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On a certain mixed boundary problem 
for iterated Helmholtz equation in the half-space

In the paper we shall give the solution of the equation

(1) ( A - C 2) 2u (X )  =  A2u ( X ) - 2 C 2Au(X) +  C *u( X )  =  0, X =  (xt , x 2, x 3)

C  being a positive constant in the half-space

E t  =  { (* !, X2, x 3): | *J< o o , (i =  l , 2 ) , x 3> 0 } 

satysfying the mixed boundary conditions

(2) hu(x1, x 2,0 )  +  D Xiu(x j , x 2,0 )  =  f r(x3, x 2) 

and

(3) hAu(xif  x 2,0)  +  D X}Au(xl , x 2, 0 )  = f 2(x i , x 2) ,

where/( (i =  1 ,2)  are given functions defined in 2-dimensional Euclidean space E 2> 
h is a negative constant.
We briefly call the problem (1), (2), (3) (M)-problem.

1. Green function for the (Л /) - problem.
Let X  — X t =  (x3, x 2, x3) denote an arbitrary point belonging to E t  and 

let X 2 =  ( x , , x 2, — x 3) and X 3 =  (xt , x 2, — x3 — v), where v^O.  Next let 
Y  — (У1 , у 2,Уз)  be an arbitrary point in 3 -dimensional Euclidean space E 3 and 

* У Ф  X  and let rs =  \ X , Y \ ,  j  =  1 , 2 , 3 .
Let us consider the following integrals

I ( X ,  Y) =  f ł ° e - c'*dv, Ipqr(X ,  Y)  =  f e h° D Z iX, ( e - Cr’) d v , 
о о

where p ,  q,  r =  0 , 1 , 2 ,  3,  4 and 0 < p + ^ + r < 4 .
Let

W =  {(X,  Y):  \ x A < a ( i =  1 , 2 ) ,  0 < b 3 ^ x 3< b 2, 0 < Ь 2< у я< Ь л}

a, b lt b2 being arbitrary positive numbers.
Now we shall prove
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Lemma 1. The integrals I ( X ,  Y),  Ipqr( X ,  Y) are uniformly convergent in the 
set W.

00

P ro of .  The integral j  ehvdv is the majorant for the integral I ( X , Y) and there- 
o

fore I ( X ,  Y)  is uniformly convergent in the set W. We have

^ W e_Cri) =  е~Сг' р ( У \ - х и У г - х 2,Уъ+Хъ +  о ,гъ) , 

where P  is polynomial with the following constituents
it. ' . ' ' >" ■

Оз) ” r(^i -  *4),l0>2 -  х2)гг(у3+ x 3 +  v)‘3 ,

ôJ t y ( / =  1 , 2 , 3 )  being positive integers.
In the sequel we shall use the inequality

(4) e~4 > for a e (0 , e), <p>0 .

By (4) we get

IIpqX X ,  Y ) \ < K ( C ) -  J ehXbl + v Y * - ' ,d v ^ K { C y \ b ir l‘ J  ehvd v , 
о о

where К  denotes the number of the terms of polynomial P, p =  у +  <5j +(52 +  <53. 
Since the integral at the right-hand side in the above inequality is convegergent thus 
the integrals Ipv{ X,  Y)  are uniformly convergent in every set W.

By lemma 1 we get

Lemma 2. The integrals I pqr( X ,  Y) and I ( X ,  Y )  exist in W  and the function 
I ( X ,  Y)  is o f class C \ f V )  and Ipqr( X ,  Y)  =  D px4JxlXiI (X ,  Y).

The fundamental solution o f  the equation (1) in E 3 is the function

(5) V{rj) =  e~Crj ( J  =  1 , 2 , 3 ) .

Indeed

(6) AyV(rj) =  V ( r j ) [ C 2- 2 C ( r j ) - ‘ J 0  =  1 , 2 , 3 )  

and

д yV(rj) =  V ( r j ) ( C * - 4 C * r - 1) ( J =  1 , 2 , 3 ) .

Hence

(7) ( A y - C 2)2F(r,) =  0 ( y =  1 , 2 , 3 ) .

By symetry of the points X t, X 2 with respect to the plane E 2 we get

(8) ry =  r2 =  [(yl - x l )2 +  l y 2- x 2Ÿ + x \ ] b  =  R  for y 3 =  0.

By (5) and (8) we abtain

(9) D yiV(ri)|yj=0 =  ~ D » V ( r 2)|yj,o  =  C x 3V ( R ) R ~ l .
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Lemma 3. Let the functions V(rj) ( j  =  1 ,2 )  be defined by the formula (5). Then

Ą J A ^ ( ' i) +  A ^ ( / -2) ] U - 0 =  0 .

Proof .  By (6) we get

D yi[AYV(ri) +  AYV(r2)] =  C D yi[V(ri) ( C - 2 r p ) +  V(r2) ( C - 2 r 2 1)] =

=  C i D yi[V(.ri) + V ( r 2) ] - 2 C { D y3[V{ri) r V ]  +  D yi[V(,r2)r2 ' \  +

+  V i r J r ^ D ^ r y  +  V(r2)r2 l Dyyr2) .
Since

D y J ï \ y ^ o  =  ~ D y>r j|yj.o  =  * 3^ ~ ‘

and

^ Л П ^ г Г М и - о  =  - Я у, № ) ' Т 1]1и -о  =  С х 3 К ( Я ) / Г 2 + х 3 К ( Я ) / Г 3

by (9) we get the thesis of lemma 3.
Let

(10) G ( X ,  Y) =  h ~ 1[V(r1) +  V{r2) ] + U ( X ,  Y) ,

where
00 00

J ( X ,  Y)  =  J ehvV(r3)dv =  J  eH‘~XI~yi)V(rĄ)dt
О ху + уз

and
d  =  { y i - x lŸ + { y 2- x 2y + t 2 .

Using lemmas 2 and 3 we shall prove

T heorem 1. The function G given by formula 10 is the Green function with the pole 
at point X , fo r  the problem (M ).

Proof .  We shall verify that the function G  as function of the point Y ( Y  ф X ) 
satisfies the equation (1) and homogeneous boundary conditions

(U )  [hG(X,  Y) +  D yyG ( X ,  Y )]|„_0 =  0

and

(12) [hAYG ( X ,  Y) +  D yiA y G ( X ,  Y)] |„_0 =  0 .

Moreover for every fixed X  we have

(13) limAj.G(A", Y) =  0 when |0Г|-*оо .

Since

(14) DyiJ ( X ,  У)|л _о =  —h f  eh(,- X3)V(r4) d t -  V ( R ) ,
ХЛ

[hG(X,  Y)  +  D yiG ( X ,  У)]|и „0 =  0

thus by (8), (9) and (14) we get
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By (6) and lemma 3 we obtain

(15)

hAr G ( X ,  y )|w. 0 =  2 C V ( R ) ( C - 2 R ~ l ) +

+  2h J  CK (r4) ( C - 2r~K d t ,
x*

D ytAr G ( X ,  Y)\nmо =  - 2 h j C V ( u ) { C - 2 r ; l)ehi,- x>)d t +

—2 C V ( R ) ( C —2 R ~ 1) .

From (15) follows the boundary condition (12).
Now we shall prove the condition (13). By (10), (6) and lemma 1 we have

limAyG ( Z ,  Y)  =  A - 1[lim CF(r1) ( C - 2 r r 1) +  lim C F(r2) ( C - 2 r J 1)] +

—2 C j °  l imV(r3) ( C —2r3 i)ehvdv =  0 as |0F|— oo . 
о

By lemma 2 and formulas (8) and (7) we get

(Ay - C 2) 2G ( X ,  Y)  =  h ~1 [(Ay— C 2) 2V(r1) +  (Ay—C 2) 2V(r2)] +

+2  J ehv(Ay — C 2) 2V (r3) dv =  0 . 
о

2. The formulae for the solution of the problem (M) .
Assuming that the functions / ,  (i =  1,2)  are bounded and measurable in E2 

and continuous at the point X °  =  (x° , x°)  we shall prove that the function

(16)

where

and

and

u (X )  =  « ,(3 0  +  «2W  , 

« , ( * )  =  3) [ b y G { X ,  Y ) —2 C 2G ( X ,
E l

u2( X )  =  - A j j f 2( Y 3) G ( X ,  Y)\yi„ 0d Y 3
E l

A =  h(8nC)  \  Y3 =  ( y , , y 2),  </У3 =  </у,^у2

is the solution of the problem (M) .  
By (15) we have

(16a)

« ,(3 0  =  —2A C  J  | / , ( У 3)[А- 1К (Л )(С —2Л _1) +
E i

00

М-хз)+  f  ehl,~x,)V(r4) ( C - 2 u t)d / ]d Y3

u2( X )  =  2 A C j \ f 2( Y 3) [ h - 1V ( R ) + j e k̂ Xi)V(rĄ)dt]dY3
Ei Хэ
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3. The theorem on the change of derivation with integration for the integrals 
ut(X) .
Let us consider the integrals

and

where

В Д  =  J \ f { Y 3) V ( R ) R ~ ' d Y 3 0  =  1 ,2)
E i

K v i X )  -  J  \ f m D Z i * > [ V { R ) R - l ] d Y ,  0 = 1 , 2 ) ,
E i

p ,  q,  r =  0,  1 , 2 ,  3 , 4  and 0 < p 4 - # + r < 4 .

Let =  { (* !, x 2, x3): |x,|<a0 =  1 ,2 ) ,  0 < b 1^ x 3^ b 2),  a, bu b2 being ar­
bitrary positive numbers.

Lemma 4. I f  the functions f  (i =  1 ,2) are bounded and measurable in E 2, then 
the integrals K f X )  and Kpqr( X )  (i =  1 ,2 )  are uniformly convergent in the set fVl .

Pro of .  We shall give the proof only for the integrals K f X )  and К ^ ,(Х ) .  The 
proof for the integrals K 2{X)  and K 2qr( X )  is similar. Applying the triangle inequality 
we get

V  л  Al01r3l>i?o=>i|0r3|4^<4|0r3|2.
Ro>OX€Wi y 3

Let

=  { Y 3: \0Y3\ ^ R o} , H ' ( X ,  Y3) =  V ( R ) R ~ \ M 1 

We have the inequality

sup | / i ( r 3) | .
E i

where

M K  J f \ f i ( Y 3) \ H 1( X ,  Y3) d Y 3 =  K ^ X ) + K l2( X )  ,
E i

K u ( X )  =  J J  If , ( Y 3) H \ X ,  Y3) d Y 3 and 
Kr0

В Д =  П  \ M Y 3) \ H \ X , Y 3) d Y 3 .
E l \K * 0

Since H 1( X ,  У3) is analytic function of point X  for Y3 e  KRo thus K n ( X )  is also 
the analytic function in Wx. By (4) for et =  2 we get

W  R - * d Y 3< 9 M l c ~ *  J J  |or3r 3d r 3 .
E i \ E r0 E i \ K Ro

Let e be an arbitrary positive number. Applying the polar coordinates to the last 
integral we obtain

К 12( Х ) ^ 1 6 к М 2С ~ 2 J  Q~2dQ<e  for
Ко

R0>16uM1(eC2)~1 and every Xe Wt .
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Let
D Z 1X3H \ X ,  Y 3) =  H lpqr( X ,  Y3) .

We have

H lPir( X ,  Y3) =  V(R)P (x 3, R , y l - x 1, y 2- x 2) 

where P  is a polynomial being a finite sum of the terms 

J ( X ,  Y3) =  x l R - ^ y t - x r f ' ^ - x J 1

where /?, <51( <52 being positive integers and y ^ P + ô x+ ô 2 +  \.
It is enough to prove that the integral J $ f x( Y 3) J ( X ,  Y3) d Y 3 is uniformly convergent 
in the set Wx. El

Applying in the last integral formula (4) and the change of variables
. ’’ . . • i '  •' 1 ■

(17) y x — x x =  gcoscp, y 2—x 2 =  QsiTup(O^Q<co , 0 ^ ( p ^ 2 n )

we get

I J JÂ ( Y 3) J ( X ,  Y3) d Y 3\ ^ 2 n M xC - %  QdQ
Ег 0

The integral on the right-hand side of the last inequality is convergent for X e  Wt 
and consequently the integral K PV( X )  is uniformly convergent in every set Wt. 

From lemma 4 follows

Lemma 5. I f  the functions f  (i — 1 , 2) satisfy the assumptions o f the lemma 4, 
then the integrals K f X )  and Kpqr( X )  (i =  1 , 2) exist in Wx and the functions K f X )  
are o f class C 4 in the domain Wy and

D Z i x M X )  =  K lpv( X )  .
Let

L \ X )  =  J j  / , (  Y3) [ j V  V(f3) ( f3) - ldv]d Y3 (i = 1 , 2 )
E 2 о

and

L ‘Mr(X )  =  J \ f i ( Y 3) D Z i Z \ e h°V(r3)(r3) - ldv]dY3
E l

where

h  =  [(^1- ^ 1)2 +  (У2- ^ 2)2 +  (л'з +  «)2]4 ■

Now we shall prove the following

Lemma 6. I f  the functions f  (i =  1 ,2 )  satisfy the assumptions o f the Lemma 4, 

then the integrals L ' (X )  and L lpqr{X) (i =  1 ,2 )  are uniformly convergent in every 
set Wx.

Proof .  Applying in the integrals L \ X ) the change of variables (17) and for­
mula (4) we get

OO 00

№ 0 К С ,  (r3) “ l ~ ‘d Y ^ d v ^ l n C ,  J  eh°[ J  (b \ + q2)H~ '~ ° \ d Q]dv
t) E2 0 0
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с , =  Micy*
and

M t =  S U P I//F 3X ( / = 1 , 2 ) .
Ei

The integral on the right-hand side of the last inequality is convergent for a > l ,  
and consequently the integrals L ‘(X )  are uniformly convergent in every set Wt. 
We have

=  V(ri ) P ( y i - x l , y 2- x 2, x i +  v , f 3) =  H pqr(X , Y3) 

where P  is a polynomial being a finite sum the terms

ГзУ(У1~  х2У \ у 2 -  х2У \х  з +  v f 3

where y, ô,(/' = 1 , 2 )  being positive integers and y ^  1 +  (5X +<52+<53. Let К  denote 
the number of constituents of the polynomial P. Applying inequality (4) and the 
change of variables (17) we obtain

IH pqA X , r 3) | < A C - af 3i (- ' - “>

and

l4 r (* ) l  < 2я А С , f  eh°[ j ( b \+ Q 1) * - y-*Q d Q\dv .
0 0

Hence the integrals L lpqr(X )  (/ = 1 , 2 )  are uniformly convergent in every set Wl . 
By lemma 6 we get

Lemma 7. I f  the functions f  t (/ =  1 ,2) satisfy the assumptions o f the Lemma 4, 
then the integrals L ‘(X ), L lpqr(X ) (i =  1 ,2 ) exist in Wt and the functions L \ X )  are 
o f class C 4 in the domain W1 and

L lpqr(X )  =  D Z ^ L K X )  .

From Lemmas 5 and 7 follows

Theorem 2. I f  the functions f l (/ =  1 ,2 )  are bounded and measurable in 
then the integrals u^X ) and D f 'XlXsUi(X) (/ = 1 , 2 )  exist in W1 and the functions 
Ui(X) (/' =  1 ,2 )  are o f class C 4 in E 3 and

D Z i x M * )  =  A l \ f f Y 3) D Z ^ G { X ,  Y ) - 2 C 2G (X , Y)]\yi~0d Y 3
Ei

and

D Z ix ,u 2(X )  =  - A \ \ f 2{Y 3) D Z i XiG (X , Y)\yi=0d Y 3 .
Ei

4. Synthesis of the problem (M ).
Now we shall prove

Lemma 8. I f  the functions / ,  (/' =  1 ,2 )  are bounded and measureable in E 2, then 
the functions a, satisfy the equation (1) in E 3 .

where
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P ro o f. By theorem 1 and 2 we get 

(Л - C 2) 2u ^ X )  =

=  /< n / j ( ^ ) [ A y ( A x - C 2)2G (Z , Г ) - 2 С 2(Дх - С 2)2С ( Х ,  У )]„« о ^ 3
E i

and

( A - C 2)2m2O 0  =  —A J  § f2(Y 3)(A x —C 2)2G (X , Y)\yi. 0d Y 3 .
E i

We shall verify the boundary condition (2). By formula (16 a) and theorem 2 we 
obtain

D Xiu ,{X )  =  2 Л С П / 1( Г 3)[2 А -1* з Г ( Д ) / Г 3 +
E i

(18)

+  C h ~ lx 3V (R )(R ~ 1C + 2 R ~ 2) +  h J  eh(,~Xi)V(r4) (C + 2 r 4 l )dt +

+  V (R )(C + 2 R ~ 1)]d Y 3
D X3u 2(X )  =  - 2 A t t f 2[Y3) [ C h - ix 3V ( R ) R - '  +

E i

+  h j  eH,~Xi)V(r4)d t+  V (R )]d Y 3 .

Let
F (X )  =  J J X e E t  .

E i

Lemma 9.

F (X )-> 2 k as X -> (x °,x °2>0 +) .

P ro o f. We get by (8)

F (X )  =  J J x 3[(y1- x l)2 +  (y2- ^ 2)2+ x ^]-3/2
E i

^ { - C [ { y l - x l)2H y 2 - x b + x \ ) i,1} d Y 3 . 

Applying in the last integral the change of variables 

(19a) y 1—x i =  x 3QCOS(p,y2—x 2 =  x 3Q ń n q > (0 ^ e< co , 0<<р <2я) 

and

(19b) e2 +  l =  z2( l< z < o o )

we get

2 J (1 + e 2) _ 3/2exp[— Слг3(1 + е 2) 1/2] б Ф  =  2л j  e~Cxitz~2dz 
o 1

00

We shall prove that the integral J e~Cx**z~2dzis uniformly convergent for x3 e <0 , a).
i

We have

Д  Д  |z_2e Cxj,|^z-2 and j z  2dz =  1
sc<l,ao) X]«<0,a> 1
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and

Н т 2л J  e Cxi*z 2dz =  2n J  (lime Cx,z)z 2dz =  2л as x3—>0+ .
i i

Let

Щ Х )  =  4A C h ~ l J  J / , ( r 3) V (R )R ~ 3d Y 3 (i = 1 , 2 ) ,  JTe £ 3+ .
E l

Now we shall prove

Lemma 10. I f  the functions / ( 0 =  1 ,2 )  are bounded, measurable in E 2 and con­
tinuous at the point X 3 =  (x ? ,x °), then

M t(X ) -> ft( x ï , x°) when * -+ (* ? ,x°2, 0 +) .

We shall prove the lemma 10 only for M f X ) .  The proof for the integral 
M 2(X )  is analogous.
Let

d(X°3, Y3) =  / i ( Y3) —f i ( X 3)
and

M 3(X )  =  A t f j d ( X ° ,  Y3) x 3V (R )R ~ 3d Y 3
E i

where
A t =  4 A C h -1 =  (2 л) -1 .

Now the integral M f X )  may be written in the form:

M ,(X )  =  A J 2( ,X t )F { X )+ M 3{X ) .

By lemma 9 we get

A t M X b F ^ X y + M X t )  as X ^ (X °3 , 0 +) .

Let K (X $ , 6) and K (X 3, <̂5) denote the circles with radii <5, and centres at the 
points X 3 and X 3 respectively. From the continuity of the function f x we obtain

A V  [Y 3 6 K(X°3, S ) * \ d(X°3, r3)|<is].
e > 0  K(X3,i)

Let
M A(X )  =  (2л)-1 J  J  d(X°3 , Y3)x 3 V (R )R ~ 3d Y 3

x(xS,ł)

and
М 3(Х ) =  (2п)~ ' J J  d(X°3, Y 3)x 3V ( R ) R -3d Y 3 .

E i \ m ° i . i )

Then M 3(X )  =  M ^(X ) +  M 5(X ). For the integral М 4(Л') we get the estimation 

|Л/4(ЛГ)|<|е(2я) -1 J Jx r3F ( £ ) £ - 3d F 3< i e  for 0 < x 3« 5 (e ) .
E i

Let

|2Г$ЛГ3| < i ô  and Dt = E2\ K ( X 3, Ô), D2 = E2\K(X3,iS ) .
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For M 5(X )  holds

|М5(Х)|<(2я) - 1П [ | /1(7 3)1 +
Dl

+  1/,(*з0| ]* з П Л )л -3<*Уз*гм17 Г 1 J J ł - 3K ( /o /? - 3d r 3 .
D i

Applying in the integral j  J  x 3V (R )R ~ 3d Y 3 the transformation (19a) we get
d2

\M5{X)\<2Mi J e x p [-C x 3((?2 +  l)1/2] ( l+ e 2) _3/2e ^ < ^
s , 2

for
<5

|ЛГзЛГ3|<  — and 0 < x 3<<5(e), where s, =  (2x3)

and finally

|M3(X )|<8  for |X2X 3|<m in|^ , 5(e)J .

Let
N t(X )  =  J  [ f l( Y 3)x 3V (R )R ~ ”d Y 3(n, i = 1 , 2 ) ,  X e  £ 3+ .

E i

Lemma 11. I f  the functions f  (/ =  1 ,2 )  satisfy the assumptions o f the lemma 4, 

then Х ,(Х )— 0 ns X -+ (X £ ,0 +) (/ = 1 , 2 ) .

P ro o f. We shall prove lemma 11 for the integral N f X ) .  The proof for the 
integral N 2(X )  is similar. We have

j  j  x 3V (R )R ~ nd Y 3 .
E l

Applying the transformations (19a), (19b) and the formula (4) we get

00

|Лг]( Х ) К 2 л С 1 x l~ "~ a J  z1~n~*dz<e  for x 3< ô (s)  and 2 —n < a < 3 —n ,
i

where

C t =  M 1C ~ a, I f  n =  2 , then a e  (0 , 1) and if n =  1, then a e  (1 ,2 )  . 

Now we shall prove

T heorem 3. I f  the functions f  (i =  1 , 2) are  bounded, measurable in E 2 and the 
function fx  is continuous at the point X 3, then

[h u (X )+ D Xtu (X y }-+ M X t) as X -> (X 3° , 0+) .

P ro o f. By (16a) and (18) we obtain

hu(X ) +  D Xiu (X )  =

=  2A xC  $ $ f 1( Y 3)h ~ 1x 3{ 2 V (K )R -3 +  C V ( R ) [ R - 1+ 2 R - 2]}d Y 3 +
E i

+ 2 A x C ^ f 2(Y 3)h ~ 1x 3V ( R ) R - 1d Y 3 .
E i
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4A l C h - 2x 3 ] \ f l (Y 3) V ( R ) R - 3d Y 3-^ f i {X t)  when X —>(X3, 0 +) .
El

Moreover from lemma 11 follows

J l f m x 3V ( R ) R -”d Y 3-^ 0  as X-*(X°3 , 0 +)(« , /  — 1 ,2 ) .
Ej

Now we shall prove the boundary conditions (2).

T heorem 4. I f  the functions f t (/ =  1 ,2 )  are bounded, measurable in E 2 and the 
function f 2 is continuous at the point X 3, then

IhAu(X) +  D x,A u (X )h + f2(X t)  as X -+ (X ° ,  0 +) .

P ro o f. By theorem 2 and formula (16a) we get 

hAUl(X )  +  D X}A u fX )  =

-  A M M Y 3)h lA 2r G (X , Y ) - 2 C 2Ar G (X ,  F )] +
£i

+  D Xi[A2G (X , Y ) —2 C 2A r G (X , Y ) ] \„ m0d Y 3 =

=  - 2 A C 5 J l M Y 3)x 3V (R )R ~ 1d Y 3
Ei

and

In virtue of lemma 10 we have

hAu2(X ) +  D XiAu2(X )  =

=  2A 1C h ~1 J $ f2(Y 3)x 3V (R )[2 R -3+ 2 C R - 2- C 2R ~ 1]d Y 3 .
Ei

By lemmas 9, and 10 we get

hAu2(X )  +  D X3 Amj(A')—>0 as * - > ( * ? ,  0 +)

and

h Au2(X )  +  D Xi Au2(X )-> f2(X°3) as X - ( X $ , 0 +) .

From the theorems 3, 4 and lemma 8 we have the fundamental

T heorem 5. I f  the functions f  (i — l ,  2) are bounded, measurable in E 2 and con­
tinuous at the point X ° , then the function и defined by formulae (16) or (16a) is the 
solution o f  the equation (1) in the domain E 3 and satisfies the conditions:

lim [hu(X) +  D Xiu (X )]  =  f f X l )  when X-*(X°3 , 0 +)

and

lim [/îAu(Z) +  -D x ,A «W ] =  / 2(* S ) when * - > ( * ? ,  0+) .
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