EUGENIUSZ WACHNICKI

On the quasi-potential for the circle and the ball

We shall consider the integral

1) V(X) = \f{Y)H {X, Y)dY,
D

where H{X, Y) is the fundamental solution of the equation
2) Au(X)—c2u(X) = 0,

c is a positive number.

We shall call the function V(X) the quasi-potential of the domain D.

In the present paper we shall evaluate the integral (1) for the circle and the ball
assuming that/ (¥) = m0 = const ¢ 0.

1. Now we shall consider the integral (1) for D being the circle

K= {5, 1) s2+ t2<R2 R >0} .

Let X = (x,y), Y=(s,t) denote two arbitrary points of the plane. Let
r2 — (x—s)2+ (y—t)2 and let Jn{cr), Knfcr), Im(cr) denote the convenient Bessel
functions ([4], p. 103). By [1] (p. 630), the function KO(cr) is the fundamental solu-
tion of the equation (2) in two-dimensional Euclidean space E2 Hence H (X, Y)
= KO(cr) and

V(X) = w0j Ko(cr)dsdt.
K

Introducing the polar coordinates

X = QOOSp, y = Qsihcp

and
s = zcost™, t = zsini®

we get

€)) V(X) = m0J J zKO(c\lg2+ z2—2qzcos (¢>—¥0)dzdi//.
oo

Now we shall prove the following
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® /z2\m
Lemma 1. If g>0, z>0, then the series y {-] is the majorant of the series
«=1 \Qj

Z KmcQ)1J.cz)coima .
el

Proof. By [4] (p. 149)

we get
KmcQ)ir{ez) = 2 fw zcosh/—g —z7e mA

In-
for e>0, ¢>0, z>0, m=1,2,... Since [Yom]< 1l for u>0 and Kn(cQ)>0,
7m(cz)>0 for ¢>0, 050, z>0
we get

1

A'nfco)/nfcz)< ‘dt I I
In-

Now we shall evaluate the integral (3). We shall single out three cases:
I. X is exterior point with respect to K,
Il. X is the interior point of the circle K,
1. XedK.
Ad. I. Then gq>R "z and ([2], p. 44)

@ KO[c\lgR+z2-2ezcos(cp-1)) = K0+

1Km(ce) Liez) cosT (<p-th).

+2 Z
m=

By lemma 1 for ze [0, R]9d e [0, 2n] the above series is uniformly convergent and

2n R
V(X) = m0 Jd zK0(cQ)10(cz)dzdil/ +
(0]

o 2itR

+2w0 Z J J zKnfcQ)In{cz)cosrn((p-\I/)dzdil/ =
m=10 0

R cR
= 2nmOK 0(cQ) J z10(cz)dz = 2nmO0c~2K0(cq) J ulo(u)du .
0 o)

Applying to the integral on the right-hand side of last formula ([4], p. 117)
Dz(zplp(zj) = zp/p_.(z)

for p = 1 and the condition /j(0) = 0
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we get
®) J ulo(u)du = cRIMcR)

and finally V(X) —2nmORc~1KO0(cg)I~"cR).

Ad. Il. Then g<R. Let e and 6 are an arbitrary positives numbers. We have
then
2tQ-e
J KO(cr)dsdt = lim J j zKO0(c\Jg2z2—2gzcos((p —\I/))dzdip +
e->00 O
2n R
+lim J J zKO(cVVQ2+ z 2—2Qzcos(_(p—iil/))dzd”-
0~*0 0 Q+0

By lemma 1 it follows that the series

00

Z kmicQ)1,{cz) COBW{(p- )
m=1

is uniformly convergent for ze [0, g—e€] and ¢ e [0, 2n], By (4) and (5) we obtain

2n Q—r n Q-t
J ) zKO{c\!' g2+ z2—2Qzcos((p—IN)dzd\i/ = J 1 zKO(cQ)I0(cz)dzd\j/+
0 0 0 o0
00 In Q—r In Q—r
+22Z J J zKJcqg)ln{cz)cosm(e-\p)dzd\l/ = j J zKO{cQ)IO){cz)dzd"
m=10 0 00
and
nQ+
limJ J zKO(c\!Q2+ 22—2Qzcos{cp-\j)))dzd\j/
e-*0 0 O
In Q-t
= limj j zKO(cg)io(cz)dzdip = 2nKO(cg)c~2lim J ulO(u)du =
e-*0 0 O t-*0 0

= 2nc~leKo0o{cg)ll{ce).
Similarly for ze (g+ S R) by [2] (p. 44) we get

KO(c\/g2+ z2-2gzcos((p- ) = 10(cg)KO(cz) +
®
+2 Z 4(ce)Knicz)cosm (e —d) .
mel

From lemma 1 it follows that the series

)]
Z L(cg)Kn{cz)cos T((p—dh)
mel

is uniformly convergent for z€ [g+ § 1), be[0, 2n] and

2k R

J J zKO(c\/g2+z2—2gzcos(<p-tp))dzdd
0 Q+0

= J J zI10(cg)KO(cz)dzdgp = 2nl0{cg)c~2 | uKO(u)du.

0 Q+0 o+ i)
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Applying the formulae ([4], p. 117)

DZuKwu)) = -w*0<«) ,
we get

7 UK = dor+ K (@t - RKIR)

c(e+r)

By continuity of the function /T (bl) in the interval (0, 0o), we get

2n R
limJ J zKO(c\/q2+22—2q2cos((p-i//))dzdif/ =
3200 o+i
= 2d0A@c 1" (cp) - /1~ (¢D)]
and finally
F(v) = 2nmic KU1 (@) -R 1AQKIR) +d A K] -
Ad. I1l. Let X = (*,y) 6 dK and let Kp denote the circle with the centre (0,0)
and radius .
Then
V(X) —moO0 lim J KQcr)dsdt
p->RKp
and in view of the cases I, Il, we get

V(X) = 2nmORc~1KO(cR)II(cR).
Finally, we get

0c~1RKO(cq)l1(cR) for g"R ,
moc - 1[ » (c£?)/iM - RK~CR) 10(cq) + ql0(cq) K * cq)]

for q<R.

2. Now we shall consider the integral (1) for D being the ball. Let X = (x,y, 2),

= (s, t, v) denote two arbitrary points in three dimensional Euclidean space E3.
Let 2= (x—s)2+ (y—t)2+ (z—v)2. Then the function r~le~cr is the fundamental
solution of the equation (2). Let D = {(s,t,v): s2+ t2+ v2"R 2, R >0} and let
B_= |OF]. ethod S|m|Iar to that of the method in [3 313), we get
IY[X) "Bg; P thod 31 (p. ). g

(7)
(4nm0Q  3e &(Rcc o s h —sinh/2c)  for  Q>R,
\*"nmO[c~2— _1c_3(i% + l)e_cKsinhce] for O<R.

3. Now, we shall evaluate the limit lim V(X). When ¢—>0, then the equation (2)
0

is the Laplace equation. We shall prove that the lim V(X) = VOX~) for Xe E3,

c- 0
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and VO(X) is the newtonian potential. Namely, in virtue of (7) we have
for Q>R,
for g<R.
By the formula (6) we obtain lim V(X) = 00# Vi(X) for Xe E2 and Vi(X)

is the logarithmic potential.
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