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On a certain boundary problem for the equation (A—c2)2u *= О
in the half-plane

1. In the present paper we shall give the Green function and the solution of the 
equation

(1) ( A - c 2) 2 u ( x i , x 2) =  0 

where c is a positive constant in the domain
E 2 =  { (x j, x2): — o o < x !< o o  л х 2> 0 }  satisfying the boundary conditions

(2) D xlu(X l , 0) +  A«(x1,0 )  =  f^ x y )

D XiAu(xx, 0 )+ h A u (x l , 0) =  f 2(x t) ,

h being a negative constant.

2. Let

Л  =  (x, - У \ ) 2+ ( х 2- у 2)2 , r \ =  (x1- y l) 2+ ( x 2+ y 2) 2 ,

r\ =  ( ^ i - y i ) 2 +  (x2+ y 2 +  u)2 , в 2 =  ( x i - y i ) 2+ x 2 ,

Д2 = (^1-У1)2 + (х2 + «)2 , ^ = (х !,х 2), Y = ( y , , y 2) ,

X , Y e  E 2 , X  ф Y  and let K„(z) denote the Mac-Donald function of order n 
( И  p. 116).
We shall prove

T heorem 1. The function

(3) G (X , Y) =  ]h (crl K 1(cr1) + c r 2K i(cr2) ) + I ( X ,  Y) , 

where

I ( X ,  Y ) =  Ą ^ r ^ f c r ^ d c  
о

is the Green function fo r the problem (1), (2).

P ro o f. From ([2], p. 132) the integral I ( X ,  Y) is quasi-uniformly convergent 
with the derivatives to the fifts order in the set E 2 x E 2 and the functions
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cr,K i(crt)  (i — 1, 2 , 3) are solutions o f the equation (1), ([1], p. 8) then the function 
G ( X ,  Y )  satisfies the equation (1).
Applying to the function G (X , Y ) the formulae ([2], p. 117)

(4) D t{ z - 'K n(z)) =  —z~nKn+i{z) , D t{z?Kn(zj) =  - z " K H. 2{z) 

we get

c2
(5) D yiG (X , Y) = — [K0(crl)(x 2- y 2) - K 0(cr2)(x 2+ y 2) ] - 2 c r 2K i(cr2) +

n •

- 2 h I ( X ,  Y) .

By (5) we get

Further

D yiG (X , Y ) + h G ( X ,  Y ) =  0 for y 2 =  0

A rG (X , Y ) =  — ((crl K 1(cr1) - 2 K 0(cr1)+ c r 2K l(cr2) - 2 K 0(cr2) )+

00

+ 2 c2 j* ehv(cr3 K 2(cr3) -  2K0(cr3))dv

and

D yiA rG (X , Y )+ h A rG (X , Y) =  0 for y 2 =  0 .

CO
L emma 1. I f  the function f  is continuous at the point x0 and j  \ f ( y \ ) \d y 2 <  °o,

then

V {X )  =  J / ( л ) [ 2 > „ О Д  r ) + A G ( Z ,  Г )]п =оФ >1-0  or 2 f-4 *o , 0+) .
— CO

P r o o f. By (3) and (5) we have

СО со

G (X , Y ) |„ .0 =  ? (ce)+ 2  jV cR K fcR )d v  =  J ehv D fc R K ^ c R fjd v

and

00 oo

Z)XIG(Z, У)|„»о =  -  j  J eheDl{RKfcR))dv =  x2/(e)+2c J eh°Dv(RKfcRj)dv

where

/(e ) =  -  - Л а д ? )
h
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Thus

DX1G (X , Y )+ h G (X , Y) =  — -  c2K 0(cq) x 2 for y 2 =  0 .
n

By ([3], p. 276, 372)

(6) J P V ( x 2+ z 2)p a,+1zp_4_1 '  *

and

(7)

we get

(8)

Let

where

and

^ ± 1/г(Х) - J * . -
V 2z

00 00

J K 0(co)dyl =  JK 0(c \/t2 +  x l)d t  =  .

— CO — 00

K(20 =  * 2 J / ( * ) / ( e ) # i  =  ^ i W + ^ 2W ,
— 00

Л 1ОО =  x2 J ( П У г ) - Л х ^ ) 1 Ш У1
— со

a 2(X )  =  *2 Î  f ( x 0)i(e )d y ,

Let s be an arbitrary positive number. By (8) and by the inequality Ko(cq)^0 we 
have

\A2( X ) \ < -  for 0 < x 2< r\1 ,
4

t]y being a sufficiently small positive number. From the continuity of the function /  at 
the point x0 it follows that there exists a positive number <5, such that

(9)

Let

where

l /0 'i ) - / ( * o ) l<  ~A for | y i-x 0|<<5. 
4

A x{X )  =  B l( X ) + B 2( X ) + B 3(X ) ,

B y(X )  =  x2 J  ( f ( y i ) - f ( x 0))l(e )d y t ,
|?I-*o| <i

37



B2(X )  =  х2 f f (y i ) I (e )d y i  ,
\yi-xo\>t

В3(Х ) =  - х 2 J f ( x 0)I(Q)dyl .
|У1-*о| >1

By (8), (9) we get
oo

\& i(X ) \< x 2 "  J K0{cQ)dyt <  *- for 0 < x 2<ri2 ,

— 00

ri2 being a sufficiently small positive number.

If | * i -x 0| < ^ ,  then {y, :  \y i ~ x 0\^ô }c :  \y2- X i \ >

Hence
00

152(Z )|^X 2 j* \ f ( y l)I(e')\dyi < M l x2 j '| / ( y 1)|</y1< ^  for 0 < x 2<t]3 ,

|n-*i|<i/2 -oo

where

M 3 — sup K0{cq) c2
|jr,-*i|M/2

Similarly

л 2îC £
| В э (* )К 1/ ( * о )1*2 \J{Q)\dyt. =  x2- ^ -  c2\ f  (x0)\e~CXl < e-

J  ichl 4
— 00

for
0 < x 2<ri4, r \ being a positive number sufficiently small.
If  4 =  min{^!,r]2,Tj3, rç4}, 0 < x 2<rj and | x ,-x 0|<<5/2, 
then

\А3(Х)\ +  \А2{ Х ) \ < г .

L emma 2. //" /Ae function f  is continuous at the point x0 and

J  I/0 'i)I4>'i<co ,
— 00

then

«1 Ï f i ( y i ) lD xlb rG (X , Y )+ h A rG (X ,  У)]>1=0- / ( д г 0) oj A ^ (x o, 0 +) ,
— oo

ax — (4тгс3) -1 Л .

where

2
~h

and r] j is a positive number sufficiently small.
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P ro o f.

[D x1A yG (X , Y )+ h A r G (X , Y)]n . 0 =  c2x 2I{q) + x 2J { q) ,

where

4c* 1
J(C) -  — Ki(c6) ~ .

h CQ

Let

V ^ X )  =  a, f  Я У г ) IDx,A y G ( X ,  Y ) + h A r G ( X ,  Y ) )» m0dy , =  е д О + С 2( * ) .  
— 00

where
X

Cit*) = ûi<-2*2 J /(j'i)Ac)«0'i
—  00

and

= axx2 J f ( y 1)J(Q)dyi .
—  00

By lemma 1 C , ( Z ) —>0 as X —»(x0, 0 +). 
By the formula (6) and (7) we have

(10)

Let

where

axx2 J  J(e )d y , =  е~схг.

C 2(X )  =  I x( X ) + I 2( X ) ,

JA X )  =  axx2 j  f ( x 0)J(g)dy1 , 
— 00

I 2(X ) — axx2 J  ( f ( y 1) - f ( x 0))J(e )d y i .
— oo

From (10) we deduce IA X )—*f(x 0) as X —>(xo, 0 +).
We shall prove that I2(X )-* 0  as X —*(xQ, 0 +).
Let s be an arbitrary positive number. Since f  is continuous at the point x0, thus 
1У ( j 'i )—/ ( x 0)|<e/2 for l^i — *ol<<5> where S is a positive number sufficiently small. 
Let

i  A X )  =  W A X )+ W 2( X ) ,

where

W AX) =  axx2 J  { f ( y l ) - f ( x 0))J(e )d y i ,
|У1—*o| <i

W2(X )  =  axx 2 J  ( f ( y i ) - f ( x 0))J(e )d y l .
\yi~xo\>i
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By (10) we get

J \j(e )\d y i = 1 ' е ~ схы е-  

— 00

If  |X ! - X 0| <  then ( y , :  1^, —лг0| <=

Hence

I ^ X X l a J x ,  J  | / Ы - / ( х 0)| | /(е )| ^1 .

Applying the formula ([3], p. 365) 

y ( p + l ) ( 2z)p
Kp(xz) =

xpy(i)

Ç cos (xt)

J  (t2 +  z2y  + 1/2
dt (p^— i AX>0 AZ>0)

we get the inequality

(П) Kn( z ) ś B z - * ,

where n is a positive integer and В  a positive constant. 
Whence

,4c4

W|Ж2( * ) | < * —  |a,l j  l / ( j 1; - / ( * 0) l ^ 1 ^ 1< f i i* 2 | l/(> '1) l^ i  +
\yi-x,\>»!2

+  B 2x 2

oo

I1
j for

where
| y ,-x ,| * i /2  

14с4 1 4c4
Bi =  B —  |et| sup ——  , B 2 =  2 B -—  Ia, ■ /(x0)| ,

W \yi-xi\>ai2(cQ) \h\

/), is a positive number sufficiently small.
Hence

\I2(X )\  <  I W fX )\  + 1 W2(X )\ < e  for 0 < x 2< q t and

Now we shall prove the following

T heorem 2. I f  functions f  (/ =  1 , 2) are continuous at the point x0 and

J  \ f ,(y d \d y 1< co  (/ = 1, 2)
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then the function

(12) ЩХ) =  a, j Ш У1)1 ArG(X, Y ) - 2c2G(X, Y)]H. 0 +
— 00

+ / 2(y,)G(X, Y)\,im0-\dyx

is the solution of the boundary problem (1), (2).
Proof.

Let
U(X) = J f X ) + M X ) + J 3(X),

where

M X )  =  a. J М У1)Аув(Х, Ÿ)\nm0dyi ,
—  00

M X )  =  - в1 J  М У1)2с2С(Х, Y)\»-odyx ,
—  00

M X )  =  a J MyùG(X,  y ) U -o ^ i  •
—  00

By lemma 1 we have

[ДХ2( /2(Л0  + / 3(*))+ А (Л (* ) + / з(ЛГ))Ь0 as Х—*(х0, 0+) .

By lemma 2 we obtain

[DxlM X ) + h J 1(X)]-^Mx0) as X-^(x0, 0+) .

By changing the derivation and integration we get

AJfX)  =  a1 ]  А(Уг)АхА,С(Х, Y)\n=0dy, ,
—  00

AJ2(X) =  at ]  f f yi)Ax( - 2c2G(X, Y))\yi. 0dyi ,
—  00

AM X )  =  в1 ] м У х ) А х С (Х ,  ł O U - o ^ i  ,
—  00

AxAyG(X, Y)\nm0 =  iic \ 2ceKl(cQ)-SK0(ce))+

00

+  2c4 j  ehv(cRKl(cR)—4K0(cR))dv =

0
00

=  -  ? c4 J  e^DfcRKfcR) -  4K0(cR))dv
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and

[DX1AXAYG (X , Y )+ h A x Ar G (X , Y)]yi. 0 =  c*x2I(q)+2c2x2J(q)

By lemma 1 and lemma 2 we obtain

J ^ X y + U f M  as X —*(x0, 0 +) .

By the identity

(13) Ax G {X , Y )\nmо =  ArG (X , Y)\t l . 0

and lemma 2 we get

lim J 2(X )  =  — 2c2/ i ( x 0), lim /3(A') =  f 2(x0) as X —>(x0, 0 +) and finally

[ 2 ) „ А^ ( 1 Г ) + А А^ ( Л Г ) Н /i(*o) as *-*(*„, 0+) .

Thus theorem 2 is proved.
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