JAN GOROWSKI

On a certain boundary problem for the equation (A—€22u*o
in the half-plane

1. In the present paper we shall give the Green function and the solution of the
equation

(D) (A -c22u(xi,x2) =0

where c is a positive constant in the domain
E2 = {(xj, x2): —oo<x!<o00 nx2>0} satisfying the boundary conditions

) Dxlu(X 1, 0)+ A«(x1,0) = fAxy)
DXiAu(xx, 0)+hAu(xl, 0) = f 2(xt) ,

h being a negative constant.

2. Let
n = (x,-Y\)2+(x2-y 2)2, r\ = (x1-y )2+ (x2+y2)2,
r\= (Ni-yi)2+ (x2+y 2+ u)2, B2 = (Xi-yi)2+x2,
n2=~ly Jor 62+ 92, A=(X1,XD), Y=(y. y2),
X, YeE2,X ¢ Y and let K, (z) denote the Mac-Donald function of order n
(N p. 116).

We shall prove

Theorem 1. The function

3) G(X, Y) = h(criKlcr)+cr2Ki(cr2))+1(X, Y),
where

I(X, Y)=A" r~fcr~dc
o

is the Green function for the problem (1), (2).

Proof. From ([2], p. 132) the integral 1(X, Y) is quasi-uniformly convergent
with the derivatives to the fifts order in the set E2 xE2 and the functions
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cr,Ki(crt) (i — 1, 2, 3) are solutions of the equation (1), ([1], p. 8) then the function
G (X, Y) satisfies the equation (1).
Applying to the function G (X, Y) the formulae ([2], p. 117)

(4) Dt{z-'Kn(z)) = —z~nKn+i{z), Dt{z?Kn(zj) = -z"KH Xz)

we get

(5) DyiG (X, Y) = C—2[K0(crl)(x2-y 2 -K 0(cr2)(x2+y2]-2cr2Ki(cr2)+
n.

-2h 1 (X, Y) .
By (5) we get
DyiG(X, Y)*+hG(X, Y) =0 for y2=0
Further
ArG(X, Y) = —((crlK2cr)-2K 0(crl)+cr2Kl(cr2)-2 K 0(cr2))+
)]

+2c2j*emcr3K 2crd) - 2KQ(cr3)dv

and

DyiArG (X, Y)+hArG(X, Y) =0 for y2=0.

©
Lemma 1. If the function f is continuous at the point x0 and j \f(y\)\dy2< °o,

then
V{X) =_\€]D/(r|)[2>,,0,ﬂ, N+AG(zZ, Nin=0®>1-0 or 2f-4%0, 0+).

Proof. By (3) and (5) we have

. cO
G(X, Y)|,.0= ? (ce)+2JchKfcR)dv = \]eh/chRK"chjdv
and

2XG(Z, V)70 = - | \jDehsDI{RKfcR))dv = x2/(e)+2¢ J]eH’Dv(RKfch)dv

where

/I(e) = - hl‘l apn?)
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Thus

DXIG (X, Y)+hG (X, Y) = —- c2KO(cq)x2 for y2= 0.
n

By ([31, p. 276, 372)

® .

V(x2+z2p a+lzp41l ' *

and

(7 A+ Ir(X) - JV*ZZ. -

we get

() JKO(co)dyI = JKO(C\/t2+ xydt =

Let - h
K(20 = *2 J(*)/(e)#i = NiW +~2W
where
n100 = x23 (1r)-1x" ) 1 UL
and

a2(X) = *21 f(x 0)i(e)dy,

Let s be an arbitrary positive number. By (8 and by the inequality KC(CC)AO we
have

\A2( X )\<21 for 0<x2<r\1,

tly being a sufficiently small positive number. From the continuity of the function/ at
the point x0 it follows that there exists a positive number <§ such that

(9) I/O'i)-/(*o)l<? for |yi-x0]<<5.

Let
AX{X) = BI(X)+B2(X)+B3(X),
where

By(X) = x2 Jéf(yi)-f(xO))l(e)dyt,
[7-0]
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B2(X)

x2 f  f(yi)l(e)dyi ,
\yi-xo\>t

BXX) = -x2 J f(x0I(Q)dyl .

Ml*o] >1
By (8), (9) we get
®
\&i(X)\<x2" ] KO{cQ)dyt< * for 0<x2<ri2,
@

ri2 being a sufficiently small positive number.

If |*i-x0]<~, then {y,:yi~x0\"6}c: \y2-Xi\>
Hence
)]
152(Z) |~ X2 j* \f(y DI(e)\dyi<M Ix2j"| /(y D<lyl<n for 0<x2<t]3,
[n-*i]<i/2 -00
where
2 . iy .
M3 — sup KO{cg)c? and r]j is a positive number sufficiently small.
lir-*i|Mm/2 +H
Similarly
n 2ic £
|Ba(*)KXZ(*0)1*2 \{Q\dyt. =x2-~- c2\f (x0)\e~CAH< e
J ichl 4
()
for

0<x2<ri4, r \ being a positive number sufficiently small.
If 4 = min{"!,r]2,Tj3, 4}, 0<x2<rj and | x,-x0]<<5/2,
then

VAZOON + VA2 X )\<T .

Lemma 2. /" /Aefunction f is continuous at the point x0 and
)%
bk,
then
«1 Tfi(yi)IDxIbrG(X, Y)+hArG(X, Y)]>1=0-/(ar0) oj A~(xo0,0+),
—

where

ax — (4rrc3)-1 1.
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Proof.
[Dx1AyG (X, Y)+hArG (X, Y)]n.0 = c2x2I{q) + x2){q) ,
where
4c* . 1
- — Ki(09) ~..
09 Ki,
Let

VAX) = a, f AYr)IDxAyG(X, Y)+hArG(X, Y))»mody, = e O +C (*).

— 00

where
X

ai<22 J/(j'i)AC)«0']

Cit*)

and

axx2 Jf(y DIQ)dyi .

— 00

By lemma 1C,(Z)—>0 as X—»(x0,0 +).
By the formula (6) and (7) we have

QO) axx2 J J(e)dy, = e~cxr.

Let
C2(X) = IXX)+12(X),

where

JAX) = axx2 j f(x0)J(g)dy1,
)

12(X) —axx2 ) (f(yD-f(x 0)J(e)dyi .
—@

From (10) we deduce IAX)—*f(x0) as X—>(x0,0 +).
We shall prove that 12(X)-*0 as X—*(xQ, 0+).
Let s be an arbitrary positive number. Since f is continuous at the point x0, thus
W (j'i)—(x O] <el/2 for 1ni —*0l<<5> where § is a positive number sufficiently small.
Let

iAX) = WAX)+W 2(X),

where

WAX) = axx2 J {f(y)-f(x 0))J(e)dyi ,
Pl <i

W2(X) = axx2 J (f(yi)-f(x0)J(e)dyl .
\yi~xo\>i
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By (10) we get

J \j(e)\dyi =1'e~cxbl e
()}

If |X1-X0|< then (y,: 1® —n0] <
Hence

I"X X lalx, J | /bl -/ (xO]1/(e)|~1.
Applying the formula ([3], p. 365)

Kpoxgy = Y (PTN@IPC cosO) i G axs0 AZS0)

xpy(i) (t2+ z2y +112

we get the inequality
') Kn(z)sBz-*,

where n is a positive integer and B a positive constant.
Whence
@
4cd
PrR(*) | <* vy lal j |/(jl'-/(*0)l"1"1<fii*2'|/>'])|"i+
W .
\i-X \>»12

+ B2x2 j -b-

ly.-x, | *i/2
where

. 4c4
Bi = B— Jet]

4c4
sup _, B2= 2B-— la, m/(x0)] ,
w \yi-xi\>ai2(cQ) \h\

/), is a positive number sufficiently small.
Hence

M2\ < IW X))\ + IW2(X)\<e for 0<x2<qt and

N) I Oo

Now we shall prove the following

Theorem 2. Iffunctionsf (/ = 1,2) are continuous at the point x0 and

J \f,(yd\dyl<co (/= 1,2
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then the function

(120 WX) = a j W J1)IArG(X, Y)-2c2G(X, Y)JH. 0+

— 00

+12(y,)G(X, Y)\imD\dyx

is the solution of the boundary problem (1), (2).

Proof.
Let
U(X) =JfX)+M X)+JI3(X),
where
MX) = a JM YDAys(X, Y)\nnddyi ,
MX) = -8l J M YD2c2C(X, Y)W»-odyx ,

— 00

MX) = aJ MyuG (X, y)U-o”ni «

— 00

By lemma 1 we have

[AXX /2000 + /1 3(*))+A(N(*) + /3(1MN))b0  as  X—=(x0,0+) .

By lemma 2 we obtain
[DXIM X)+hJI(X)]-"*Mx0) as X-~(x0,0+).

By changing the derivation and integration we get

AJfX) = al] A(Yr)AxXA,C(X, Y)\n=0dy, ,

00

AIAX) = at] Ffyi)AX( - 2c2G(X, Y))Wi. Odyi ,

— 00

AM X) = BLIMYX)AXC(X, tOU-0"i ,

— 00

AxAyG(X, Y)\nmO = iic\2ceKl(cQ)-SKO0(ce))+
+ 2c4 j eh(cRKI(cR)—4K0O(cR))dv =

0
®

= - ?c4) erDfcRKfcR)

- 4KO(CR))dv
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and

[DXIAXAYG (X, Y)+hAXArG (X, Y)lyi. 0 = ¢x2l(Q+2cx2)(9
By lemma 1 and lemma 2 we obtain

JINXy+UfM as X—*(x0,0+) .
By the identity

(13) AXG{X, Y)\nmo = ArG (X, Y)\tl. 0

and lemma 2 we get

limJ2(X) = —2c2i(x0), lim/3A") = f2(x0) as X—>(x0, 0+) and finally
[2),AN(2T)+ AN (ID)H/iI(R0) as  *-*(*,,,04).

Thus theorem 2 is proved.
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