JAN GOROWSKI

On the Lauricelli problem for the equation (A+c22u(xu x2 x3 = 0
in the half-space x3>o

1. In this paper we shall construct the solution of the equation
1) (A+C32VI(A") = A2u(X)+2c2Au(X)+cau(X) = 0,

where X = (x1; x2, x3) and c is a positive constant in the half-space x3>0 satisfying
the boundary conditions

(2 n(x!,x2,0 = /1 Ix1x?2),
3) DXau(xl,x2,0) = f2(x1, x2) .

We shall use the convenient Green function to the construction of the solution of this
problem.
2. Let X & Y denote the points of the space R 3 for which x3>0, y3~"0 and let

rz2 = El(*i- y f >
n = ilfl(’\-’\)2+(’\3+}’3)2

R2 - iI::I-(x,-y,)2+x2.

Let JVcr) denote the Bessel function of the first kind with the index v =
Now we shall prove the following

Lemma 1. The function

u(r) = (crfjfcr)

is the fundamental solution of the equation (1J).



From ([2], p. 109) and by formula

Au(r) = D2u(r)+ -Du(r)
we get

(A+c2[(cr)Vj(en] = 0.

Now we shall prove the following

Theorem 1. The function

G(X, Y) = li(cr)—2c2x3y3l2(cr)—II{crl) ,
where

Ifcr) = (crfjfcr) , 12(cr) = (cr) 21 j(cr)
| 4 ~2

is the Green function for the problem (1), (2), (3) with the pole X for the half-space
>3> 0.

Proof. By lemma 1 the function Ixcr)—Ifcr{) is the solution of the equa-
tion (1) with respect to the point Y for y3>0. The function 12{cr) is the solution of
the equation (A +c2wu = 0.

Since

AY[2c2x 3y 312(cr)] = 4c2x3Dyil2(cr)-2c*x3y312(cr)
thus
(Ay + c2)22c2x3y312(cr) = 0 for y3>0.
If Y3=0thenr=rl —R and G(X, Y) = 0 for y3 = 0. Similarly we get
DYyG(X, Y) =0 for y3=0.

3. Let X' = (Xx,,x2), Y' = (¥YX,¥2)
and

(4) u(X) = & I1ffY ")D yiAyG (X, Y)\lyi.0dY'+ax \UY ')Ay G (X, Y)lyi.odY",

Ei Er

where ax is a convenient constant and f u f 2 are given functions.

We have
AYG (X, Y) = —4c483(cr)“V _,(cR) for y3=0
and
DY3ArG (X, Y) = 4c6x3(cr)-"-U-v_,(cR) for y3=0.
Consequently we get

(5) u(X) = at J [/AT)4c6xL(CN)-"-T7_y x M )-/2(M 4cax2(c/r)-y_yCn)] T.

Ei
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Lemma 2. IfE\I\/,(Y')\dY'< oo (/= 1,2),
rlen rAefunction u(X) defined by formulae (4) or (5) is of class C* for x3>0 and
= aiE]I x?Xp G (X "Olyj” 0+
+f2AY)YAYD xp,xVxp G (X, Y)\,mO]dY",

3
for arbitrary non negative integers pt (i = 1,2, 3) (Epi<4).
=i

Proof. Letd>0and £3 = {n: |x,|<o00 i= 1,2, x3>a}. By ([2], p. 132) we get
tsup I~ A pid M -V .M K oo,
®) ra
I'sup \DQ)B)Q(CR) * V-v.jfcr”r0 0 for £p,<4.
(xfE8 ~1

From (6) the integral defined by formula (4) is of class C4 in the set {Il: x3>0}.
Now we shall prove the following

Lemma 3. For arbitrary negative real tiumber —1
J = J(cRyjfcR)dY' = -2nc-2(cx3y +1Js+1(cx3) .
H
Proof. Let
) y, = +rcost, y2 = x2+rsint,
where

re [0, oo), re [0, 2n].

Applying the change of variables (7) to the integral J we get
J = 29 ) (c\rl+ x \fit[c\Url+x\)rdr .
o

By the transformation

(8 m= c\/r2+ x3

we obtain the thesis of lemma 3.

Let
KZX, T) = a, 4c6x3(c7?)_t_1/_v_1(c£),
KZX, YY) = -aA~X3CcTr)-* /.7 ),
AJZ, Y') = 0l4acBa(c£)-,-V _y 2cE),

where

ai = (8\/2jtc)-1 .
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From formulae ([3], p. 371) we have
J_~i~€u) — qgcosu , JM:’S:(VI) = q(—sint/—m- lcosu)
) J s(u) = ¢[38K-1sinK+ (3M-2 —1)cosm]

“1
y _T(u) = q[sinM+6u- lcos«—15w~2sinM—15«-3 cos«],

where
2

q-= ™
By lemma 3 we obtain
(10) JKFX, Y)dY' = cos(cx3) + cx3sin(cx3) ,

Ei
() JK2(X, YndY' = x3cos(cx3d) ,
Ei

(12) J K3(X, Y)dY' — —xJ13cos(cx3) —3csin(cx3) + c2x3cos(cx3) .

Ei
Using the formulae (9) we get

Lemma A |If a is an arbitrary positive number, then

sup|/,(2)] < oo, s= -i, —J, —I, -i
>a

Lemma 5. If thefunctionf is absolutely integrable in E2 and continuous at the
point X'0 = (x°, x2),
then

A (X) = JA(Y)KFX, Y)dY'—f i(Xg as X-+(xi, ¥2,0).
Ei

Proof. Let
At(X) = V2(X)+V 2(X),
where

VIW « n/i(n-/i(*:))*i(*, Y)dy"'

V2X) « 1fM K A X, Y)dY'.
Ei

From (10) we obtain
V2(X)-VM ) as X ~x\,x°2,0).

We shall prove that VI(X)—*0 as X—»(x?, x%, 0).
Let a be an arbitrary positive number. From the continuity of the functionffY ')
at the point Xgq it follows that there exists a positive number 51(a), such that

I/i(n-/.(*S)l<J for (X0,Y'Y<6\,
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where
c*in* = (*?-Y1l)a+(*2-n)
Let

d O= mi
(..S an min
By (9) we get

(13) J_$r(CR)"O for R 6(0,45).

Further let
A(no-anpg+apg,
where

a n - J [ncn-nTa™~nr, n™ly"',
K<XEJ)

Pi(X) « J [/i(n-/i(~6)]Ni(y, T)<Ir
CK(XE,a)
K (X q, 9 being the circle with radius 5 centred at the point X'Q

and
CK(X'0,8) = E2AK (X q, 0).

Let
Y'eK(X0,0) and Nron'<-.
We get
N3
y'A"< Y0+ NTAA"<r+, = -5 = CN*E£4<5<;
2 2 2
and

en;, Y<=x(*"</).

Applying the change of variables (7), (8) in the integral

J  prynar, w </r
K(X.a)

and by (13) we obtain

cj/d*+*;

a<*F><ji  J \K~ X, Y')\dY‘<2*"-.U 4c4x3u JJ_~(u)du.

X(X".d) rxj

By lemma 3 we have

B B B |
|Pi(201<-[cos(cxJ+cx3sin(cxd)]<-(l+cx 3 < - for x3e(0,—1J.
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If X'0X '< 2 T 6 CKfX0,<5) then -2and CK(X'0, 5)<=CK

( 4
Hence by lemma 4 we get
B 4 K J MY y" )"~ ,r)]dr+ J r)]jrfr<
C*H ) ck(x',])
J (cR)™?dYr,
E2 -K )
where
M, = sup |al4cé(cn)-- ¥ _,_Ach)],
J'eCx(x,1)
M2 = sup |al/(jro)dcV_v_IM)| .
Mcek(x\1)

If 0<xb<r\ for convenably r¢>0, then \P2(X)\<

For rg* = min-fi?;,8—J> and 0<x2<rj* we obtain
c

Now we shall prove the following

Lemma 6. |f the function f y is absolutely integrable in E2 and continuous at the
point Xq, then

A2(X) = ffi(Y")K2X, Y)dY'* 0 ax A~"N(x?,x2,0).
El
Proof. From the continuity of the functionf 2 at the point X'0 it follows that
there exists a circle K{X'0,4{), such that
(14) [/72(r) | <M for Y'e KiX'0.6J.

Let

x3e ,— and 6 = min (5, =1 .
V) i &)
By formula (9) we have
(15) /_,(cn)<o for Re(0,48)

Further, let
A2(X) = BfX)+B2(X),
where

BfX)= J ffY')K2X, Y)dY', B2{X)= | f2Y)K2X, Y)dY"
K(xi,i) CK(xi,i)
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Let
) -r— 3
Y'eK(Xq,H and X0 ,X<~.

We have then
Nrf< ¥ = d, eXX4<5<~  and K(XO,3)cK (X' d).

Applying the change of variables (7), (8) in the integral B }(X) and by (14), (15) we get

fij/dl+xJ 2
|122iADl< —M  J K2 X, T)dY' = -aMbnc2x\ f (u)2_s(u)du .
K(X\d) cX, 2
By lemma 3 and formula (9) we have
u e — S 3
Hence, if , then \BJ(X)\<~. If XO0,X '<- then X 'Y - for
8c 2 2 2

Y'e CK{X'0, 3) and by lemma 4 we get

|92(20 | <aldca*s3 sup [(cl1?)-V_,(c*)]] $\f2{Y)N\dY'*ZM2x3.

M<Ck(x',|) El
Hence, if
x3<t]2, then \B2(X )\<y
Finally
M 220]<]£12N]+ 17201 <£  for 0<x3<min(7/1, ¥2} .
Let

K(X, Y) = 3x3IK X, Y)+K3(X, Y").

Lemma 7. I f thefunction f t is absolutely integrable in E2 and/ t is ofclass C 1in
the circle K(X'0,3*), (<5*>0), then

W fX) = If{Y)K (X, Y)dY'—=0 as *-(*?,x2,0).
El

Proof. By formulae (10), (12) we get
(16) JK(X, Y)dY'—+0 as X-+(x\,x2,0).

El
Let
FfX', T)=/,(F)-Ne )-Ziy,-xd DxtM X )

and

F2AX', T) = X (y,-X)BXA (X').
( ) i_1(y ) (X"
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We get

WAX) = JF, (A", YOK(X, Y)dY’ '+ $F2(X", YOK(X, Y)dY'+
Ei Ei

+\Ne YK (X, Y)dY"
Ei

By (16) we obtain

I, (XK (X, Y)dY'™A0 as  X-A(x\,x2,0).
Ei

Introducing the change of variables (7) in the integral j F2(X', Y)K{X, Y")dY'
Ei

we have

JFEAX', YOK(X, Y)dY' =0
Ei

Let e be an arbitrary positive number and XO0, X'< By the assumption of

lemma 7 there exists a number <5(e)> 0 such that

F. (X' YY)
< ~ for Y'eK(X'51).
xX'y'
By formula (9) we get
a7 ,JAcR)A0 for x3e]o,~j,/TE (0,9,
where
"m ot v f{teeif
Let
ap =JFAX' YO)K(X, Y)dY' = RAX)+ RAX),
where
RAX) = j- FAX' YOK(X, YHdY"',
K(X\0)
r2(X) = 1 FAX', YOK(X, Y)HdY'.
CK (X' t)

By formula (17) we obtain

IT(Z)I<16e(33)-1fllc5[ J 3xi(cR)~vW_y AcR)dY'+
K(X',0)
- j c2xt(cRr-1-1-2(cR)dY").
KiX-.i)
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By an application of transformation (7), (8) we get

f (cR)~V.v. (cR)dY' = 2nc~2J u~v + i(u)du

K(X\ 0) cx3
(18) f
J (ch)-'-Y_,,_2(caA)AT = 21rc-2 J u~\V _v- 2(u)du ,
K(X",i) «3
where
- cVv<52+ x| .

In virtue of (9) we obtain

LV V] = i

(19) r
f

cos(cx3)

3 I _2mn = 13()(34{ + 0(x34)

cx3
By formulae (18), (19) we get

lim]7?1(2)] <e as X—(x?,x2,0).
Now we shall prove that

R2(X)->0 as Z-Xx?,x2,0).
We have

*2Z) = 1 (fUY")-fAX))K(X,Y)dr +

cCuUX-i)

+ ) FX', YOHK(X, YH)dY"
Gkx, 3)

Introducing in the integral

b OE2{X', YOK(X, Y)dY'
cK(xm3)

the change of variables (7) we get

(20) b OF2{X', Y)KiX, Y)dY' = 0.

C K (X\i)
By (20) we obtain
R2(X) = Ei- (Z),

where
L,(X)= J i(Ir)3xJ2Z21Z, Y')dY",

CK(X\0)



L2AX)= 3 MYDK3X, YHdy’,

CK (X',i)
L3X) = - 1 /[, (X")3x;2Kt(X, Y)dY"',
CK (X', t)
Uux)=- 1 l\)lg YK 3(X, YHdyY".
We shall prove that > (/= 1,2, 3,4) as X—»(X?»x°.0)-

By lemma 4 we get

IGR rv 1/ - v- (cRIIJ KFivndy™*

El

su
reCK(X'F,)(% )

for
0<x3<t]i .

Similarly

|i3w Ka for 0<x3<rj3.

By analogy we can verify that there exist numbers N2, 4 such that

IL(J0 | <A for x3<rii /1 = 2,4
and finally,
72A) e for O<x3<min{$:i—1,2,3,4}.

Lemma 8. If the function f 2 is absolutely integrable in E2 and continuous at the
point X g, then

W2(X) = } 2(Y')[2x31K2(X, [ )- K,(X, Y)\dY '—*f2X'0) as , X2, 0).
El

By lemma 5 we obtain

S VFAY)K X, Y)Y '-+-f2(X0) as Z->(4, x2,0) .
El

Similarly as in the proof lemma 5 we can prove that

W YH2xI11IK2(X, Y')dY'—*2f2X0) as *—(*?, ¥2,0) .
Ei

Finally we get
W2{X)->f2{X'0) as 2f-(x? ,x°2,0)

From lemma 2 and theorem 1 we obtain

Lemma 9. If the functionsft (i = 1,2) are absolutely integrable in E2, then the
function u(X) defined by formulae (4) or (5) satisfies equation (1) for x3>0.
By lemmas 5, 6, 7, 8, 9 we obtain the fundamental
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Theorem 2. Iffunctionsf u f 2 are absolutely integrable in Er, continuous at the

point Xq and the function/, is of class C 1 at the circle K(X'0, 5*) (<5*>0), then the
function

WX) = J [MTOKAX, YO)+F2AYD)K2(X, Y)NDY"
Et

satisfies the equation (1) and boundary conditions (2), (3).
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