
JAN MILEWSKI

On the Green function and Cauchy-Dirichlet problem 
for polyparabolic equation

1. In the present paper we shall solve the limit problem for the equation

(1) L mu{X)  = F ( X ) , X  =  (x, t) =  (* ! ,  x2, x„, t) 

in the unbounded strip

I2 = { A r: —oo < x t< o o , |x„|<c, t > 0 , i  — 1, 2 , n — 1} ,

where

L =  £  (a2Dlt+ atDXf)- D t- b , L m = L(L"" ,
i= 1

a and c being positive constants, b non negative constant, at (i =* 1, . . . ,  it) arbitrary 
real numbers and m an positive integer.

Let H  denote the set of the functions u( X) ,  continuous with the derivatives 
D? D ^ u ( X ) ,  |a| +  2/?<2m satisfying the equation (1) in £2, |a| being an multiindex. 

We shall construct the function u ( X )  e H  satisfying the initial conditions

(2) L ku ( x ,0 )  =  /*(*)

and boundary conditions

(3) L ku ( X )  =  A,.* (* ')  for =  ( - l ) , + 1c ,

where

X '  =  (Xi,x2, . . . ,  0» *  =  0 , 1 , . . . .  m - l ,  q =  1 ,2 .

2. Let us consider the sets

S 0 =  {X :  oo < X j< o o , |x„|<c, 1 =  0} ,  

and

S (t) — {X : — оо<л:{< о о , xn =  ( —l) , + 1c, f> 0 }  ,

where

i =  1 , 2 , . . . , и - 1 ,  q =  1 ,2 . Let Y  =  ( y , s )  =  ( y i t y 2 ........Уп>s) •
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By ([2], p. 456) the function

U ( X , Y)  =  I ( ' “ *) 2exP{[(4fl2) ( J - 0 ]

l 0 '
for s < t ,

for s ^ t , X  ф Y ,

is the fundamental solution of the heat conduction equation. 
Let us consider equations

(4)

and

(5)

Let

where

L u ( X )  =  0

L * u ( X )  =  0 , L*  =  Ё ( а аД § ,+ в ,/> „ )  +  2 > , - * .
1= 1

V ( X ;  Y)  =
Ш Х -  Y ) U { X \  Y)

lo

for
for

s < t ,
s > t ,  X  ф Y ,

П П

ЩХ- ,  Г ,-  m p [ - ( » +  « - * > -  £ • £ < * . - * > ] •
i=l i=l

It is easy to verify that the function V ( X ;  Y)  satisfies the equation (4) with respect 
to X  and the equation (5) with respect to Y.

We shall solve the problem (1), (2), (3) using the convenient Green function for 
the equation (4) and the domain Q.

Let X  denote an arbitrary point of Q. Let X \ l) be the symmetric image of the 
point X  with respect to the plane 5 (1) and x j ^  the symmetric image of the point 
Х 2У- 1 with respect to S (2) and X ^ J+ i the symmetric image of the point X j ÿ  with 
respect to 5 (1), p  =  1 ,2 , . . .  Further let X [ 2) be the symmetric image of the point X  
with respect to S^2) and X (2J  the symmetric image of the point X 22p- 1 with respect 
to S 0 * and X 2p\ 1 the symmetric image of the point X 22) with respect to S (2>, 
p  =  1 , 2 , . . .  Let

K 9) =  {q =  1, 2 ,p  =  1, 2 , . . . ) .

It easy to verify by induction, that

4 ? р =  ( - № я+ ( - 1) Э Д .

Let us consider the function

(6) G ( X ;  Y)  =
{N(X-,  Y ) g ( X ;  Y)  for s < t ,
{0 for s ^ t i  X  ф Y ,

86



where

(7) g ( X ;  Y)  =  U ( X ; У )+  Y ) + U { X (2)- Y ) ] ,
Р =  1

Х в й ,  Y e  £2 и  S'0 ’ u  .

Let

(8) QW( X ;  Y)  =  £  | £ )^ м С / ( ^ : F)| (<? =  1 ,2 )
p = 2

and

Ûw+1) =  {JT: |*,|<с„ \xn\ ^ 2 xc , 0 ^ t ^ T ,  / =  1, 2 , . . . ,  и — 1} ,

where X =  0 , 1, с, and Т  being positive constants. In the sequel we shall use

L e m m a  1. [3] The series defined by formula (8) are uniformly convergent fo r  
X e £ 2 (2), Y e  12(1), X  #  Y.

Now we shall prove

T h e o r e m  1. The function G ( X ;  Y)  defined by formula (6) is the Green function 
with the pole X  fo r  the equation (4), domain £2 and Dirichlet boundary condition.

P ro o f. The function N ( X ; Y) is analytic and the function V ( X ;  Y)  has the 
analogous properties as the function U ( X ;  Y).  The remaining terms of the function 
G ( X ;  Y)  are regular in the domain £2. The function g ( X ,  Y)  may be written in the 
form:

g ( X ; Y)  =  U ( X ;  Y ) - U ( X \1); У) +  £  { [ U { X ^ \  Y ) - U ( A \ \ x \  Y)] +
P =  1

+  [ Щ Х ^  ; Y) -  U ( X £ l  ł ; T)]} , р е  N .

Since

U ( X ;  Y ) - U ( X [*>; Y)  =  U ( X % ;  Y ) - U { X [ \ \ l - Y) =

=  U {X % \ Y ) — U i X f p - 1 ; Y)  -  0 

for

Y e S " \  Y  ф X,  (p =  1 , 2 , . . . ) ,

thus

С ( Д ; 7 ) = 0  for f e S (1), X ± Y .

Similarly we can verify that \ ;

G { X \  Y)  =  0 for Y e & 2\  X  Ф Y .

3. We shall denote by £2,, S f1', Sf2) the subdomains of the domain £2, S*1*, S (2). 
lying under the characteristic s — t. Let dy =  dy\dy2 ... dyn, d Y ' =  dyl dy2 ... dyn_ Łds 
and d Y  =  dyt dy2 ... dynds.
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Let

and

w,

C — 1 y  tjA f
Vj(X) =  -  j ------  I f j ( y ) G ( X ;  Y )\,= 0d y ,

So

, J X )  =  ( - 1  )J+1a2A j h 1J Y ' ) (- ^ N ( X ;  Y ) D yng ( X ;  n * i d T

sj«>

where

A =  (2а^/п)~х, q =  l , 2 ,  j  =  О, l ,  .

Let us consider the functions

(9)

(10) 

(ll)

v(X) = Y l vj{X) ,
1= i

" ( * )  - " l  K / A 0 + w at/ j r ) ] ,
j=o

Г ( t - s ) m~ l
z ( x )  =  ( - 1г л  k o o ;  14, g №  у м у . J (m — 1)!

».

We shall prove that the function

(12) u ( X )  =  v ( X )  +  w (X )  +  z ( X )

is the solution of the problem (1), (2), (3) in the domain £2.
We can easy verify by induction the following

L emma 2. I f  the function w(X;  Y) satisfies the equation (4) fo r  arbitrary Y, then

{
f _ l  )k( t—s)J ~ k
-----------------------w(X;  Y) for k ^ j ,

0 for  k > j ,where k, j  denote arbitrary positive integers.
Let

J ( X )  =  A j f ( y , t ) V ( x , t ; y , 0 ) d y .
En

We shall prove

L emma 3. I f  the function f  (y , t) is bounded and measurable in the strip E„ x [0, /] 

and continuous at the point X 0 =  (x1, x 2, x„, 0) then ИтУ(Л') =  f ( X 0) as X —>X0, 
X e E „ x ( 0 , T ) .

P ro o f. We have

\ V ( X ; y , 0 ) d y  =  e - B , f l P i
En <=1
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where

5 - ' , +  Ż " 4?  and л ‘ 1 т ; ехр

Using in integrals the change of variables

=  (y i - x i) (2at i)~i (i =  1, . .. ,n )

by ([1], p. 499) we get

1
ł a j

= Pi = exp(^-f) 
n \Aa2)

(i =  1, n) .

Hence
n

J ( X )  =  /(-Уо)ехр ( X  a ? ) +  A J [ / O ' ,  t ) - f ( X 0)\ V (X ;  y ,  Q)dy .

i = 1 En

Since the first term of the sum tends to / ( X 0) as X —*X0. It is enough to prove that 

J  [ / O ' ,  t ) - f { X 0)] V ( X ; y ,  0)dy-*0  as X -* X 0 .
En

Let

К» =  {У- ly i-* il< < 5 , i =  1 , 2 , . . . ,  и } , <5>0.

We choose the number <5 such that

I/O', 0-/(^o)l< 7 and exP 4 ( i i - o
i= 1

<2  for y e K f O ^ t ^ ô ^ T

E being arbitrary positive number.
We have

A J [ /O ',  о - я а д  л  0)rfy =  л J [/O', » - / № ) ]  v ( x ; у ,  о)d y+
En Kt

and

-4 j*l /O', 0 -
Ki

+  A S [ f ( y , t ) - f ( X o ) ] V ( X - y , 0 ) d y
En-Kt

■f (X0) \ V ( X ; y , 0 ) d y ^

We can easy verify that

JA I \ f ( y , t ) - f ( X o) \ V ( X ; y , 0 ) d y < -

En~~ Ka
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and finally we get the inequality

A J  I f ( y ,  0 - f ( X 0)\ V ( X ; y , 0 ) d y ^ e  .
E „

Let

Ś2 =  {X\  -o o  < x i< c o ,  |хл| < с , t ^ O ,  i =  1 , 2 , n — 1} , 

fi(3) =  {x: — oo < x , <  oo, |x„|<c, i =  1, 2 , . . . ,  n — 1} , 

fi(4) =  {X ' : — o o < X i< o o , / > 0 , i =  1 ,2 ........n — 1}

and let

У,(ЛГ) =  Л J J Л ( Г ) £ = ^  V (X ;  ! % „ - < - (q = 1, 2) .

- t o  E„ - 1

We shall prove

L em m a  4 . I f  the function h { Y ' )  is bounded and measurable fo r Y ' e Q(4) and 
continuous at the point X'0 — (x1; x2, . . . ,  , t 0) and Х е й ,

X 0 =  (x1, x 2, . . . , x n_ 1, c , / 0)e -S '0 ) ,

then l i m J f  X )  =  h (X ’0) as X -* X 0.

P ro o f. Introducing to the integrals

ы  1 Г  1 (  (yi~xi)2 , ai(Yi-xd\ j(13) P  =  ------ -=  - 7=  e x p ------------------+ ---------- ------ \d y l
2 a \n  J  \  t — s \  4a2(t — s) 2a2 )

— oo

the change of variables

Zi =  (j^i—^i)(2«t(/—д)*)-1 ( / =  1, 2 , . . . ,  n — 1)

and by ([1], p. 499) we get

P l =  exp 0  =  1 , 2 , . . . , и - 1 ) .

From (13) and definition of the function N ( X ;  Y)  we get

> t
Г c ~ xn 1 f  C~ Xn /  (c — xn)2 \

A  — - V ( X ;  У )L =cd Y ' = ------- =  -------- ^ e x p  -  - - - - - ----- b ( t - s ) ] d sJ t - s  2a j n  J ( t - s ) 3'2 4a \ t - s )  ' J

After the change of variables

2 =  (c -x „ ) (2 a (t -5 ') i ) 1
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and by ([1], p. 500) we obtain

Hence

where

Similarly as in [3] we have J 3(X )—*0 as X —>X0. This implies the thesis of lemma 4.

Lemma 5. I f  the function h ( Y ' )  is bounded and measurable fo r Y ' e I2(4) and 
continuous at the point X'0 =  (x x, x 2, , t0) and X e  £2,

then lim /2(A') =  h(X'0) as X -* X 0.
The proof of lemma 5 is analogous to the proof of lemma 4.

Lemma 6. I f  the functions F ( Y), DyiF{ Y) are bounded and continuous in the set Й ,  

then the function z ( X )  defined by formula (11) belongs to the class H.
The proof of Lemma 6 is similar to the proof of the convenient lemma in the 

paper [3].

L emma 7. I f  the function F ( X ) .  DytF { Y )  (i =  1 , 2 , n) are bounded and con
tinuous in the set Q and the function ff iy ) , h l j {Y' ) ,  h2j (  Y )  (j  =  0 , l , . . . , m — 1) 
are bounded and measurable respectively in the sets I2(3) and i3<4), then the function u (X )  
belongs to the class H.

P ro o f. Similarly as in [2] and [4] we can verify that the integrals in the for
mula (12) and its derivatives are almost uniformly convergent in Q. Hence the 
function u{X)  and its derivatives T>f D f  u(X) ,  |a|+2)5<2m, are continuous in Q. 
Moreover by lemmas 2 and 3 follows that the function u(X)  satisfies the equation (1).

4. We shall prove that the function u ( X )  defined by formula (12) satisfies the 
limit conditions (2), (3).

Lemma 8. I f  the functions ffiy ), ht j(Y'), h2j (  Y'), F(Y) are bounded and measu
rable respectively in the sets I2(3>, I2(4> and 12, and the functions ff iy )  ( J  =  0 , 1 , . . . ,  m — 1) 
are continuous at the point x0 =  (х1; х2, ... ,x „ )  then the function u( X)  defined by 
formula (12) satisfies the initial conditions (2).

P ro o f. The function v( X )  defined by formula (9) is the sum of the integrals

<

m — 1

h
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and

I2( X )

Let

Hence

E
( - l )J tJA  Г

------J  f j ( y ) N ( X ; Y)

i=  о So

y ^ ( - l ) p[ t /(4 ł ) ;

p= 1

Y) +

+  U ( X l 2); Y )U =o dy .

№  =
for y e Q ( i ) , 
for y e E n- L 2(1 ).

/ i W  =  J f / y > r ( X ;  -3 0 1 .-0 ^ .
J = 0 £„

By lemmas 2 and we have:

En

as X —*X0 e So, X e Q  ( j ,  к =  0 , 1, ••• > m —1).
Now we get

IimLk/ 1(A') =  /*(x0) as X -> X 0 e S 0, X e Q .

By similar estimations as in ([4], p. 132) follows that the function Ct'XC, p being 
positive constants) is the common majorant for the functions \LkI 2{ X ) \ , \Lkw{X ) \ ,
\Lkz {X )\(k=0' 1.....M_1). Hence the integrals L kI 2{X) ,  L kw(X) ,  L kz ( X )  tends to zero
as X  *X q g S q.

Now we shall prove

Lemma 9. I f  the functions h y , j (  Y'),  h2J ( Y ' )  are bounded and measurable in the 
set £2(4) and the functions h i j ( Y ' )  are continuous at the point

X 0 — ( * i , x 2, . . . ,  x„_ ! ,  t0) »

then the function w(X)  defined by formula (10) satisfies the boundary conditions 
l i m Z M * )  =  h uk( X i )  as Z - ^ e S * 1*, X e Q .

P r o o f. By formula (10) we get

w(X) =  wfX) + w2(X) ,
where

" i W  ="£ w,JX) , w2(X) = Y w2J(X) .
J  =  о j  = 0

Using lemma 2 to the functions Wj } we get

Tkw for 0  =  0 ........m - l )L  W]J{X)  -  j 0 for J < k
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where

( / - * ) !
J Jtk(X ) =  { - l ) J+k+1a2À  J a,,

sj1»

By definition of function g (X , У) we have:

/ / ,» (* )  =  ,

. / П т т ^ г а д  X )D yng {X - Y ) L - Cd r

where

and

4.VW = ( - iy +‘+1eai< J M n ^ j - V d r ;  У)Ду„[£/№ У)+
s<*>

00

$ (* )  = ( - i y +‘+1 A* J  h1J(Y'){t~ ~ — N(X-, Y) ^  ( - 1 )PXJ (2)Л

s<‘>

x Z ) J f / ( * < 2>; Y ) - U ( X $ i ;  Y)]\yn=ed Y '.

It easy to verify that

and

£ ,„ [£ /(* ;  Y ) - U { X [ " ;  Y)]\u . e -  -  U (X ; Y)\yn=c

Д О 0 = (-1У+кл J  y)L=c^r
s<"

Let

ЯМ ( П  =  |
А ц (У ')  for Г е Й (4)

for Y 'e E n- i 2(4)

Applying lemma 4 to the integral J j  k(X )  as j  =  к we obtain

(14) J $ ( X )  =  A \ Hl k(Y ')  j ~ X  V (X ; Y )|л _ е d Y '^ h ltk{X'0)

-ao E n-

as M 0e S (1) JT e O ,
when j > k  we have the inequalite:

J $ ( X ) < C ( c - x n) J ( r - i ) 1* ,
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C  being an positive constant and r >  —1. Hence

(15) limJ $ ( X )  =  0 as X -> X 0 e S (1), X e Q ,  j > к .

The integral J j* l(X )  is uniformly convergent in every set

Й<5) =  {X : |xi| < c (, k I| < 2 c , 0 < f < r , i =  1 ,2 ........n - 1} ,

where c t, T  are positive real numbers. Hence the function J (2l(X )  is continuous at 
the point X 0 e S*1*. By the conditions

D yn[U (X l2); Y ) - U ( X $ , ; Y )],x. c =  0 for X  =  X Q e S (n (/> =  1 ,2 , . . . )

we get

(16) l im J $ ( X )  =  0 as Х -+ Х 0 е & ' \  X e Q .

Finally we obtain in view of (14), (15), (16), that

lim L kWl(X )  =  hlk (X'0) as X -> X 0 e S (i), X e Q  (к =  0 , 1 , . . . .  m - 1 ).

By lemma 2 we get

з д - { о ,(х> £  ТЛ:
where

Ij ,k(X )  =  ( ~ l ) J+ka2A J  N {X ; Y ){D yn[U (X ; Y) +

s{2>

oo

- U ( X [ l ) ; Y ) +  ^ ( - l ) pZ),„[t/(26‘2>; Y ) - U ( X $ t ; Щ | Уп— cd Y ' .

p= i

The integral IJ k(X )  is uniformly convergent in every set

Q̂   ̂ — { X ‘. ,

c(, ^ i, Г  being arbitrary numbers for which c; > 0 ,  — c < d x< 2 c , T > 0. Hence the 
function Ij'k(X) is continuous at the point X 0 e  S (I). Using the conditions

D yn[U (X ; Y ) - U { X \ " ; Y)]\y„ = -c  =  0 for 26 =  260 e S (1>,

and

D y„[U (X (2); Y ) - U ( X ^ 1 ; Y )]|,„= _ c =  0 for 26 =  260 e S (1) (p  =  1 ,2 , . . . )  

we get

limL*w2(26) =  0 as X -+ X 0 e S (l), X e Q ,  (к =  0 , 1........m - 1).

Lemma 9 is thus proved.
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Lemma 10. I f  the functions Л, j ( Y ') ,  h2 f i Y ’) are bounded and measurable in the 
set 0 (4) and the function h2 J( Y ') are continuous at the point X'0 =  (x t , x , хл_ 1; t0), 
then the function w(A') defined by formula ( 10) satisfies the boundary conditions

lim Lkw (X ) =  h2k(XÓ) as

X —*X0 G S* \  X  G Q, X 0 =  (Xj , X2t ...» &n-  11 — C > *o) •

The proof of lemma 10 is similar to the proof of lemma 9.
We shall prove

L emma 11. I f  the functions f ( y )  ( j  = 0 , 1 , . . . ,  m — 1) are bounded and measurable 
in the set £2,3\  then the function v (X ) defined by formula (9) satisfies the conditions

lim L*i;(*) =  0 as X -* X 0 g  S (1) u  S (2>, X g £2 .

P ro o f. By definition of function v (X ) we have

m- 1

--------------  I f j ( y ) N ( X ; Y ){[U (X ; Y) — U (X [l ) ; T)] +

y ^ ( - i n t / ( ^ 2>; Y ) r - U ( X ™ Y ) ] } \ , . 0 d y .

j=o

+

p=i

The integrals

K j.k(X )  =  \ f f y ) L kx{N {X ; Y )[U {X - Y ) - U ( X [ 1); Y) +

+  Z  ( - 1 ) л( С / ( ^ 2); Y ) ) - U ( X < \ \ ;  Y ) ] } \^ 0dy
p= i

are uniformly convergent in every set

i2(7) =  {X : IX jl^Cj, | х „| ^ 2 с ,0 < Г о< г < Г ,  / =  1 , 2 , . . . ,  и- l }  ,

where clt T0, T  being an positive constants. Hence the functions Lkv(X )  
(к =  0 , 1 , . . . ,  m — 1) are continuous at the point X Q e  £ (1). By the conditions

[U {X ; Y ) - U { X <4 ;  T)]|J= o =  0 for X  =  X 0 G

and

[U (X ™ ; Y ) - U ( X (" i ;  T ) ] |„ 0 for X  =  X 0 g  S40 (p

we get

limL*u(A') =  0 as X -* X 0 e S ° \  X g Q .

Similarly we can prove that

limLt e(A') =  0 as X —*X0 g  & 2\  X g Q .
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L em m a  12. I f  the function F ( Y ) bounded and measurable in the set Й , then the 
function z (X )  given by formula (11) satisfies the conditions

\ \m l fz (X )  =  0 as X -> X 0 e S (1) u  S f2\  X e  Q, (к  -  О, 1 , m - 1) .

The proof of lemma 12 is analogous to the proof of lemma 11. By 
lemmas 7— 12 we get the fundamental

T h eo rem  2. Let the functions f f y ) ,  h1J(Y ') ,  h2j ( Y ’), F (Y )  and D yjF ( Y ) 
(/ = 1, 2 , . . . ,  n; j  =  0 , 1, . . . ,  m — 1) be bounded and continuous respectively in the 
sets 12(3), Q(4), Q, then the function u (X ) defined by formula (12) belong to the class H  
and satisfies the limit conditions (2), (3).
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