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On the Lauricelli problem for the equation ( A + c 2) 2 u (x u  x 2, x 3) =  0
in the half-space x 3 > 0

1. In this paper we shall construct the solution of the equation

(1) (A + c 2)2 и (A") =  A2u( X ) + 2 c2Au ( X ) + ca u (X )  =  0 ,

where X  =  (x1; x 2, x 3) and c is a positive constant in the half-space x3> 0  satisfying 
the boundary conditions

(2) и (х ! ,х 2, 0) = / 1(x1, x 2) ,

(3) D X3u (x l , x 2, 0) =  f 2(x 1, x2) .

We shall use the convenient Green function to the construction of the solution of this 
problem.

2. Let X  ф Y  denote the points of the space R 3 for which x 3> 0 , y 3~^0 and let

r2 = E (*i- y f  >1

Л  = E ( ^ -^ ) 2+(^з+Уз)2.
i= 1

R 2 -  I  ( x , - y , ) 2+ x 2 .
i= 1

Let J v(cr) denote the Bessel function of the first kind with the index v =
Now we shall prove the following 

L emma 1. The function

u(r) =  ( c r f j f c r )

is the fundamental solution o f  the equation ( 1).
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From ([2], p. 109) and by formula

we get

Au(r) =  D 2u (r)+  -D u (r )  
r

(Д + c2)2[(cr) V j  (er)] =  0 .

Now we shall prove the following 

T h e o r e m  1. The function

where

G ( X ,  Y) =  I i(cr)—2c2 x 3y 3I 2(cr) — I l{crl) ,

I f c r )  =  ( c r f j f c r )  , I 2(cr) =  (cr) 2J  j(cr) 
■2 ~2

is the Green function fo r the problem  (1), (2), (3) with the pole X  fo r the half-space
>-3> 0.

P roof. By lemma 1 the function I x(cr)—Ifc r { )  is the solution of the equa
tion (1) with respect to the point Y  for y3> 0 . The function I 2{cr) is the solution of 
the equation (Д + с 2)и =  0.
Since

A Y[2c2x 3y 3I2(cr)] =  4c2x 3D yiI2( c r ) -2 c * x 3y 3I2(cr)

thus

(Ay +  c2) 22c2 x 3y 3I2(cr) =  0 for y3> 0 .

If Уз =  0 then r =  rl — R  and G ( X ,  Y)  =  0 for y3 =  0. Similarly we get

D y3G ( X ,  Y)  =  0 for y3 =  0 .

3. Let X '  =  ( x , , x 2) , Y '  =  (Ух, y 2)
and

(4) u (X )  =  <*x I f f Y ' ) D yiA yG ( X , Y)\yi. 0d Y ' + a x \ U Y ' ) A y G ( X ,  Y)\yi. 0d Y ' ,
E i  Ег

where ax is a convenient constant and f u f 2 are given functions.

We have

AYG ( X ,  Y)  =  — 4c4 5x3(cr)“ V _ ,(cR ) for y3 =  0

and

D y3Ar G ( X ,  Y) =  4c6x 33(cr)- '’- 1J - v_ ,(c R )  for y3 =  0 .

Consequently we get

(5) u (X )  =  at J  [ / 1( Г ) 4 с 6х1(СЛ ) - '’- 17 _ у_ х М ) - / 2( П 4 с 4х2(с /г)-у/ _ у(СЛ )]^ Г .
E i
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L emma 2. I f  \ \  / , (  Y ') \d Y ' <  oo (/ =  1 ,2 ),
El

г Л е л  rAe function u (X ) defined by formulae (4) or (5) is o f class C *  fo r  x 3> 0  and 

=  ai J 1 x?Xp G (X ’ ^Olyj” 0 +
El

+ f 2(Y ')A y D xp,xVxp G ( X , Y ) \„ m0]d Y ',

3

fo r  arbitrary non negative integers p t (i =  1 ,2 ,  3) ( £ p i < 4 ) .
i=i

P ro o f .  Let a> 0 and £ 3 =  {л:: |x ,| <  oo i =  1 ,2 ,  x 3> a} . By ([2], p. 132) we get 

■ sup I ^ ^ p i^ ^ - V . ^ K oo ,

(6) Г ' 4  '
I sup \Dxp,xP2xpj(cR) * V - v . j f c ^ ^ O O  for £ p , < 4 .
(xfE*3 ‘-1

From  (6) the integral defined by form ula (4) is o f class C 4 in  the set { ДГ:  x 3>0}. 

N ow  we shall prove the following

L emma 3. For arbitrary negative real tiumber —1

J  =  J (c R y jfc R )d Y ' =  - 2 n c - 2(cx3y + lJ s+1(cx3) .
El

P r o o f .  Let

(7) y , =  + r c o s t ,  y 2 =  x2+ r s in t ,  

where

r e  [0, oo) , r e  [0, 2 n ].

Applying the change o f variables (7) to  the integral J  we get

J  =  2я J (c\Jr1+ x \ f J t[c\Jr1+ x \)r d r  . 
о

By the transform ation

(8) и =  c \/r2 +  x  3

we obtain the thesis o f  lemma 3.
Let

K2(X, T) =  a , 4c6x 3(c7?)_ł_1/ _ v_ 1( c £ ) ,

K2(X, Y ') =  -а И ^Х зС сТ г)- * / . ^ ) ,

A 3( Z ,  Y ')  =  o14c84 ( c £ ) - , - V _ y_ 2( c £ ) ,

where

ai =  (8\ / 2jtc)-1 .
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From formulae ([3], p. 371) we have

(9)

where

J _ i ( u )  — qcosu , J  з(и) =  q (—sint/—m- 1cosu)
~~i ~~s

J  s(u) =  ç[3K- 1 sinK +  (3M-2 — 1)cosm]
“ Î

y _ 7(u) =  q [sinM+6u- 1cos«— 15w~2sinM— 15«- 3 c o s« ] ,

q =
_2_

TIM

By lemma 3 we obtain

(10) J  K f X ,  Y ')d Y ' =  cos(cx3) + cx3sin(cx3) ,
E i

(П) J K 2(X , Y ')d Y ' =  x 3cos(cx3) ,
E i

(12) J  K 3(X , Y ')d Y ' — — x J 13 cos(cx3) — 3csin(cx3) +  c2x 3cos(cx3) .
E i

Using the formulae (9) we get

Lemma A. I f  a is an arbitrary positive number, then

sup|/,(z)| < oo , s =  - i ,  —J ,  —I ,  - i  .
z>a

L emma 5. I f  the function f  is absolutely integrable in E 2 and continuous at the 
point X'0 =  (x ° , x 2), 
then

A ,(X )  =  J A (  Y ') K f X ,  Y ')d Y ’—f  i(X q) as X -+ (x î,  x°2, 0 ) .
E i

P ro o f. Let 

where
A t(X )  =  V2( X ) + V 2( X ) ,

V i W  «  n / i ( n - / i ( * ; ) ) * i ( * ,  Y ')d Y '

From (10) we obtain

V2IX )  «  I f M K ^ X ,  Y ')d Y ' .
E i

V2( X ) - V M )  as Х ^ х \  ,x°2, 0 ) .

We shall prove that V1(X )—*0 as X —»(x?, x%, 0).
Let a be an arbitrary positive number. From the continuity of the function f f Y ' )  
at the point X q it follows that there exists a positive number 51(a), such that

l / i ( n - / . ( * S ) l < J  for (X'0, Y ' Ÿ < ô \ ,
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where

Let

By (9) we get 

(13)

Further let 

where

c * î n *  =  (* ? -У 1 )а+ ( * 2 - л )

(•'S
and Ô =  min

J _ $ (c R )^ 0  for R  6 (0 ,4 5 ) .
T

^ ( л о -  а д + а д ,

а д  -  J  [ л с п - л т а ^ л г ,  п ^ / у ' ,
К<х£,Э)

P i(X )  «  J  [ / i ( n - / i ( ^ ó ) ] ^ i ( y ,  Г ) < / Г  ,
ск(х£,а)

K (X q, <5) being the circle with radius 5 centred at the point X'Q 
and

C K (X '0 , ô) =  E 2\ K ( X q, Ô ).
Let

We get

and

Y 'e K ( X o ,0 )  and Л Г 0 ^ '< - .

^ 3
y 'A " <  У'ЛГ0 +  Л Г А А "< г+ -  = - 5  =  сЛ*£4<5<-

2 2 2

е д ; ,  <5) < = * (* ',< /) .

Applying the change of variables (7), (8) in the integral

J |лг1(лг, щ < / г
K(X’.a)

and by (13) we obtain

•■<*>< i  J

cj/d*+*;

'■U\K ^ X , Y ') \d Y '< 2 * ^

X(X'.d) rxj

By lemma 3 we have

4c4x 3u J J_^ (u )d u .

в в в l
| P i(2 0 l< -[c o s (c x 3) + c x 3sin(cx3) ] < - ( l + c x 3) < -  for x3 e ( 0 , — J .
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If  X'0X ' <  - ,  T  6 C K fX o',<5) then -  and C K (X '0 , 5)<=CK
2 2 ( 4

Hence by lemma 4 we get

IВ Д К  J  | /1( y ' ) ^ 1( ^ , r ) | d r +  J  r ) | r f r <

C* H )  c k (x' , | )

J  ( c R ) '? d Y r ,

E2 - K )
where

M , =  sup |а14с6(с Л )- ,- 1/ _ , _ 1(сЛ)|,
J"eCx(x',|)

M 2 =  sup |a1/( jr ó )4 c V _ v_ 1M )|  .
Гсск(х\1)

£
If  0 < х ъ<г\ for convenably rç>0, then \P2( X ) \<

For rç* =  min-}?;, — > and 0 < x 2<rj*  we obtain 
l  8cJ

Now we shall prove the following

Lemma 6. I f  the function f y is absolutely integrable in E 2 and continuous at the 
point X q , then

A 2(X )  =  f f i ( Y ' ) K 2(X , Y ')d Y ’^ 0 ax A ^ (x ? , x°2, 0 ) .
E l

P ro o f. From the continuity of the function f 2 at the point X'0 it follows that 
there exists a circle К{Х'0 ,д { ) ,  such that

(14)

Let

|/2( Г ) | < М  for Y 'e  K i X 'o .ô J .  

x3 e ( 0 , — I and ô =  min <(5., — i  .
V *c) 1 1 8cJ

By formula (9) we have

(15) /_ „ (с Л )<  0 for R e ( 0 ,4 8 )

Further, let
A 2(X ) =  B f X ) + B 2( X ) ,

where

B f X ) =  J  f f Y ' ) K 2(X , Y ') d Y ', B 2{X ) =  j  f 2( Y ')K 2(X , Y ' ) d Y ' .
K(xi,i) CK(xi,i)
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Let
, - r —  3

Y ' e K (X q, <5) and X Ô , X < ~ .

We have then

Г Г <  Ъ- 6  =  d ,  е Ж 4 < 5 < ^  and K(XÓ, 3 ) c K ( X ',  d ) .

Applying the change of variables (7), (8) in the integral B }(X )  and by (14), (15) we get

fj/dJ +xJ 2
|2?i(Ar)| <  —M  J K 2{ X , T ) d Y '  =  -а ,М Ъ п с 2х \  f (u)2J_s(u )d u  .

K ( X \d )  c x ,  2

By lemma 3 and formula (9) we have

u e —г------- <5 ---------3
Hence, if , then \BJ( X ) \< ~ .  I f  X 0, X ' < -  then X ' Y -  for

8c 2 2 2

Y ' e CK {X '0, 3) and by lemma 4 we get

|Я2(2 0 | < а14с4*з sup [(c I? )-V _ ,(c* )| ] $ \ f 2{Y ')\d Y '* Z M 2x 23 .
Г'<Ск(х',|) El

Hence, if

x 3<t]2 , then \B2( X ) \ < y

Finally

И 2(20|<|£1(2Г)| + 1^(201 <£  for 0 < x 3<m in(7/1, t/2} .
Let

K (X , Y ’) =  3 x 3 l K f X ,  Y ') +  K 3(X , Y ' ) .

L emma 7. I f  the function f t is absolutely integrable in E 2 and/ t is o f class C 1 in 
the circle K (X '0,3 * ), (<5*> 0 ) , then

W fX )  =  l f { Y ' ) K ( X ,  Y ')d Y '—>0 as * - ( * ? ,  x°2, 0 ) .
El

P ro o f. By formulae (10), (12) we get 

(16) J  K (X , Y ')d Y '—+0 as X -+ (x \ , x°2, 0 ) .
E l

Let

F f X ' ,  T )  =  / , ( Г ) - № ) - Z i y , - x d  D xtM X ’)
i= 1

and

F 2(X ',  Г )  =  Х ( у , - Х1) В Х1А ( Х ') .
i— 1
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W A X ) =  J F , ( A " ,  Y ')K (X , Y ') d Y ’ +  $ F 2( X ' , Y ')K (X , Y ') d Y '+
E i  E i

+  \ № ) K ( X ,  Y ' ) d Y ' .

By (16) we obtain

We get

Ei

J  / ,  ( X ’) K (X , Y ') d Y '^ 0  as X -^ ( x \ , x°2, 0) .
E i

Introducing the change of variables (7) in the integral j  F 2(X ',  Y ')K { X , Y ')d Y '
E i

we have

J  F A X ',  Y ')K (X , Y ')d Y '  =  0
Ei

Ô*
Let e be an arbitrary positive number and X 0, X '  <  By the assumption of 

lemma 7 there exists a number <5, (e) >  0 such that

F ,( X ',  Y ')

X '  Y '
< ~  for Y ' e K ( X ' , 5 t) .

By formula (9) we get 

(17)

where

Let

where

, J ^ c R ) ^ 0 for x 3 e | o , ^ j , / Î Ê  (0 , <5) ,

' ■ “ " { ‘ • • i f

а д  =  J  F A X ',  Y ') K (X ,  Y ')d Y ' =  R A X ) + R A X )  ,

R A X )  =  j- F A X ',  Y ') K (X ,  Y ')d Y ' ,
K (X \Ô )

r 2(X )  =  J  F ^ X ',  Y ') K ( X , Y ')d Y '  .
C K ( X ' , t )

By formula (17) we obtain

|Tî1( Z ) l< l6 e ( 3 3 ) -1fl1c5[ J  3 x i(c R )~ vJ _ y_ A c R )d Y ' +
K(X',Ô)

-  j  c2x t ( c R r - 1J - 1- 2(c R )d Y ') .
K i X - . i )
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By an application of transformation (7), (8) we get

(18)

f  ( c R )~ V .v. 1(c R )d Y ' =  2nc~2 J  u~v + i(u)du
K ( X \  Ô) cx3

f
J  (с Д ) - ’,- 1/ _ „ _ 2( с Я ) ^ Г  =  2тгс-2  J  u~vJ _ v- 2(u)du ,

K ( X ' , i ) «з

where

- cV<52 +  x| .

In virtue of (9) we obtain

(19)

f  , .  cos(cx3)I ( M) - V + 1 / - V- , ( M ) ^  =  + 0 ( X 3 2 )
CX3

Г
f  cos(cx3)

(и )-’/ _ , _ 2(и )Л  =  1 5 - т ^ г  + 0(x3 4)J 4(cx3)4
C X  3

By formulae (18), (19) we get

lim|7?1(Z)| < e  as X —>(x? , x2, 0 ) .

Now we shall prove that

R 2( X )-> 0  as Z -X x ? , x2 ,0 )  .

We have

* 2(Z )  =  I ( f 1( Y ' ) - f 1( X ' ) ) K ( X , Y ' ) d r  +
C U X ’ . i )

+  J  F 2( X ',  Y ')K (X , Y ' ) d Y ' .
CK(X', 3)

Introducing in the integral

J F 2{X ', Y ')K (X , Y ')d Y '
C K ( X ' ,  3)

the change of variables (7) we get

(20) J  F 2{X ', Y ')K i,X , Y ')d Y ' =  0 .
C K ( X \ i )

By (20) we obtain

R 2(X )  =  £ L ;( Z ) ,
i= 1

where

L , ( X ) =  J / i ( l r')3 x J 2Z 1( Z ,  Y ' ) d Y ' ,
C K ( X \  Ô )



L 2( X ) =  J  M Y ') K 3(X , Y ' ) d Y ' ,
C K ( X ' , i )

L 3(X )  =  -  J  / , ( X ') 3 x ; 2K t(X , Y ’) d Y ' ,
C K ( X ’ , t )

U X )  =  -  J  № ) K 3(X , Y ' ) d Y ' .
C K i X ' , 0 )

We shall prove that >0 (/ =  1 ,2 ,  3 , 4) as X —►(x? » x° . 0)-
By lemma 4 we get

sup |(CjR r v_1/ - v- 1(cJR)l
Г е С К ( Х ' , 3 )

)| J  If i V n d Y *

E l

for

Similarly

0 < x 3<t]i .

|i3W K :  for 0 < x 3<rj3 .
4

By analogy we can verify that there exist numbers r\2, rç4 such that

and finally,

|L(( J 0 | < -  for x 3<rii / =  2 ,4  
4

17?2(A')| e for 0 < x 3< m in {37i : i — 1 , 2 , 3 , 4 } .

L emma 8. I f  the function f 2 is absolutely integrable in E 2 and continuous at the 
point X q, then

W2(X )  =  } / 2( Y ’) [2x3 1 K 2(X ,  Г ) -  K ,( X ,  Y ') \d Y ’—*f2(X'0) as , x°2 , 0 ).
E l

By lemma 5 we obtain

-  \ f 2{ Y ')K ,{ X , Y ' ) d Y ' - + - f 2(X'0) as Z - > ( 4 ,  x°2,0 )  .
E l

Similarly as in the proof lemma 5 we can prove that

Ш  Y ') 2 x l 1 K 2(X , Y ')d Y '—*2f2(X0) as * — (*?, x°2, 0) .
E i

Finally we get

W2{ X )-> f2{X'0) as 2 f - (x ?  ,x°2,0 )

From lemma 2 and theorem 1 we obtain

L emma 9. I f  the functions f t (i =  1 , 2) are absolutely integrable in E 2, then the 
function u (X ) defined by formulae (4) or (5) satisfies equation (1) fo r  x 3> 0 .
By lemmas 5, 6, 7, 8, 9 we obtain the fundamental
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Theorem 2. I f  functions f u f 2 are absolutely integrable in Е г, continuous at the 
point X q and the function / ,  is o f class C 1 at the circle K (X '0, 5*) (<5*>0), then the 
function

Щ Х )  =  J  [ М Г 'Ж ^ Х ,  Y ' ) + f 2( Y ')K 2(X , Y ') \d Y '
E t

satisfies the equation (1) and boundary conditions (2), (3).
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