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ON THE SOLUTION OF THE EQUATION Fj (X.p) .06) « F3(x,0/b)

Introduction

This note is the continuation of the note [I§, and therefore we
shall use here the symbols, definitions and theorems given in £1]. The
numeration here will be the continuation of the numeration in [1j. In this
paper we shall consider the equation

(U)
where the functions Fi»>'r3 arB Partially defined in the set XXAXAXG,
and the values of there functions belong to the set X. We shall give some

theorems, enabling us t find the solution of the equation (ii) from the so-
lutions of the equation

which has been solved in [1]. In a particular case we obtain the solutions
of the equation

and the solutions of this equation with the identity condition. Dealing
with the solutions of the equation (ii) we use the solution of the transla-
tion equation on the group given by Z. Moszner in [2*. More detailed infor-
mations of the earlier results regarding the solutions of the eguation® @)
will be given in this paper.

Let X be an arbitrary set, (A»?) an arbitrary structure, ,0' the super-
position of functions in the set [X-0 > defined as follows:

fog: ={(x.y) :x 6DgngQ® 60fny = FQX)J -

It is easy to verify that is a semigroup with a unit and
that the identity function on X /designed by!/ is that unit.
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Definition 15. The triplet of functions (F.Fg.Fg) ™ [* X A—e—=>Xjv
will be called the solution of the equation

@ FL(F2 &*/T)-ob) = F3(X, 06P) -

if for arbitrary oC,~«A such that QI|J>)D, and for an arbitrary xeX
the following condition is satisfied:

n (x,/5)EDF A(R2 O«_ye).ee>(]:l n 3 R3¢0t
2

Defjoition 16. We shall denote by X1 the set of all triplets
@ »F2 Ae*Xj3 such that for arbitrary xeX and arbitrary
pair (&, ,m>)# the following condition is satisfied

M [cU °F A ptDp*A oCf«DpN==>{[(x J5 C DF*A(F2(x,~)")e Dpk=>[(x,0c.">)e D*]

Theorem 13. The triplet of functions Fi"FR2,R) [*xA X]3 is
a solution from the set q of equation (@) iff there exists in the set

[A~e>x c—Xj]3 the triplet of functions sat_siying the equ-
ation
(41) H1(©6) § H2(p,) = H3U-(b)

such that the following conditions are satisfied:

@ *,"0) € of- )@ieDH n xfe DHw)) for xtX, cke A, i =1,2,3,

@ (xoi) 60p==0 Fi(xKp =[HI@I®) .for *tX, o(£ A, 1 =1,2,3.
Proof. Let the triplet of functions (Fi»R *s)eXl satisfy equa-

tion D) -
Let us put %

Hot) :=|xy) | e d)tDpay =Fikoi)] for «CEDp , i m1,2,3.

let (b,p)D,, cCH , /3RH , ob|>HH . Then
°F1* A|£DF2" ~*PtOF3-

1 —
From the abowve, using (P\,F2,R3)é we get

[x-Tb) F dF2a E2"x*tt) - ~ df t Dpi for xtX,
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whence

°H1(*) 0 H2CpfOH3EH-

For x€D ) we obtain
H3U-/1)

(HjWo H2CN)CO»[HI@)] (h2C) 1w) = FLE 6D, = FBB3(x,”) =

=30 i-MIC9.

thus the triplet (H*.Hg.Hg) satisfies equation (@) . Fron the defini-

tion of functions it followns that conditions (42) and @)
hold.
Let us assume now that the triplet MHi>H2 ,;8) L [a— K- 3 satis-

fies equation (@) and let (,F2,R3) €[x X A 0=x]3 bhe a triplet such

that conditions @) and (@) hold. Let @FOt0o, oCeDp.psDp , cO-JIB0p .
Then " 1 2 | 3

oi €DH *p6DH «a ¢Dn
and we obtain

h1iU™) o H2(p) = H3 @) ,
and hence

V' ) o H2@ = DH3W"p)
whence

[ x-I)EDP™A FEgXx.p) 0i) € Opld=)>[(x.N.p) E DFY for xtX.

thus the triplet GEiR2F3)N " o Let us assume that (X, oi-fb) £Dp .
Then

&) ¢Dbp*t ad (F2(x,"),0i) e D"
and we get

F1(F2 x(3)Pi) =fHi U)]([ 2~ 8 ~ 0 HR2(p~ ~X) =

=[BE@P>)L (X = FBX,00i7).

Therefore the triplet of functions (Fj ,R2,F3) satisfies equation (),
which completes the proof.
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Corollary 5. The triplet of functions (f,F,f)6Q satisfies equation

(3B) iff there exists a function H in the set [a—eo—>[x—e~»x]} such that

the triplet (H,H,H) satisfies equation (41) , and the following condi-
tions are fulfilled:

(44) x, M) € >(oL € OH g X €PHfL) for xfcX, «/«A,

@5) (x, 20) € Op=j>F(xKtL) = [H Coi] () for x€X, fep.

\
Ve shall now give some lemmas about the regularity of elements in the se-
migroup ([X—e-»x], 0) .

Lemma 9- Right regular elements of the set D(—I—»)g are the func-
tions the range of which is the set X, i.e.

Proof. Let f be an arbitrary element of the set [X—«—»x)rr- Then
for arbitrary gL.g2 € we have

(46) gj of mg2 o f="~¢g1l- g2.

Of course. Of C X. Let us suppose that X\0f /0 and let x0t X\OFf.

Let x1#x2 be arbitrary elements of the set X such that ! Xg.
Denoting
(x for x F xQ, xex,
X t for X ®m X0, for 1 » 1,2,

we obtain for x€ X

(8§ 0 *)(*)m 9k(fU)) « f(x)« g2 (f(x)) W(g2 o f)(x),

gx o f = g2 o f,

whence , by (46)
a - -

which is contrary to the definition of gL and g2« Therefore the condi-

tion f t[X—»-»x]rr implies 0N = X, which closes the first part of the
proof.

Let now f be a function such that Qf = X and let and g2 be arbi-
trary functions such that
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“n g?o f*g2o f.

Let X, be an arbitrary element of the set D9i . There exists Xx in te
set D such that T0e = Xx,. Thus X, Dgfor Hence and by CA7)

xX* 0

@
whence X £D . Therefore D C O . One can show analogously that
0o 92 91 92
D,CD, . Thus D =0n .
92 91 91 92

Moreover, we have
9nN) = 9j(f(x)) “(g) O f)(x)«(g2 o f) (R =0g2(f(x) = g"x" .

whence the functions g~ and g2 are equal. We have thus proved that the
condition =X implies the condition FTE[x— >x]rr, which completes
the proof.

Lerma 10. Left regular elements of the set [ X-0->X] are the one-
to-one functions on X, i.e.

ft[x— »] LOF=X and f is one-to-one function].

Proof . Let T€[x-~x]Ir. Then, for arbitrary functions g~g®
we have

(48) f ogj « foo92=¢p 91 = 92"
Let us suppose that X \D ~/ 0. Putting

X T =X for x6DF,
g2U) - = x for x£X,

we obtain that

@) fopagr=*fog2,

whence, by definitions of functions agr and @2, @ = g2, which is con-
trary to the definitions of functions gr and g2- Thus O =X
Let us now suppose that T is not a one-to-one function, i.e. there exists
XjyXgé X such that x* / x2 and ) = FOG2>. Let X0 be an arbitrary,
fixed point of the set X
Let us put

£ x for x » xc

9Xu) =\
for x *xQ, i =1,2.
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For x / Xo we have

(f O gX (x.'* HgjOO) n f(g2(xj' v (f 0 92) ™x)

and for x = x0 we %et

if O gl)(x0]= f(gh(x0) = fUj) = fi*2) = f(g2(x0)=(f o g2) (x/

thus equality (49) holds. Therefore 3r * g2, which is contrary to the

definitions of functions jr and g2< Thus f is a one-to-one function.

Let now f 6 [X—e->x] be an arbitrary one-to-one function with the domain

X, and let and g2 be arbitrary functions from the set [x—e-> X"
such that
SO) f ogk =f oo 2.
Let «x be an arbitrary element of the set D . Then, gi(x)%D_, when-
ce xt i and consequently, by (50), x 6 Df0g « Thus xe °g e+ One
can conclude from this that D.C D ., and show analogously that D., h D
on 2 ogoustly a " e
Moreover, for X t we have
(F o gt) (x) =(f o 92)Qx),
hence
f(gtCx) - f(.92(xV/ -
f is an one-to-one function, thus
91Ix) » g2u) ,
i.e. iro= g2.
Hence f belongs to the set [X--—--- *-x]~r, which completes the proof.
Since {[X—e—>Xj ,00i is a semigroup with the unit we obtain, by lemmas (9)
and (9) , the following lemma
Lemma [ . f is a strictly regular element of the set [x-0 ->x] iff
f is an or.e-to-one function such that =X =GN, i.e. f is a bisec-

tion on the set X.

Let us now put (K « =(jX—&>Xj ,0) in definition 13. We obtain

Theorem 13. Xf in definition 12 we put (k ,*) =1 X—e—»x] ,0) , then [

is the set of all triplets £[a x A X G-e~>_X—e-->x]j3 such that
the following conditions are fulfilled:
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GD) DH MDH »DH ,
1 2 3

(52) D2~ * Dj~.

53 ¢, >d xoj XG for i . 1,2,3,
M Hi
(54) thereexists an element i t such that
H1

H (S.b.e) is a bijection on the set X for b6D2 ,
1

65) thereexists an element c¢ f£o2 such that H,(b,c,e) is a func-

tion with the range X for2 b€l},.
2

Let NX x A X A X G—--—-»x]2. Let us denote

D 1 m>(ab,06) s V[(x,a,b,06) e Dpi", i m1,2,3.
1 Y, X i

Let 'l be the set of all triplets of functions
AFITF2'F3N * [x X A X A X G..o-->x]3 satisfying condition (40).

Definition 17. We shall denote by .Q the set of all triplets
(?!' ,F2 ,F3) satisfying the following conditions

1°. 5, « 2. 53,

2°. o? - D2,
1 2
3°. Of “ 2 x D2 xG for i « 1,2,3,
Y
4 . there exists an element acof such that the function
1
X-----"F1(x,B,b,e) for x ft|lx :(x,a,b,e) ¢ Dp~»

3
is a bijection on the set X for bE£Dp ,
1

5°. there exists an element ¢ 6 Dp such that the function
2

Xmmmmmm >F? (x ,b,c ,e) for xe[x i(x,b,'c,eU D.)

has the range equal to X for b£Di.



It is easy to see that the replacement of condition 5° in definition 17
by the following condition

5 there exists th‘2 and CtO.2 such that the function

x— »+ (b,c,e) for xtilx ;k,bc,e) £D_%
13 2
has the range X,
does not change the set of solutions from the set XI of equation (.38) .
We shall show now that for the triplet satisfying equa-

tion () the following condition

Op. =XXAXAXG for 1 £1,2,3
i

need not be satisfying. It is illustrated by the following example:

Example 6. Let X be the set of real numbers, (G,*) the multipli-
cative semigroup modulo 4, Aatwo-element set ”a,b} . Let us define
the function F as follows:

F(a,b,g =x forx€R, ab 6 A, 0o0"Q/ 2,
F (£,a,b,lC0) « x for x 6 (0,70), a,b £A, o(,€{.0,Z} .

It is easy to verify that the triplet (F,F,f) is a solution from the set
N of equation (66), and that the set X XA XA X G is not the domain
of the function F.

Theorem 15. The triplet of functions ~ 2, t[xxAxAXxG-"x]3
is a solution from the set O of the equation

) FE&b.c)) .a,b,a =RBE,a,c,0

Iff there exists in the set P a triplet satisfying the equa-
tion

57) H”a.b.a) o H2(,c,/b) = H3(a,Cch {b)

such that the following conditions are fulfilled:
5) .a,b,0£D0p4=>[(a.b,DéDH N xiLD 1 b n for i1=1,2,3,
i i 14 7 ¢

9 FA(X,a,bfit) =[H"a b« &K) for (x,a,b,oc)E Dp_, it 1,2,3.
i

Proof. Let the triplet (Fj.R2,R3)£N satisfy equation (56).
Let us put
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HfAa.b.o6) : ={(xyy):(x,a,br") ¢« O0p n y = F](_x,a,b,toi
ri

for (a,b,ei)tOif i = 1,2,3.

Since ((F1,F2 ,F3) &r1 and by lemmas 11 and 9 we obtain that
(HIfH2.H3) 6 n

Lpt now (a,b,n) é DH ,(b,c,|j) ¢ OH ,(a c,0i-]i) £ . It follows from

this that (a,b,06)¢ , (b.c.p) 6 m (a,c, 06-p) e Dg.

Hence, since M CCIl we get

DH1(a,b,oc) o H2(b,c,p) = DH3(.a,c,0i.p)’

One can show analogously as in theorem 13 that (Hir H2 /H3) satisfies equ-

ation (.57) .
Let us now assume that the triplet satisfies equation (.57),
and let (Fi ,F2, jX XAXx A XG -e-yX”"3 be a triplet of functions such that

conditions (58) and (57) are fulfilled. Let (a,b4066D"b ,c ,p>) i D2,(e,c,oc
Since  (,H1(H2 ,H3) satisfies equation (57) we have

[(jt.b.c.p) € DF*A(.F2 (.x,b,c,”),a,b,ot)e Op]*=~[(x ,a,c ,oimwl)t D" for xe X,
thus (f >f2»F3) € X1 . From theorem 14 and lemmas 9 and 11 it follows that

for the triplet (F~fF2,Fg) the other conditions of definition 17 are ful-
filled, whence (Fj ,F2,Fj)({1. Moreover, for (x,a,c,o0i*p) e Op we get

F1(f2(x,b,c ,a,bpi) »[H1l(a,b,0t)l (CH2(b,c ,p>)] ( X)) =

o[H"(a,bll) o H2(b,c,p>)1(x) =[H3(a,c, ci-p=)I(x) = F3(x,a,c,0flp).

Such the triplet »P2 ,F3" is therefore the solution of equation (56),
which completes the proof.
In virtue of theorems 15 and 3, arid lemmas 9 and 11 we can obtain the fol-

lowing theorem:

Theorem 16. The triplet i'"F2'F3" é[x * A X AXx G~0-?x]3 is a so-
lution from the set jQ of equation (56) iff the functions Fi'F2'F3 ~"ave
the form
(60) Fj(x ,a.b =[~(a) 0 g.«00 f"4Db)] (x) ,

(pi) F2@>.bpn) =[f2(@ O 9iPO N f3( D) (x) .
(62)  F3(x.,a,b,06) =[fl(a) O gipl) O 3 ( b)J (x) ,
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where

«" 6 |_A-6->[x fr»xj] is a function such that there exists and ele-
ment a b, . such that F,.(6) is a bijection on the set X,
r 1
(64) f2t[a-"*[x—0->xInr i.e. f2(a) is a bijection on the set X

for every a t D.
12

(65) f3 t[a-*-»[x-0-»x]] is a function euch that there exists an element

cto, such that the range of f_(£) s the set X,
13 J

(66) g 1iS an arbitrary homomorphisn of (G,») into ([x—e-*x(],0) such

that g(e) « I.
In particular, if (A x A Xx G,n) is the product Brandt groupoid
we can replace condition (66), in virtue of lemma 8, by the follo-

wing condition

(66%) g IS an arbitrary homomorphism of group (G,*) into ([X—»—»XxI r>".

Theorem 17. Let us assume that (HjiH2,H3)€ [T satisfies equation
&7, and let (f1,f2,f3,g)t A4 be the quadruple dictating this solution.
Then there exists a solution H2 H3) € I OfF equation (67) such that'
the conditions

67> °H™a,bf1) " X for Ce.b.ot) 6 DH" i - 1,2,3,

(68) ». (a.b.cd) I n e H,(a,b,bl) for (e,b,«i) ¢ D i - 1,23
3 ‘r(e.b ™) 1 Hi*

are fulfilled iff there exists a homomorphism g of the semigroup
*G,0 into (fx—m-»x3,0) satiafying the following conditions

@ D5y - "X for L6 G,

M oDl n » gU) for oté G.
9«)

Proof. Let (H ,H2,H3)el be a solution of equation (/) satis-
fying conditions (67) and (68). Then there exists in the set] the quad-
ruple of functions (.kj,k2,kg,g) dictating this solution. By ()we ditain

L [fCi) o g@)o 2K «[kjti) o g@o K'1L(M)3(X) Tfor xeOH by
where 3 is an arbitrary element satisfying (8), b is an arbit-

rary element of the set DH , <( is an arbitrary element of the
set G.
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In virtue of theorem 5 we obtain that there exists a function m#€]xesX’

such that

@ K&E= fl(@om and k™) = R@o m
By (M we get

@) [go)] @sIfH) o ki(B)o gobo k’4b)o 238 X) for xé Ou ,
Let us put

G+) Ls (01X : =[Ff Ho KLEo g(0o k'Hb"Jo R2MIK for xéX.

Functions occuring in the above formula are strictly regular elements of
the semigroup (X¥o-»<3,0) , therefore for the function g condition (&)
holds. Moreover, by (73 and (74) we can conclude that for the function g
condition (o) holds. From (72) we get:

g og(/1) * f'*Jo k~e'ogW o k"4b)o f2b)o fj~ralo k~adjog”~o k*4b)o f2(b) -
. "~ o Kkjlilo gWlon'lo f24b)o f2(b)o f"4S)» fj(d)o mo g>>)o k'\b)o f2(b).
x f"4a)o k~™i)o get) o g(p)o k'Ublo f2(b) x
« f (&)o ~(0)o g o k'db)o f2(b)* g{bl-N)

whence g is the homomorphism of (G,«) into ([xe>X] ,0), which com-

pletes the first part of the proof.
Let nov g be a homomorphism of (G, iMoo @X 0 satisfying

conditions (&) and () . Let us put for a€D,|:I , bt DPS'
< for xe0f(a)"
Lki (X): «
I x for xCX\Dfi(a),
ke : "V
gr o] © for x€D, « ,
k30) 1 ®s=i
U for XSX\DF3Cb).

It is easy to see that the triplet (H™Hg.l10 , dictated by the quadruple
(k~,k2,k2,9) @S a solution from the set r of equation (57), satisfying
conditions (67) and (68), which completes the proof.

71



We shall show now that not for every homomorphism of semigroup (G,°) into
Ny x—-e-»xl, 0 there exist a homomorphism g satisfying conditions (&)
and (70). It is illustrated by the following example:

Example 7. Let us put

X« {12}, G ={l,p,Y)-

Let us define operation in the set G as follows:
Q6 fb ( ]_
06 n r
i r 06 r
T r U f

It is easy  verify that (.G,0 1is a semigroup with the unit d. and the
zero J

let g (@) be an empty function, and let

[o ® *x for xm1,,
(b)] ¢n * 2,
g 1O - 1.
It is easy o verify that g 1is a homomorphism of (G into ([x-e-»X] )
Let us suppose that g is a homomorphism of into UX-e-*X] 0) sa-

tisfying conditions () and () . Then we would have
I =0 ONDIK for x *12
vwhich, In aoparison with te definrdon of te fuctian g s Inpossiible
Ths ve hae doin tret ttere does ot edast tte homoorphisn g fulfal-
lig coditias @ ad 40) -
Lemma 12. If ¢ ISa homomophisn of tte samigrop (G into
<* , sasfyirg tte codition
15 1 G™ 09cP°gtpv..-.|

ten ttere edsts ahowomophisn g of te samigap GH o
U-0#§ 9 satisfyirg aoditios (® ad (0) -

Propf Let g be an arbitrary homomorphism of the semigroup @,’3
into (1/— >x] ,0) satisfying condition (75). If for some Cfo ¢ G,g(u60
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is an empty function, then by (75) we obtain that for every o06e G,g(p6)

is an empty function. In this case it is sufficient to put, for example,

that LgCOJX) =x for o £G, XxtX.

Let us now assume that g (PO is 3 non-empty function for every oL £ G.

Let us chose from each set Dgw. exactly one element X, in such man-

ner that x = Xn if D =D . Let us define the function g
9&@ guw

for oLeG as follows: 1

, = = fLgfe0JCx) for xeD 1
[0l = - 99
LLgC«LT]00 for xtx\ogW.

Let °L\(b be arbitrary elements belonging to the set G. Of course, for

Xt09W>p)’ the equality _

[ we o gCfi)3 Cx) « 1 g C«x-po] (Xx)

holds.
Suppose that x€X\Dg" * Since g is a homomorphism satisfying con-
dition (75) therefore

»

D D » O |
o9Cr>) . gw-n) gfeug<f3)

and hence

L'g feOo g (pol(x) *[g Coi) 3 ([g ( p>)3 Cx)) »[g Cot)] ([g (P)I (x7~)  »
»[g (o)l ([g(p) ~(Xp) -0 @ o g@I( xp) =
»[g coi*p>)] ¢0.) »[g (06-p)1(x) ,

which completes the proof.
It is easy to see that if the homomorphism g of the semigroup (G,«) into
(jx—e-»Xl ,0) satisfies the condition

— 1
B 4=tv>1V
then g satisfies condition (/5) . Hence and by lema i2 it follows

Lemma 13. If g is the homomorphism of the semigroup (g .,d into
~X-0 »X] 0) satisfying condition (76), then there exists a homomorphism
g of the semigroup (@, into ([x€>X] o) such that conditions ()
and (o) hold.

The following example shows that If the homomorphism g of the semigroup
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\G,") into [ x—+-"x],0} satisfies condition (75? then condition (,76)
need not be satisfied.

Example 8. Let us put
X =4{1,2,3], G

Let us define the operation ,0" in G as follows

a
2__* 1?
T *IH

It is easy to see that (G,«) is asemigroup. Let us put

o Y

L9 Creo>fe) =1 for x =1,2,3,
19 tp) 1) =1 for x =1,2,
jig ;Q"x) =1 for x *1.

It is easy to verify that g is the homomorphism of (G,*) into ((X—e-»x],0),
ano that it satisfies condition (.75 and does not satisfy condition (76),
Moreover, it is evident that the condition

I\ jn a6 1
N t«BLUS A 9lp>J

does not imply for the homomorphism g condition (75).

Lenna {4. If g is a homomorphism of the semigroup (G,*) into
Xe—>)2'.,o, and the following condition

(77) (y-ol =a)

Vo,
Q. iEG XCG U
holds, then the homomorphism g satisfies condition (76).

Propf. Let g be an arbitrary homomorphism of (G,-) into ([x—&>( ,0),
let condition (77) hold and let oe,i\EG. Then there exists in G ele-

rents >r and X2 suc” that
£ ci =p and k2"~ 3 1

Hence, and fram the fact that g is a homomorphism, it follows that
g(M)o gw' *g(a) and g”~y2Ao g(/S) « g(od),



Comparing the above equalities we arrive at the conclusion that condition

() holds.
From lemas 14 and 13 it follows

Corollary 6. For every homomorphism g of the group (g.,® into
o} there exists a homomorphism g of the group (G,0 into
X =>{],0 such that conditions (69 and (@) hold;

Lemma 15. If g 1is a homomorphism of the semigroup (G,*) into
¢Cmo>xl,0 ad
@ v o n [ap O 1,
abX oLec S&t)
then there exists a homomorphism g of the semigroup (g*) Into ([x-0-"x].0)

satisfying conditions @) and (D) .
lo prove this it is sufficient to put

r ’ Lj[sseB] N6'9) for *to
Lfl (c6)I(x) : - 1
A for xEx\ogw)l

z, Moszner in paper [ _ solved the equation

™ f(0c.”) o) » Rx.0l.p,)

in the class of functions [X x G——>Xl in the case when (G,«) is a gap.
It is easy to see that this solution is equivalent to giving all the homo-
morphisme of the group (G,0 into ([x—e-»x7 ,0) -

From corollary 6 it follons that we can obtain all homomorphisme of the
group (G® into (X o>X] ,0) by suitable restrictions of the homomor-
phisme of ()into (LX— *X1 ,00 . Therefore the problem of finding all
the homomorphisms of the group G,*) inmto (xe>X] o) one can regad
as solved and afterwards we shall make use of this fact.

From corollaries 3 and 5 it folloas

Theorem 18. The function F defined on the set X XA XA x G ad
such that (f,F,f)€ KK satisfies the equation

@ F GRX,b,C,ia b a) » F(x,a,c,of [b)
iff F has the form

()] FC,a,b,c) =[f@ o gho 1O for (xab,K 6 X X A X G,

where
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® f is an arbitrary darat of the set Qa—» [x 0] ],

@) g is an arbitrary homomorphism of the semigroup (G,0 into
(x— >(] ©) such that g@E=1I.

Corollary 7. In the particular case, Men (a x A x G,X) is a Brandt
groupoid one can replace condition (83) in theorem 18, ir. virtue of lemas
8 and 12, by condition (66).

Theorem 19. The triplet of functions (H,H,H)6[A X A X G— »[x—X[B
satisfying equation ¢7) bdats to e set T iff
@ H@.a,e) =1
for each a belonging to the set A.

Proof. From corollary 3 it follows immediately that if the domain of
the function H is the set A XA x G, and if the triplet (h,H,h)é 1
satisfies equation (57), then H(a,a,e) =1 for every atA,
Let nov" H be a function satisfying equation (57) such that =A X AXG
and let for every atA condition (&) hold. It follows from this that

H@,b,e) o H(b,a,e) = H(a,a,e) for a,b €A,
whence

DHQa,b,e) =°H (a@,b,e) = X*

Let +-~<+2 be arbitrary, fixed elements of the set X such that

b @.,b,e)3 P =[h @,b,e)] () -
Then

h(b.a.©) oH@,b,e)] x* = (H(b,a,e) o H@,b.e)] (D,
whence
[H(b.b.e)] X = [H(b,b.e)] &) -
Hence and by (84 we obtain
X1 = XZ2*

Thus we have proved that if a,bf£A then H(a,b,e)€ De->XTr. Hence it
follows immediately that cu,H,n)6P , which completes the proof.
In virtue of theorem 19 it follows immediately

Theorem 20. The triplet of functions (F,F,f)f [X x A x A x G— »33
satisfying (66) belongs to the set 12 , iff
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(9] F&.a.a,8 =Xx

for every as A and «xe X

Moreover, from theorem 19 it follons that in theorem 18 the assumption
(F,F,F)en can be replaced by condition (&) .

Now we shall give a solution of equation (56) which does not belong to
the set XI

Example 9. Let X be the set of real nubers R, A the set of po-
sLtive real numbers. (g « an one-element group.
Let us define the function H as follows:

e—« for x€R, a=b=1,
H@= 2 x—- for x>0, a=1,b/1,

X— »ax for Xx€R, a/ 1l b=1,

[>x_ ™ 109bW for x>0, a/Z 1, b/ 1.

It is easy t verify that the function H defined above is the homomor-
phisn of the Brandt groupoid G x A,*) into (R-e*«] .0 . Therefore
in virtue of corollary 5, the function F defined as follows

F(x,a,0) : = [H(e,b)1I0)  for (@b) £0o4, xéEDHG@,D

is the solution of the equation

F@ (x ,b,0 ,a,b) = F(x,a,0).

(Ff.F.-f) i1-Q because condition 4° definition 17 does not hold.

From theorems 15, 17 and corollary 6 it follows that if (a X A X G,m) is
the product Brandt groupoid, then every solution (»>F2'R3)éXI of equa-
tion (66)(consequently every solution (f,F,f)EX1 of equation 8o0) can
be extended to the solution eQuation (86) such that

O- =XxXAXAXG for i1 =1,2,3.
i
3. Tabor in paper [3] solved equation (80) in the case when (A X A X G,X)
is the product Brandt groupoid and Dp = X X A X A X G. In a particular
case 3. Tabor received solutions of equation (80) satisfying the identity

condition

F(x,a,a,e> = X for x6X, asA.
It is easy to see that we obtained these solutions also in this paper as
particular cases of solutions of equation (56) in the class XI . To use



the form of solution given by O. Tabor in paper [3] it is sufficient
t apply in theorem 20 the following notation

Lf(a)]Cx) s « fal) ,
[9 (pEYKY) s = gCx,d) .
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