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On some homomorphisms in Ehresmann groupoids

Introduction. In the first section of this paper we consider the extensibility of
homomorphisms defined on some subsystems of Ehresmann groupoids. We gene-
ralize the results of J. Aczél, J. A. Baker, D. Z. Djokovié, P. Kannappan, F. Rado,
given in [2]. In [1] J. Aczél solved the functional equation

K[F(x, z), F(y, 2)] = F(x,y),

where K is the operation inverse to the group operation. In the second part of this
note we generalize this result solving the functional equation

F(x) 2 1F(y) = F(xo"y),

where 0j-1, «J1 are operations inverse to operations in Ehresmann groupoids. Be-
sides in the second part of this paper we solved the equation

F(x) «F(y) = Fixo-'y),

where ¢ is the group operation and °_1 is the operation inverse to the operation in
Ehresmann groupoid.

Preliminary. In [5] W. Waliszewski gave the following definitions of Ehresmann
groupoid and Brandt groupoid: The pair (E, ¢), where £ is a non-empty set and ¢ is
a binary interior operation defined for some pairs (x,y)eEXE, will be called
Ehresmann groupoid if the following axioms are satisfied

(a) If in the equation

x-(yz) = (x-y)-z

one of its sides or both of the products y-z, x-y are defined, then both sides of this
equation are defined and the equality holds,

(b) For every element x e E there exists exactly one left unitf x and exactly one
right unit ex such that

fx-x = x-e* = x,

(c) If the product x-y is defined, then ex = fy,



(d) For every element x e E there exists exactly one element x 1 (inverse to a)
such that

Xx-x"1=fx, Xx~*-x = ex.

An Ehresmann groupoid (E, ¢) will be called a Brandt groupoid, if the
following condition holds.

(e) For every two elements x,y e E there exists such an element z e E that the
products x-z, z-y are defined.

Let (E, ) be an Ehresmann groupoid. If the product x0- ... -x,, is defined, then
il T

we write x0*... -Xx,, = oxt. If StcE for / = then YI denotes
i= 1I=0
n

the set of all product ]~ x(, where xte St. If ScE, then -S-1 denotes the set of

all elements inverse to the elements of the set S. E° denotes the set of all elements
ee E such that the product e+e is defined and e e = e. Moreover, we call S the
subsystem of (E, ¢), if S-SczS.

Let (E2, °) be Ehresmann groupoids. We say, that the function
F: EXNE2 is a homomorphism of (Ex, ¢) into (E2, °) if for arbitrary x,y e E x
such that the product x-y is defined the product F(x) oF (y) is defined and the equality

F(x) oF(y) = F(x-y)

holds. We mean the same, when we say, that the function F satisfies the above
functional equation.

Let A be an arbitrary non-empty set, G an arbitrary group. In the set Ax A xG
we define the operation * as follows: The product (a, b, a) * (c, d, fS) is defined iff
b —c, and then

(a, b,a)*(c,d, /?) = (a, d, a/?).

It is easy to verify, that the set Ax A x G with such an operation is a Brandt groupoid.
This groupoid will be called a product Brandt groupoid.

A. Nijenhuis has proved the theorem which can be formulated in the following
way ([4], p. 11): Every Brandt groupoid is isomorphic to some product Brandt
groupoid.

On some extensions of homomorphisms in Ehresmann groupoids

Lemma 1. Let Eu E2 be Ehresmann groupoids, let S be a subsystem of E x such
that E xczS, let h be a homomorphism of S into E2, let n be an arbitrary positive
integer such that

(1) El=YBS(- 1,
1=
and let Kk be an arbitrary non-negative integer. Moreover for arbitrary sequences
n—1 n—1
x0, ..., *,_ 1) 6S” (yO0, ..., yn t) e ST such that the products _FIO . F(l)>'<t‘ < are
i= i=
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defined and the equality

) '

n—
Jo/N, let flie products ]~ {h(xfif n‘, M (h(yff 1)’ be defined and the equality
1=0 i=0

=

bl -1'1=T bl - 11
o i=0 )

©) NAColr), =W apnl Iy

holds. Then for arbI[]trary se&uences (x0, ..., xn e Sn+, (y0, ..., yntk) e S"+k+l such
k

that the products ][ M y\~ D1 are defined and the equality
i=0 i=0
n N+
4) Tbl "1 = Tbl -1
i=0 1=0
n+ k

holds the products M (AXi))( 1},
i=0

(A(™())(_1)" are defined and the equality
i=0
[L(A(MTD),-FLE*bl) ('Y

holds.
Proof. We shall proceed by induction on A.Let A = 0 and let (x0, X,,) € Sn+l,
n

=]

(yO, y,,) € S"+1 be arbitrary sequences such that the products n yi-1)I
i=0 i=0
are defined and the equality
©) Tl Fbl""
i=0 1—0
holds. We can write equality (5) in the form
n—
6) x0'M A~ 1 . b T T 1= )1)
»=1 i=0
In virtue of (1) it follows, that there exists a sequence (zO, z,) € Sn+l such that
the product M zj-1)‘ is defined and
i=0
Hence
() Mt tf-vryl . [zi-d']-1= Xt-20-0 -
i=2 i=1
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From (6) and (7) we obtain

Xo-A[*ttV = [ bl 1)<

whence
© nooen V =t AT) - T eA-4'] 1.
We have

, , ffarJn) 1 for even number n,
(10) brT™-W-T"- 2Ly for odd number n,
and

A (z,, ® i)“l for even number n,
(b [.-.r'-n-7]-1-1 Y,, t.zn for odd number N.

For (8) and (9) by (10) and (11) we obtain for even number n

(12) fl “(zn-y«) 1= Xj-zq-M 74 "

i=2 i=1
and
(13) “oZom zi-1>' = M @ y.-
From (12), (13) and the assumption of the lemma it follows, that for the sequences
(x2, Z,Yy), (xj-Zo.Zj,...,z,_j) and the sequences (x0-z0,z{, z n_lI),
(y0, se»yn-2> 2n'yn-\) products below are defined and the equalities
(14 FLACD DA =) 1= A(T*0) "1, (aE))( V
and

n—2

Hx0-z0) -ﬂ:(iﬂ @) M= ﬂ:o @W )( DILAE7 .-i) 1

hold.
Since /1is the homomorphism from S'into £ 2, therefore from (14) and (15) we obtain,
respectively

(16) WMaA~NY agl W, BA)*-"

and

(17) h(x0) mfl (MZ))(- ' = M LW T " .
i=
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From (16) and (17) we get
JoK*arr=n w r--

Thus for K = 0 and the even number n the lemma is true. Let now n be an odd
number. Similarly as above, from (8), (9), (10), (11) we obtain

n—1
(17 n x\ ir-(ynz,) = (-Von)-I'Ilzi m
i=2 i=
and
n—2
(18) (*o-zo)mn zi 1= _pg.y\ n,(Yn-1 szn) m

In virtue of (17'), (18) and the assumption of the lemma it follows, that for the
sequences (X2, ..., xn,vy,-z,), (xj 'z0, z,, z,,_,) and the sequences

(*0 z0> Z1>eee>Zn—1) > (VI > >YN-2>31- 17zN)

the products below are defined and the equalities

(19) T v=in W-h(yn'zn) = h{x,-zo)-tl_'ll(A(Z.))( 1,

(20) h(x0-20-1 )< D=1 ((ydy~1),-Hyri-zn)

hold, h is a homomorphism from S into E2 thus from (19) and (20) we get
NnMMIriy=nAbh)-1,
i=0 i=0

which completes the proof in the case when K = 0. Let now lemma 1 be true for
some positive integer k. Let (xO, ....xn) e S"1+1, (yO, yn+l, y , +i+l)e
e gn+k+2 jjg arbitrary sequences such that the below products are defined and the

equality

n n+k+l

¢ Ur~iy= M

holds. From (1) it follows, that there exists a sequence (zO....... z,) € S'+1 such that
M

the product z\~)I is defined and

1=0
n n+k+l
2 LMoy
Hence
n+k+1  Dneke2
(23) 0'T*0)-M2r.1 = N Ji~1(<y-iv+k+)(1)
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From (23) it follows, that for the sequences

(yi-z0,zlr...,zn, (y2,... y«+k+l, e ﬁ:ﬁ&;’i*”o

the inductive assumption is fulfilled.

Thus
Y.D" i+k+1
i-20) - AL = h(e (-t)"+k+>)]( ir
(24)  h(yi-z0 .U{W d) |‘|2 (Hypy [h( §1+k)+t I
Since h is the homomorphism from S'into E2, thus A(ey( - D»+*+«) e E2 and from (24)
we obtain "+l
« e+l
(25) Naary=nitr" 1
= i—

From (21) and (22) we get

(26) lI:'I0 = (Jo-"o)'i:rll Z\~iy o

We have proved above, that lemma 1 is true for k — 0. Therefore by (26) we get,
that the products below are defined and the equality

27) iIE‘I0 (0'I)<=1, = h(yO-zQ—EI (li(z))< 1)

holds.
Since A is a homomorphism, thus by (27) we have

(28) il'l_g(l\/I x0)(C1)" = h{y0) -igO(A(ZJ'))(-l)l-

Comparing (28) with (25) we see that the equality

1(nw I ="#F1AG)): I

holds, which completes the proof of lemma 1
Remark 1. One can prove, that from (1), (2) and (3) it follows, that every
homomorphism from S (not necessary, such that £° <=S) can be uniquelly extended
on the set S n E°. Thus the assumption E°czS is not essential in lemma 1
Theorem 1. Let Eu E2 be Ehresmann groupoids, let n be an arbitrary positive
integer, let S be a subsystem of E x such that E°czS and

O

and let hbea homomorphismfrom S into E 2. Then the homomorphism h can be extended
to a homomorphism H from E x into E 2 iff thefollowing condition isfulfilled:for arbi-

i—O
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—1

trary sequences (x0,..., xn,t) e Sn (yO»ee9yn-i)e S* such that the products_ <
n—1 i=0
are defined and the equality
n—1 n—1
s r
bl ~ EIZ = Fbl '
(2) i=0 3 1=0
n— nl
holds, the products N ICG)CDS M 0 M) D< are defined and the equality
=0
n—
(©) At~ T ~W nw 711
i-0
holds.
If the extension H exists, then it is unique.
n—
Proof. Let 4 bethe extension of h onto the set E 1. Let the products Y\
al i=0
be defined for the sequences (xO, X, _DeS" (y0,..,y,-i)eSnand

1=0
Ietlequality 2) ho:ILd. A is a homomorphism from EI into E2, thus the products
I n-

DNEE))EDR N (HYLB)(1)1 are defined and the equality
1=0 »=0
n—1

n—1
(29) no@0)<B = iyt Y

holds. H is an extension of h, therefore from (29) we get equality (3), which completes
the first part of the proof. Let us put

(30) #(x) = N (Ax)( DL for xeEt,
1=0 n
where (x0, ..., X,,) e Sn+1is an arbitrary sequence such that the product \)(:Ox r1)(is
N »
defined and x = il‘ [Ox--1)<. From lemma 1 (the case when k = 0) it follows, that H is

a function from Elinto E2. Let x, y, z be arbitrary elements of the set E 2 such that
(31) Xy =12z.

In virtue of (1) it follows, that there exist sequences (x0....x,)eS"+1,
(y0, ...,y,) e S"+1, (z0, ..., zn e Sn+l such that the products below are defined
and the equalities

(32) *:Do y:in~iy>*_:H ])1

i i=0

hold. By (31), (32) we get

T bl 1<=rbl -1'1-
»=0 - 1=0
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Concerning lemma 1 it is easy to show, that the products

1 (MD)<Di=]_{h(yoTY, 1 (10,))(“)

are defined and the equality
T (HxuTxel (Awr*1=]
i=0 O i=0

holds. Thus H(x)-H(y) = H{x-y), i.e. H is a homomorphism from EIl into E2.
Now we shall show, that H is the extension of h. Let x e S. Since E°cS, thus for
x e S we have

(33) X = x-fi eg~=n".
i=0

Since H is a homomorphism and by (30) we get
tf(x) = h(x)- _|_|1(ﬂ(O ) D' = h(x),
=

thus H is an extension of h. From (30) it follows, that H as defined by (30) is
the unique extension of h, which completes the proof of theorem 1

Remark 2. By remark 1 we can conclude, that the assumption E°czS is not
essential in theorem 1. In particular cases, when Ehresmann groupoids Eu E2in
theorem 1 are gtoups and n = 1, 2, 3, 4, we obtain theorems 2, 3, 4, 5 from the
note [2], respectively.

On the solutions of the equation F{x, z, a)-F{y, z, /i) = F(x,y, cr/P )

J. Aczél has proved ([1], p. 41-42) the following theorem

Theorem 2. Let A be an arbitrary set, (B, ¢) an arbitrary group and K an ope-
ration in B defined as follows

K{x,y) = x-y~l for x,yeB.
Then the function F: Ax A—>B is the solution of the equation

KIF(x, z), F(y, 2)] = F{x,y)
iff it has the form F(x,y) =/(x)-(/(y)) 1l for x,yeA,

where f is an arbitrary function mapping A into B.
We are going to generalize this result. Let (E, ¢) be an Ehresmann groupoid. We
call the operation K the operation inverse to the operation e, iff the following con-
ditions are fulfilled:

a) K{x, v) is defined iff x-v-1 is defined ,

(34)
b) if K(x,y) is defined, than K(x,y) = x-y 1.
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Theorem 3. Let (E1, «j), (E2, »2) be Ehresmann groupoids, let Kt, K2 be opera-
tions inverse to the operations *It -2, respectively. Then the function F: EI—E2 is
the solution of the equation

(35) K2[F(x),F(y)] = F[Kfx,y)]
iff it satisfies the equation
(36) F(x) 2F(y) = F(x-1ly) .
Proof. Let the function F satisfy equation (35) and let ee E°. We obtain
F(e)-[F(e)]-1 = K2[F(e), F(e)] = F(Kfe, e)) = F(e-e~l) = F(e) ie.
(37) F(e) e E2.

Let us replace x by /y t in (35). By (34) we get

Hfy-0'2 [Hy)]-1= Fly-1),
and hence, by (37)

(38) [Fly)]-1=F{y-D.

In virtue of (34) and (38) we can conclude, that equations (35) and (36) are equivalent,
which completes the proof.

Theorem 4. Let (AXA X G, *) be an arbitrary product Brandt groupoid, let
IE, ) be an arbitrary Ehresmann groupoid. Then the function F: Ax Ax G-~"E
satisfies the equation

(39) F(x,y,cc)-F(y,z, fi) = F(x,z,a.-P)
iff it has the following form
(40) F(x,y, a) = fix)-g{cc)-[fly)]-1 fer (X,y, a)e AxXA xG

wheref is an arbitrary mappingfrom A into E, g is an arbitrary homomorphism of the
group (G, ) into IE, *) and for arbitrary (x,y,a)e AXxA xG the product
1(x)+g@)*[/(/)]" Lis defined (thus thefunctions of theform (40) are the only homo-
morphisms of the product Brandt groupoid (Ax A x G, *) into the Ehresmann groupoid
IE, )

We omit the proof of the above theorem, because it is quite similar to the proof
of this theorem in the case, when (E, ¢) is a group, which was given by A. Grzasle-
wicz ([3], p. 16). In virtue of theorems 3 and 4 we obtain the following

Theorem 5. Let (AX Ax G,*) be an arbitrary product Brandt groupoid and let
IE, ¢) be an arbitrary Ehresmann groupoid. The function F: AXx A x G—E satisfies
the equation

(41) F(x,z,0i)-F(y,z,p-1) = F(x,y, crp'l

iff it has the form (40).
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It is easy to see, that in a particular case, when (G, ¢) is an one-element group we
obtain from theorem 5 the result obtained by J. Aczél (theorem 1).

Let now (E, °) be an arbitrary Ehresmann groupoid, let (H, ¢) be an arbitrary
group with the unit e' and let  be the operation inverse to the operation °. We shall
consider the functional equation

(42) F(x)-F{y) = F(xoiy).
Theorem 6. Thefunction F: E—>H is the solution of equation (42) iffit is the solu-
tion of the equation
(43) F(x)-F(y) = F(xoy)
and

[Fx)]2= e for all xeE.

Proof. Let F: E—H be the solution of equation (42) and let ee E°. By (42)
we have

F(e)-(F(e) = F(e),

i.e.
(44) F(e) = e'.
Let x be an arbitrary element belonging to the set E. Then r is defined and

from (42) we obtain
Fix)-F{x) = Fix ox-1) = Fifx),

whence, by (44),
(45) [Ex)]2= e'.
Moreover, for x e E we get

Fix-1) = Fiexox-1) = Fiex°tx) = Fief)-Fix),
whence, by (44)
(46) Fix-1) = Fix).

Let now the product x °y by defined. Then the product x ~ y ~xis defined and by (42),
(46) weget Fix °y) = Fix °jy~X = F(x)e*Fiy~2 = Fix) -Fly), which completes, the
first part of the proof. Let us consider the function F : E—>H satisfying equation (43),
let [F(x)]2 = e' for every xe E and let x y be defined. It is easy to see, that then
Fly-1) = F(y) and by (43) and (45) we obtain F(x y) = F(x °y~1) = Fix)-Fly-1)
= Fix)-IF(y)ri1-Fiy)-Fiy) = Fix)-Fly), \yhich completes the proof.

In the particular case, when in theorem 6 (£, *) is the product Brandt groupoid
iAxa xG,¥*), equation (42) has the form

47) Fix, z, a.)-Fly, z, P) = Fix,y, a-0-1) .
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Corollary 1. The function F: Ax Ax G—>H satisfies the equation (47) iff it
has the form

(48) F(x,y, a) = k(x)-h(d)-k(y) ,

where K is an arbitrary function mapping A into FI such that [k(x)]r —e' and
k(x)-k(y) = k(y)-k(x) for all x,yeA, h is an arbitrary homomorphism from the
group (G, ¢) into the group (H, ¢) such that [g(a)]2= e' for every oceG and
k(x)-g(a) = g(oi)-k(x) for all ae G, x e A.

Proof. Let F: Ax Ax G~*H satisfy equation (47). In virtue of theorem 6 F satis-
fies the equation

(49) F(x,y, a)'F(y,z, p) = F(x, z, afi)

and [F(x,y, a)]2—e' for (x,y, ¥ e A x A xG. By theorem 4 F has the form (40).
Thus for ae G, xe A we obtain

e = [F(x,x, 8)]2 = f(x)-g(ct)-[f(x)]~1-f(x)-g(a)-[f(x)]~1 =

=/(*Ho@]2-[/(*)]"1
whence

(50) b=
For a=-&e and xX,ye A

we get

e = [F(x,y,e)f =/ « ‘[/(gOT1s/(*)'[/OOT
whence

(51) I(«W/OOT1l=/(y)-[/W ]-1.
Let us put
k(x) =f(x)-[f(a)]~1 for xeA,

h(a) =/(a)-0(a)-[/(a)]1 for aeG,
where a is a fixed element in A. For a, /?7e G we have
h(a)-hfi) =f(a)g(a)-[f(a)rl-f(a)-g(P)[f(a)]-1=

= f(a)g(a-p)[f(a)]-i = h(a-p)
and by (45)

[h{d)f = [/(«)+9(a)' (/(a))-12= [F{a a a)]2= e".
By (51), (46) and (50) we obtain
h(ct)-k(,x) = f(a)-g(u)-[f{a)]~1-f(x)-[f(d)]~I =
= 1(«)* 0(«)o[/(«)]* 1o/ ()= [/ (X)]- 1 =/(a)-0(a)-[/(x)]-2 =
= F(a,x,u) = F(x,a, a-1) =/(x)-0(a_D-[/(c)]_1 =
=/(*WNI(a)F1/(a)-0(«N/(*)F1= Hx)-h(a)
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for Xe A, ae G.
Moreover

HX)-K(y) =/(*v 1(a)r1-100-[/(a)r1=/(*) [/(a)]"1e/(«)* 1/OOT 1=
=a*n/oorl-/oo-i/wr1=/00n/(«)n1e/(«)e[/W rl-
=/ OO'[/(e)I~1 ~1 = Ar(¥)-Ir(x)

and
kO)h(eyk(y) =/(pe)-[/(8)T1*/(8)~(a)-[/(8)]-1-/(N- [/(a)]"1=
=) ()-[/(a)]-1-/(a) - [ /8] - 1=/(x)-ff(a)-[/(J")]-1 =
= F(X,y,a),

which completes the first part of the proof. It is easy to verify, that every function F of
the form (48) satisfies equation (47). It completes the proof.
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