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On the homogeneous functional inequality

1. In this paper we shall deal with the homogeneous functional inequality

(1) Ф [/(х )]^ д (х )ф (х )  

related to the homogeneous functional equation

(2) < ? [/(* )] =  g(x)<p(x),

where /  and g are given functions and ф and q> are unknown functions. The ine
quality (1) has been studied in [1] and [2]. The results concerning continuous solutions 
of inequality (1) in the case, where continuous solutions of equation (2) depend on 
an arbitrary function, one can find in the paper [1]. But the results given in that 
paper are incomplete. In this paper we are going to give some additional theorems 
concerning the inequality (1) in the considered case. These theorems, together with 
those given in [1], will establish more complete theory of continuous solutions of 
inequality (1).

2. In the sequel we shall assume the following hypothesis H :

(i) The function /  is defined, strictly increasing and continuous in an interval 
I  =  [0 ,a ). Moreover, 0 < /(х )< л :  for x e I0 =  (0 ,a ).

(ii) The function g is defined and continuous in the interval I  and g (x )>  0 
for x e l 0.

(iii) There exists a point x 0 e I0 such that the sequence

(3) G„(x) =  Г Ы / ' t o ]  for x e l ,
i« 0

where / '  is i-th iterate of function / ,  i .e .,/° (x )  =  x , f n+l{x) — / [ / " ( x ) ]  for x e l ,
n =  0 , 1........ converges to zero uniformly in the interval [ / (x0) ,  x0].

I f  the hypothesis H  is fulfilled, then equation (2) has continuous solutions in I  
depending on an arbitrary function and every continuous solution <p of equation (2) 
in I  satisfies the condition

(4) <p{ 0) =  0
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(see [4], p. 48). Since it is difficult to obtain any results for continuous solutions of 

inequality ( 1) taking at zero any value different than that of solution of equation (2), 
we are going to consider in this paper only continuous solutions of inequality (1) 
in /  satisfying the initial condition

(5) ф(0) =  0 .

However, there may exist continuous solutions of (1) which do not satisfy condi
tion (5) (see [1]).

In the sequel we shall need some results which have been proved in [1]. We 
are going to quote these results here as the following

Lemma 1. Let the hypothesis H  be fulfilled and let ф be a continuous solution o f 
inequality (1) in I  satisfying condition (5) and the condition

(6) ф(х)~^0 for x e l .

Then there exists the limit

(7) lim n r w \
Gn( x f

for x  e /„ ,

where Gn is defined by formula (3), and the function

.. * [ /" (* ) ]  ,lim — — ■ for(8) <Po(x) = n-*oo Gn(x)

0 for x  =  0

x e I0

is a solution o f equation (2) in I, continuous from above in I  and continuous at zero.
As a matter of fact, this lemma has been proved in [1] (lemma 3.7) under the 

additional assumption that

(9) 0 (O )>O .

But if we drop this additional assumption, the proof of the lemma does not differ 
in any detail from that of lemma 3.7 in [1].

The function <p0 need not be continuous in the whole interval I, even under 
the assumption of lemma 1, assumption (9) included. An example of such 
a discontinuous tp0 has been given in [3].

The relation between ф and <p0 is given by the following 

L emma 2. Let the hypothesis H  be fulfilled and let ф be a continuous solution o f 
inequality (1) in I  satisfying condition (6). I f  <p0 is given by formula (8), then

(10) iK x)><P0(x) fo r x e l ,

and tp0 is the greatest solution o f  (2) satisfying (10) and there exists exactly one 
function t], {f}-decreasing in 1 1), such that

Ф(х) =  rj (x) ę 0(x) for x e l .

')  A  function rj is called { /}  — decreasing in /  if »)[/M l  <»?(*) for x e l .
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This lemma has also been proved in [1] (see lemma 3.7) under the additional 
assumption (9). It is easy to see, similarly like in case of lemma 1, that this assumption 
is unessential.

Let us denote by !P the family of continuous solutions of inequality (11 in /  satis
fying conditions (5) and (6). Further, let us denote by !F0 the family of functions ф e V,  
satisfying the condition

(11) ф (х )> 0  for x e I0

and such that there exists the limit

(12) b =  lim
x— 0

■A [ / ( * ) ]
ф(х)

It is easy to see that, if ф e V 0, then

(13) 0 ^ b ^ g ( 0 ) .

The properties of limit (12) give us some informations about the function q>0 defined 
by (8).

T heorem 1. Let the hypothesis H  and the condition (9) be fulfilled.
10 I f  there exists a u e  I0 such that

(14) ç>o(m) # 0 ,

where (p0 is given by formula (8), then

(15) lim sup
x->0

Ф [ / ( х ) ]

ф{х)
=  д(  о ) .

P ro o f. Let us assume that there exists а и e I0 such that (14) holds. Since, in view 
of lemma 1, (p0 satisfies equation (2) in 7, then inequality (14) implies that

(16) (Po[ / " ( « ) ] #  0 for и =  0 , 1, . . .

Hence

,. Ф и » ]  ,. n r mlim --------------  =  lim -----------------=  1 ,
n-oo <PoU Ш  » -«  Gn(u)(p0{u)

by virtue of (2) and (8). The last equality, (11), (16) and (2) imply that

Ф 1 Г Ш

n Z  ф [ Г ~ 1(и)]
Ф и лт ..

lim — l i m
П-* 00 <Po[f (w)J n-*CG

<PoUn-4 u )]

ф [ Г - \ и ) \
lim g [ f n \ u ) ] =  g (0) ,

thus (15) holds, by virtue of (13).

3. Let us denote by Ф the family of continuous solutions of equation (2) in I  
satisfying the condition cp(x) > 0 for x e  I0. Further, let us denote by 7', the family 
of continuous solutions ф of inequality (1) in 7 satisfying conditions (5) and (6) and
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the condition: there exists such a function <реФ  that the limit

(17)
*-<><?(*)

exists.
Let us notice that, in general, *P ф !Pj (see the example in [3]). The relation 

between the families Ф and KF l is given by the following

Lemma 3. Let the hypothesis H  be fulfilled. I f  ф 6 ÎP, then ф e Фл i f  and only 
i f  cp0 6 Ф, where cp0 is given by formula (8).

Similarly, the relation between the families Ф and 1Р0 is given by the following 

L emma 4. Let the hypothesis H  and condition (9) be fulfilled and let ф e T 0. 
I f  <p0 e  Ф, then limit (12) exists and

where q>0 is given by formula (8).
These lemmas, like the lemmas 1 and 2, have been proved in [1] (see corol

laries 3.6— 3.9), although for lemma 3 we assumed there condition (9), which, 
however, turns out to be unessential.

Let us notice that if, conversely, limit (12) exists and (18) holds, (p0 need not 
belong to Ф. It is easy to observe that for any solution (p of equation (2) in I  satis
fying (4) and positive in I 0 limit (12) exists and (18) holds, even in the case of discon
tinuous (p. Since every solution of (2) is a solution of (1), one can easily observe 
that, in such a case, cp0 equals tp. Thus condition (18) does not imply the continuity 

of (Po•

4. Now we are going to give some results concerning the case where the limit a, 
defined by formula (17), is equal to zero.

Theorem 2. Let the hypothesis H  be fulfilled and let ф e 4 '1. I f  the limit a, defined 
by formula {17), is equal to zero, then there exists one and only one continuous function q, 
{f}-decreasing in / ,  such that

(18) b =  g (  0) ,

(19) ф(х) =  q(x)tp{x) fo r  x e l

and

(20) m  =  о ,

where <реФ is a function occurring in condition (17).

P ro o f. Let us assume that limit (17) exists and a — 0. Put

(21)
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Inequality (1) and equation (2) imply that t? [ / ( * ) ]  <rç(x) for x e l ,  therefore rj is 
an { / } -decreasing function in /. The continuity of q in /  follows from the continuity 
of ip and cp in /  and from conditions (21) and (17). Conditions (19) and (20) are 
simple consequences of (21).

C o r o l l a r y . Let the hypothesis H  be fulfilled, let tp e ¥  ̂  and let q>0 be given by 
formula (8). I f  the limit a, defined by formula (17), exists, then a — 0 i f  and only i f  the 
inequality

(22) b < g {  0)

holds.

P ro o f. Let a =  0. Then, in view of theorem 2, we have

q>o(x) =  lim
n-+ 00

П П х ) \

Gn{x)
lim
П-* 00

п \ П х ) Ы П х )  3

<?„(*)
=  lim q[ f \x ) ] ( p( x)  =  0 ,

by virtue of (8), (19), (2) and (20).
Conversely, let inequality (22) hold and let us assume that а ф 0. Thus <p0 e Ф, 

in view of lemma 3, what contradicts (22).

Rem ark. The results presented in this paper can easily be obtained for the 
inequality

Ф 1 / ( х ) ]> д ( х )ф ( х )  for x e l ,

by the suitable changes very simple to make.
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