9XU) = \
for x * xQ, i = 1,2.
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F or  x /  x we have  
о

( f  O gx)  ( x . ' *  H g j O O )  ■  f ( g 2 ( x j  ' ■  (f 0 9 2)  ^x ) •

and f o r  x = x we a et  о s

if O g1) ( x 0 ] = f  ( gŁ( x 0>) = f U j )  = f  i * 2) = f ( g 2 ( x 0)) = (f o g2)  ( х ^  .

t hus e q u a l i t y  ( 4 9 )  h o l d s .  T h e r e f o r e  д г  *  g2 , wh ic h  i s  c o n t r a r y  t o  t h e  

d e f i n i t i o n s  o f  f u n c t i o n s  д г  and g 2< Thus f  i s  a o n e - t o - o n e  f u n c t i o n .  

L e t  now f  6 [ X—e- >x ]  be an a r b i t r a r y  o n e - t o - o n e  f u n c t i o n  w i t h  t h e  domain

X,  and l e t  and g2 be a r b i t r a r y  f u n c t i o n s  f rom t h e  s e t  [ x —e -> X^

such t h a t

SO) f  o g Ł = f  о  д 2 .

L e t  х  be an a r b i t r a r y  e l e m e n t  o f  the s e t  D . T h e n ,  g . ( x ) è D _ ,  when-
i t

ce x t  i and c o n s e q u e n t l y ,  by ( 5 0 ) ,  x 6 D f 0 g • Thus x e  ° g  • 0ne

can c o n c l u d e  f rom t h i s  t h a t  D C D , and show analogously that D h D
9i g2 9l 92

M o r e o v e r ,  f o r  x t  we have

(f о  gt ) ( x )  = ( f  о  g2) Qx) ,

hence

f ( g t Cx)) -  f ( .92 (xV/ • 

f i s  an o n e - t o - o n e  f u n c t i o n ,  thus

91lx) » g2U) ,

i . e .  д г  = g2 .

Hence f  b e l o ng s  t o t h e  s e t  [ x -------* -x ] ^r , whi ch  c o m p l e t e s  t he  p r o o f .

S i n c e  { [  X—e—>Xj , 0 i i s  a s e mi gr oup  w i t h  the u n i t  we o b t a i n ,  by lemmas ( 9)

and ( Ю )  , the f o l l o w i n g  lemma

Lemma Ц . f  i s  a s t r i c t l y  r e g u l a r  e l e m e n t  o f  t h e  s e t  [ x - о  ->x ]  i f f  

f i s  an o r . e - t o - o n e  f u n c t i o n  such t h a t  = X = G ^ , i . e .  f  i s  a b i s e c 

t i o n  on the s e t  X .

L e t  us now put  ( К ,« = ( j X —&—>Xj , o)  i n  d e f i n i t i o n  1 3 .  We o b t a i n

Theorem 1 3 . Xf i n  d e f i n i t i o n  12 we put  (  К  ,* ) = ÎJ_X—e—»x] ,o ) , t he n Г 
i s  the s e t  o f  a l l  t r i p l e t s  £ [ a  x A x G~e~>l_X—e-->x] j 3 such t h a t

the f o l l o w i n g  c o n d i t i o n s  a r e  f u l f i l l e d :
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(51) DH M DH » DH ,
1 2 3

(52) D2  ̂ * D j^ .

(53) C ,  > dJ  x o j  x G for i  .  1 , 2 , 3 ,
Mi  Hi

(54) there e x is t s  an element i  t such that
H1

H ( S .b .e )  i s  a b i je c t i o n  on the set  X for b 6 D2 ,
1 1

(5 5 ) there e x i s t s  an element c fc o2 such that H „(b ,c ,e )  i s  a func-

2 1t ion  with the range X for b € Dr; .
2

Let ^ [X x A x A x G------ » x ] 2 . Let us denote

D 1 ■ >(а,Ь,об) s V [ ( x ,a ,b ,o 6 )  e D p i ' ,  i  ■ 1 , 2 , 3 .
1 v x i

Let Г1  be the set  of a l l  t r i p l e t s  of functions

^ Fl ' F2 ' F3^ * [x x A x A x G..o-->x]3 s a t i s f y in g  condit ion (40).

D e f in it io n  1 7 . We s h a l l  denote by .Q  the set of a l l  t r i p l e t s  

(?! , F2 ,F3') s a t i s f y in g  the following conditions

1°. 5, « Ü2 .  53,

2 ° .  О? -  D2 ,
1 2

3 ° .  0 4 “ O2 x D2 x G for i  « 1 , 2 , 3 ,
1

4 . there e x is t s  an element à fcof such that the function
1

x-----^ F 1( x ,B ,b ,e )  for x fc |_x : ( x , a , b , e )  ć Dp ^

3
i s  a b i je c t io n  on the set X for b £ Dp ,

1

5°. there exists an element c 6 Dp such that the function
2

x------ >F? (x ,b ,c ,e )  for x è [ x  i ( x , b , ' c , e U  D . )
* 2

2
has the range equal to X for b £ D_ .
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It is easy to see that the replacement of condition 5° in definition 17 

by the following condition

5' there exists btO‘ and ctO. such that the function
2 2

x-- »-F (b,c,e) for x t lx ; (x ,b c,e) £ D_ $
Ł 2

has the range X,
does not change the s e t  of s o l u t i o n s  from the s e t  X I  of  equation (.38) .
We shall show now that for the triplet satisfying equa

tion (56) the following condition

Op = X x A x A x G  for i •» 1,2,3
i

need not be satisfying. It is illustrated by the following example:

Example 6. Let X be the set of real numbers, (G,*) the multipli
cative semigroup modulo 4, A a two-element set ^a,b} . Let us define

the function F as follows:

F (x, a , b ,rq) = x for x fc R, a , b 6 A, о ^ 0(, / 2,

F (£,a,b,uC) « x for x 6 (o,+oo), a,b £ A, o(,€{.0,2} .

It is easy to verify that the triplet (F,F,f) is a solution from the set 

П  of equation (56), and that the set X x A x A x G  is not the domain
of the function F.

Theorem 15. The triplet of functions ^  ,F2, F̂ ) t [x x A x A x G-^x]3 

is a solution from the set О  of the equation

f55) Fj (F2(x,b,c ,ĵ) ,a,b,a) = F3 (x ,a ,c ,ct-p)

iff there e x i s t s  in the se t  P a t r i p l e t  s a t i s f y i n g  the equa
tion

57) H^a.b.a) о H2(b,c,/b) = H3(a,c,c b ‘ {b) 

such that the following conditions are fulfilled:

53) (x ,a , b ,o0 £ Dp4=>[(a ,b ,oC) é DH л x Ł D . b Л for i = 1,2,3, 
i i i4 ’ '°c '

<p9) F A(x ,a ,b fit.) = [н^а ,b ,«.)! (x) for (x,a,b,oc)£ Dp , i Ł 1,2,3.
i

Proof. Let the triplet (Fj,F2,F3)£П  satisfy equation (56).
Let us put
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Н Д а . Ь . о б )  : = { ( х , у )  : (х ,а  ,b ^ o ")  <Ł 0 р л у = F ( x , a , b , t O i
ri 1

f o r  ( a , b , e i ) t Ô i f  i  = 1 , 2 , 3 .

S in c e  (,F1 , F 2 ,F 3) & Г1  ,  and by lemmas 11 and 9 we o b t a i n  t h a t

( H l f H2 .H3) 6 n

Lpt now ( a , b , л )  é DH , ( b , c , | j )  é  0 H , ( a  c , o i - | i )  £ .  I t  f o l l o w s  from

t h i s  th at  ( a , b ,o 6 ) ć  , ( b . c . p )  6 D̂, (a ,c  , об-p )  e Dg.

Hence, s in c e  П  C C l we g et

DH1 (a ,b ,oc)  о H2 ( b ,c , p )  = DH3 (.a ,c ,o i .p ) '

One can show a n a l o g o u s l y  a s  i n  theorem 13 t h a t  (Hi r H2 ,H3) s a t i s f i e s  equ

a t i o n  (.57) .

L e t  us now assume t h a t  th e  t r i p l e t  s a t i s f i e s  e q u a t i o n  (.57),

and l e t  ( F i , F2 , jx x A x  A x G  - e - y X ^3 be a t r i p l e t  o f  f u n c t i o n s  such th a t  

c o n d i t i o n s  (5 8 )  and (57) are  f u l f i l l e d .  L e t  (a ,b  406)6 D ^ b  , c  ,р>) i  D2 ,(e,c,oc 

S i n c e  (,H1 ( H2 ,H3)  s a t i s f i e s  e q u a t i o n  (5 7 )  we have

[ ( j t . b . c . p )  € DF^A(.F2 ( . x , b , c , ^ ) , a , b , o t ) e  Ор ] ^ = ^ [ ( х  , a  , c  ,  oi ■ Л) t  D_^l f o r  x e  X ,

th u s  ( f >f 2 »F3) € X I  . From theorem 14 and lemmas 9 and 11 i t  follows th a t  

f o r  th e  t r i p l e t  ( F ^ f F2 , .Fg) th e  o t h e r  c o n d i t i o n s  o f  d e f i n i t i o n  17 are fu l

f i l l e d ,  whence ( F j , F 2 ,F j ) ( { 1 .  M o re o v e r ,  f o r  (x ,a  , c  , o i* p )  fe Op we g e t

F1( f 2 ( x  , b , c  , a , b p i )  » [H 1 ( a , b , o t ) l  ( C H2 (b , c  ,p>)] (  x)) =

• Г н ^ ( а , Ь / 1 )  o H2 ( b , c  , р>)1 ( x )  = [ н 3 (а , c  ,  c i -p=)l (x) = F3 (x  ,a  , c  , о Л р ) .

Such th e  t r i p l e t  »P2 , F 3^ i s  t h e r e f o r e  th e  s o l u t i o n  o f  e q u a t io n  ( 5 б ) ,

which c o m p le t e s  the p r o o f .

In  v i r t u e  o f  theorem s 15 and 3 ,  arid lemmas 9 and 11 we can o b t a i n  the f o l 

lo w in g  th eo rem :

Theorem 1 6 . The t r i p l e t  i ' F2 ' F3^  ê [ x * A x A x G ~ o - ? x] 3 i s  a s o 

l u t i o n  from the s e t  j Q  o f  e q u a t i o n  (56)  i f f  the  f u n c t i o n s  Fi ' F2 ' F3 ^ ave 

th e  form

(60) F j ( x  ,a  ,b = [ ^ ( a ) 0 g',«0 0 f " 4 b ) ]  ( x )  ,

(pi) F2 (■* >a . ь д )  = [ f 2 (a) 0 gipO n f 3 (  b)l (x )  ,

(62) F3 (x , a , b ,об) = [ f 1 (a) 0 gipl) 0 f 3 (  b )J  (x) ,
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where

(63'' 6 |_А-б->[х fr-»xj] is a function such that there exists and ele

ment a D, such that f,.(5) is a bijection on the set X, 
rl 1

(64) f 2 t [ a - ^ * [ x—o -> x l rl  i . e .  f 2 (a) i s  a b i j e c t i o n  on the s e t  X

for every a t D.
T 2 ’

(65) f 3 fc [ a -^-»[x - o-» x ]]  i s  a function euch that there e x i s t s  an element

ctO, such that the range of f _ ( £ )  i s  the set  X, 
f3 J

(66) g is an arbitrary homomorphisn of (G,») in to  ( [ x —e-*x(] ,o) such 

that g (e) « I .
In p a r t i c u l a r ,  i f  (A x A x G, и ) i s  the product Brandt groupoid  

we can replace co n d itio n  ( б б ) , in v ir tu e  of lemma 8 ,  by the f o l l o 

wing con dition

(6 6 *) g is an a r b itr a r y  homomorphism of group (G,*) in to  ( [ x —»—»xl r>^.

Theorem 17. Let us assume that (H j i H2 ,H3 ) €  Г s a t i s f i e s  equation  

($7), and le t  ( f 1 , f 2 , f 3 , g ) t  Д  be the quadruple d i c t a t i n g  t h is  s o l u t io n .  

Then there e x i s t s  a s o lu t io n  ,Hi2 ,H3)  € Г of equation (67) such that'  

the con dition s

t67 > ° н ^ а , Ь Л )  " X for Ce.b.ot) 6 DH^  i  -  1 , 2 , 3 ,

(68) » .  (a.b.cd) l n •  H, ( а ,Ь ,ы )  for  (e ,b ,«i)  ć D i  -  1 ,2 ,3
3 ‘ ^ ( e . b ^ )  1 Hi*

are f u l f i l l e d  i f f  there e x i s t s  a homomorphism g of the semigroup 

*G,0 in to  (fx—m-»x3,o) s a t i a f y i n g  the fo llo w in g  co n d itio n s

(69) D-, . ■ X for OŁ 6 G,
9 W

(70) gc«t)l n » gU) for oté G.
9«)

Proof. Let (н ,Н2,Н3)еГ be a solution of equation (57) satis
fying conditions (67) and (68). Then there exists in the set Д  the quad

ruple of functions (.kj,k2,kg,g) dictating this solution. By (68) we obtain

(71. [fjCi) о g (о,) о f2Kb)](x) «[kjti) о g (ос) о k"1(b)3(x) for х е Он ь^у

where 3 is an arbitrary element satisfying (в), b is an arbit- 
гагу element of the set DH , <.(, is an arbitrary element of the
set G.
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In virtue of theorem 5 we obtain that there exists a function m €|_x-e-»x" 
such that

(72) k1?4à}= f1(,à)o m and k^b) = f2(b) 0 m.

By (7l) we get

(7 3) [gto)] (x) sl'f'Ha) 0 k1(5)o gCot)o k’4b)o f 2 C b"> 3 Cx) for xê 0̂ u ,.

Let us put

(74) L9 (°0 _1 Cx) : = [_f (̂â) о k1(à)o g(°0o k'Hb'Jo f2(b)](x) for xéX.

Functions occuring in the above formula are strictly regular elements of 
the semigroup ([X-̂ ©—»x3,o) , therefore for the function g condition (69) 
holds. Moreover, by (73) and (7 4) we can conclude that for the function g 

condition (7 0) holds. From (72) we get:

g о g ( / î )  *  f ' ^ J o  k ^ e ’o g W o  k " 4 b )o  f 2(b)o f j ^ â l o  k ^ â j o g ^ o  k*4 b )o  f 2 (b) •

.  f ’ ^ o  k j l i lo  g W l o n ' 1 0  f 24 b )o  f 2(b)o f " 4 S ) »  f j(â)o m 0  g>>)o k ' \ b ) o  f2(b). 

x f " 4 â ) o  k ^ i ) o  get.) о g ( p ) o  к ' Ч Ы о  f 2 (b) x 

•  f (â)  о ^ ( 0 ) 0  g о k‘ 4 b ) o  f 2 ( b ) *  g {Ы -‘ Л )

whence g is the homomorphism of (G,«) into ( [x—e->x] ,o) , which com

pletes the first part of the proof.
Let now g be a homomorphism of (G,*) into (i_X— ,o) satisfying

conditions (.69) and (7o) . Let us put for a €D, , bt D, :
fl r3

<*) for xe0f(a)'
Lki (x) : «

I х for xCX\Dfi(a),

k2 : " V

(|f 0>)] Oc) for x € D, « ,

[ k3 O) ] (x) s = i
U  for XSX\Df3Cb).

It is easy to see that the triplet (H^Hg.lO , dictated by the quadruple 
( k ^ , k 2 , k 2 , g )  is a solution from the set Г of equation ( 5 7 ) ,  satisfying 
conditions (67) and (68), which completes the proof.
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We shall show now that not for every homomorphism of semigroup (G,‘) into 
ĵ_X—e—»xl, o) there exist a homomorphism g satisfying conditions (.69)

and (70). It is illustrated by the following example:

Example 7. Let us put

X « {1 .2} , G = {ы,р,У).

Let us define operation in the set G as follows:

• Q(j fb ( 1
06 Л r
A r 0 6 r

T r t f

It is easy to verify that (.G,0 is a semigroup with the unit oL 
zero J .

Let g (̂') be an empty function, and let

[g (x) * x for x ■ 1 ,2 ,

Lg ((b)] (Л) “ 2 ,

[g C(S)] (2) - 1.

and the

It is easy to verify that g is a homomorphism of (.G,1) into ([x-e-»x] ,0) 
Let us suppose that g is a homomorphism of into ЦХ—■e—*x] ,0) sa
tisfying conditions (69) and (70) . Then we would have

Li (y)l(x) = [g O gĈ )](x) for X * 1,2,

which, in comparison with the definition of the function g is impossible 
Thus we have shown that there does not exist the homomorphism g fulfil
ling conditions (69̂ and 470) •

Lemma 12.  I f  g is a homomorphism of the semigroup ( G , 1) into 
< *X ,0 satisfying the condition

■ 5 ' l G  ̂ 09 c P ° g t p v . . - . |

then there exists a homomorphism g of the semigroup (,G ,*) into 
IJ* О-■*Xj ,o) satisfying conditions (.69) and (70) .

Propf . Let g be an a r b i t r a r y  homomorphism of the semigroup (g,*) 
in t o  ( 1/— >x] , o') s a t i s f y i n g  c o n d i t i o n  (75) .  I f  for  some Of,o ć. G,g(u60'
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is an empty function, then by (7 5) we obtain that for every обе G,g(p6) 

is an empty function. In this case it is sufficient to put, for example, 

that Lg C°0 ]Cx) = x for 06 £ G, x t X .

Let us now assume that g (pO is 3 non-empty function for every oL £ G.
Let us chose from each set D , . exactly one element x , in such man-

g W  ' »
ner that x„, = хл if D . = D . Let us define the function g

06 g (sO g Ш  a
for oLeG as follows: 1

, -, • fLgfeOJCx) for x (z D I
LgCcx.)](x) = . 9«)

LLgC«Lî]0O for xtx\og W .

Let °L \(b  be a r b i t r a r y  elem ents belonging to  the s e t  G .  Of c o u r s e ,  for

xto „ the e q u a l i t y
9W>p) ...

[ g  ( d û  о  g C f i ) 3  Cx) «  I  g C«x-po] (x)

h o l d s .

Suppose th a t  x € X \ D g ^  * S ince  g i s  a homomorphism s a t i s f y i n g  con

d i t i o n  (75) th e r e fo r e

D » D » О
9Cf>) . g w -л) gfeùg<f3)

and hence

L"g feO о g (p o l(x ) * [g  Coi) 3 ( [ g  (  p>)3 Cx)) » [g  Cot)] ( [ g  ( p ) l  (  x ^ )  »

» [g (o i) l  ( [ g ( p )   ̂ (  Xp,)) - [g (об) о g (p)l (  xp>) *

»[g Coi*p>)] (xp,) »[g (o6-p)](x) ,

which com pletes the p r o o f .
I t  i s  easy to  see th a t  i f  the homomorphism g o f  the semigroup (G ,« )  in to  

( jx —e - »Xl , 0) s a t i s f i e s  the c o n d it io n

(76) 4=tv> ■ V '
\

then g satisfies condition (75) . Hence and by lemma i2 it follows

Lemma 13. If g is the homomorphism of the semigroup (g ,*) into 
^X--0 »X] ,0) satisfying condition (76), then there exists a homomorphism 
g of the semigroup (g ,*) into ([х-®->х] ,0) such that conditions (69) 

and (7 0) hold.
The following example shows that if the homomorphism g of the semigroup
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VG ,')  in to  Ц х —t-^x] ,o}  s a t i s f i e s  co n d i t io n  (75? then c o n d i t io n  (,7б) 

need not be s a t i s f i e d .

Example 8 . Let us put

X : = { l , 2 , 3 ] ,  G

Let us d e f in e  the o p e ra t io n  „0 " in  G as fo l low s

a u
_2__* 1.? Д .

Г  * Г *  t\

I t  i s  easy to  see th a t  (G,«) i s  a semigroup. Let us put

L9 C°o>fe) = 1  fo r  x = 1 ,2 ,3 ,

19 tp )  ](x) = 1 fo r  x = 1 ,2 ,

j_g ; Л ] ^ х )  = 1 fo r  x * 1.
*4

I t  i s  easy to v e r i f y  th a t  g i s  the homomorphism of (G,*) in to  ((X—e-»x],o), 
ano th a t  i t  s a t i s f i e s  c o n d i t io n  (.75) and does not s a t i s f y  co n d i t io n  (76), 
Moreover, i t  i s  ev ident th a t  the c o n d i t io n

/  \ j Л -■ G 1  
^ t «5L US ^  9 l p>J

does not imply fo r  the homomorphism g co n d i t io n  (7 5 ) .

Lenna 14. I f  g i s  a homomorphism of the semigroup (G,*) in to
Л -i \

X e—>X.,o, and the fo llowing con d i t io n

(.77) A V  ( y - o l  = a )
où.i€ G XĆG ü

h o lds ,  then the homomorphism g s a t i s f i e s  c o n d i t io n  (76).

Prop f . Let g be an a r b i t r a r y  homomorphism of (G,-) in to  ([x—&->x(] , 0),
l e t  co n d i t io n  (77) hold and l e t  06 , a  £ G. Then the re  e x i s t s  in  G e l e -

I
r e n t s  >' г  and X 2 suc  ̂ tha t

£ ci = p  and К  2 ' ^  3 1

Hence, and from the fac t  th a t  g i s  a homomorphism, i t  follows th a t

g ( Vj) о  g vx.' * g ( a) and g  ̂у  2\ о  g (/S') « g (.od),

О .



Comparing the above equalities we arrive at the conclusion that condition 
(76) holds.

From lemmas 14 and 13 it follows

Corollary 6. For every homomorphism g of the group (g ,*) into 
o} there exists a homomorphism g of the group (G,0 into 

(j_X t>—>x[],o) such that conditions (69) and (70) hold;

Lemma 15. If g is a homomorphism of the semigroup (G,*) into 
([>■ o >xl ,o) and

(78) V  Л  [аф 0 ],
абХ o L €  G S&Ł)

then there exists a homomorphism g of the semigroup (g ,*) into ([x-o-^xj.o) 

satisfying conditions Сбэ) and (70) .
Го prove this it is sufficient to put

r , f[gCoL)l Cx) for *to
Lfl (c 6 )J(x )  : -  I

A  for x£x\ogw)1

Z ,  Moszner in paper [ _ solved the equation

(79) f(fOc.^) ,0i) » FCx.oi.p,)

in the class of functions [.X x G-->xl in the case when (G,«) is a group.

It is easy to see that this solution is equivalent to giving all the homo
morphisme of the group (G,0 into ( [ x — e-»x7 ,o) .
From corollary 6 it follows that we can obtain all homomorphisme of the 
group (.G,*) into ([X о >X~] ,0) by suitable restrictions of the homomor
phisme of (Ĝ )into (Lx-- *Xl ,o) . Therefore the problem of finding all
the homomorphisms of the group (G,*) into ([x— e->x] ,0) one can regard 
as solved and afterwards we shall make use of this fact.
From corollaries 3 and 5 it follows

Theorem 18. The function F defined on the set X x A x A x G and 
such that (f,F,f ) € I~1 satisfies the equation

(00) F (,F(x ,b ,C,̂ )ia ,b ,oi) » F(x,a,c,o£ |Ъ)

iff F has the form

(§l) F(x,a,b,ci) = [f(a) 0 gfct) о f_1(b)](x) for (_x,a,b,<k) 6 X x A x G,

where
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(82) f is an arbitrary element of the set Q a-- ь [x o ->x] ~],

(83) g is an arbitrary homomorphism of the semigroup (G,0 into
([x-- >x] .0) such that g (e) = I.

Corollary 7. In the particular case, ,vhen (a x  A x G,x) is a Brandt 
groupoid one can replace condition (83) in theorem 18, ir. virtue of lemmas 
8 and 12, by condition (66).

Theorem 19. The triplet of functions (н,Н,н)б[А x A x G— » [x-->x]]3

satisfying equation (5 7) belongs to the set Г iff
(ад) H(a,a,e) = I

for each a belonging to the set A.

Proof. From corollary 3 it follows immediately that if the domain of 
the function H is the set A x A x G, and if the triplet (h,H,h)ê 1 

satisfies equation (57), then H(a,a,e) = I for every at A,

Let now' H be a function satisfying equation (57) such that = A x AxG 
and let for every atA condition (84) hold. It follows from this that

H(a,b,e) о H(b,a,e) = H(a,a,e) for a,b € A,

whence

DHQa,b,e) = °H (a,b,e) = X*

Let * -^ < *2 be arbitrary, fixed elements of the set X such that 

[h (a,b,e)3 (Xj) =[h (a ,b,e)] (x2) .

Then

[h (b, a ,e) о H(a,b,e)] (x^ = (н(Ь,а,е) o H (a ,b,e)] (x2) ,

whence

[н(Ь,Ь,е)] (Xj) = [н(Ь,Ь,е)] (x̂ ) .

Hence and by (84) we obtain 

X1 = X2*

Thus we have proved that if a,b£A then H(a,b,e)€ [x— e-»x"]r. Hence it 
follows immediately that С н ,Н ,н )б Р  , which completes the proof.

In virtue of theorem 19 it follows immediately

Theorem 20. The triplet of functions (f,F,f) f [x x  A x  A x  G— »x33 

satisfying (56) belongs to the set 12 , iff
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(85) F (x , a , a , e) = х

for every as A and x é  X.

Moreover, from theorem 19 it follows that in theorem 18 the assumption 
(F,F,F)en can be replaced by condition (85) .

Now we shall give a solution of equation (56) which does not belong to 
the set XI .

Example 9. Let 
sLtive real numbers.

X be the set of real numbers 
(g ,«) an one-element group.

R, A the set of po

Let us define the function H as follows:

( X-----« for x € R, a = b = 1,

H (a , b) = J  X-- for x > 0, a = 1, b / 1,
x— »ax for x € R, a / 1, b = 1,
[x_ ^ l09bW for x >0, a / 1, b / 1.

It is easy to verify that the function H defined above is the homomor-
phism of the Brandt groupoid (a x A,*) into ([R—e-*«] ,o) . Therefore
in virtue of corollary 5, the function F defined as follows

F(x,a,b) : = [н(ь,Ь)1(х) for (a,b) £ 0H, x ć DH(a ,b)

is the solution of the equation

F (f (x ,b,c) ,a , b ) = F(x,a,c).

(f.F.f) i-Q because condition 4° definition 17 does not hold.

From theorems 15, 17 and corollary 6 it follows that if (a x A x G,m) is 

the product Brandt groupoid, then every solution (^ >F2 'F3 ) é XI of equa
tion (бб)(consequently every solution (f,F,f)£X1 of equation 8o) can 

be extended to the solution e9uation (56) such that

О- = X x A x A x G  for i = 1,2,3.
i

3. Tabor in paper [з ]  solved equation (8 0 )  in the case when (A x A x G,x) 
is the product Brandt groupoid and Dp = X x A x A x G. In a particular 
case 3 .  Tabor received solutions of equation (8 0 ) satisfying the identity 

condition

F(x,a,a ,e> = x for x6X, as A.

It. is easy to see that we obtained these solutions also in this paper as 
particular cases of solutions of equation (56) in the class XI . To use
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the form of solution given by 0. Tabor in paper [3] it is sufficient 

to apply in theorem 20 the following notation

Lf(a)]Cx) s « faU) ,

[g (ptYKx) s = gCx,d) .
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