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On the quasi-potential for the circle and the ball

We shall consider the integral

(1) V (X ) =  \ f { Y ) H { X ,  Y ) d Y ,
D

where H { X , Y) is the fundamental solution of the equation

(2) A u (X ) — c2u (X ) =  0 , 

c is a positive number.
We shall call the function V (X ) the quasi-potential of the domain D .
In the present paper we shall evaluate the integral (1) for the circle and the ball 

assuming that /  (У ) =  m0 =  const ф 0.
1. Now we shall consider the integral (1) for D  being the circle

К  =  {(5, t): s2 +  t2< R 2, R > 0} .

Let X  =  (x , y), Y = ( s , t )  denote two arbitrary points of the plane. Let 
r2 — (x —s)2 +  ( y —t)2 and let J m(cr), K m(cr), Im(cr) denote the convenient Bessel 
functions ([4], p. 103). By [1] (p. 630), the function K 0(cr) is the fundamental solu
tion of the equation (2) in two-dimensional Euclidean space E 2 Hence H (X ,  У ) 
=  K 0(cr) and

V (X )  =  w0 j  K 0(cr)dsdt. 
к

Introducing the polar coordinates

and

we get 

(3)

X =  QCOStp , у  =  Qsihcp 

s =  zcost^ , t =  zsini^

V (X )  =  m0 J J  zK0(c \lq 2 +  z 2 —  2 q z  cos (ç> — i/0) dzdi//. 
о о

Now we shall prove the following
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00 / z\m
L emma 1. I f  q>0, z> 0, then the series У  { - ]  is the majorant o f the series

«=! \Q j
00

Z Km(cQ) IJ.cz)coima .
m=* 1

P r o o f .  By [4] (p. 149) 
we get

Km(cQ)Im{cz) =  2 f  W zcosh/ —g —zz)e  m A

In -

for e > 0 ,  c > 0 ,  z > 0 ,  m = 1 , 2 , . . .  Since 
7m(c z )> 0  for c > 0 ,  0>O , z > 0  
we get

A"m(co)/m(cz)<
1

‘dt

In -

|Уо(м)| <  1 for u > 0  and

Ш - Ш

Km(cQ )>0,

Now we shall evaluate the integral (3). We shall single out three cases: 
I. X  is exterior point with respect to K,

II. X  is the interior point of the circle K,
III. X e d K .

A d. I. Then q > R ^ z and ([2], p. 44)

(4) K0{c\lq2 + z2-2ezcos(cp- ф))  =  K0(cq)I0(cz) +
CO

+ 2  Z  K m(ce) L iez )  cos т (< р -ф ).
m= 1

By lemma 1 for z e  [0, R ]9 ф e [0, 2n] the above series is uniformly convergent and

2 n R
V (X )  =  m0 J  J  zK0(cQ)I0(cz)dzdil/ +  

о 0
со 2 it R

+ 2w0 Z  J J zKm(cQ)Im(cz)cosrn((p-\l/)dzdil/ =
m= 1 0 0

R cR
=  2nm0K 0(cQ) J  z l0(cz)dz =  2nm0c ~ 2K0(cq) J  ul0(u)du . 

о о

Applying to the integral on the right-hand side o f last formula ([4], p. 117)

D z(zp Ip(zj) =  zp/ p_ ,(z )  

for p  =  1 and the condition / j ( 0) =  0
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we get

(5) J  ul0(u)du =  cR I^cR )

and finally V (X ) — 2nm0 R c~ 1 K 0(cg) I ^ c R ) .
Ad. II. Then q < R .  Let e and ô are an arbitrary positives numbers. We have

then
2it Q — e ______________________

J  K 0(cr)dsdt =  lim J j  zK0(c\Jg2z2 — 2gzcos((p — \l/))dzdip +
e -> 0  0  0

2n R _________________________________

+lim  J J  zK0(c\/Q2+ z 2—2Qzcos(_(p — iil/))dzd^-
0~*0 0  Q + Ô

By lemma 1 it follows that the series
00

Z K m{CQ) I„{cz) COSW {(p -  Ф )
m= 1

is uniformly convergent for z e  [0, g — e] and ф e [0, 2n], By (4) and (5) we obtain
2 n  Q —  г  _______________________________________  I n  Q-t

J  J  zK 0{c\ ! q2 +  z2 — 2Qzcos((p — \l/))dzd\l/ =  J  J  zK0(cQ)I0(cz)dzd\j/+
0  0  0  0

oo I n  Q — г  I n  Q — г

+  2 Z  J  J  zK J cq) I m{cz)cosm (ę-\p )dzd \l/ =  j  J  zK0{cQ)I0{cz)dzd^
m = 1 0  0 0 0

and
2n Q — l ________________________

lim J J zK0(c\!Q2+  z2 — 2Qzcos{cp-\j)))dzd\j/
e-* 0  0  0

In Q-t

=  lim j  j  zK0(cg)I 0( c z ) dzdip = 2nK0(cg)c~2 lim J ul0(u)du =
e-* 0  0  0  t-*0 0

=  2nc~l eK 0{cg)Il {c e ).

Similarly for z e (g +  <5, R) by [2] (p. 44) we get

K 0(c \/ g2 +  z2 -2 g z c o s ((p -  ф)) =  I0(cg)K0(cz) +
00

+ 2 Z 4(ce)Km(cz)cosm (ę — ф) .
m= 1

From lemma 1 it follows that the series
00
Z  L (cg) K m(cz) cos т((р — ф)

m= 1
is uniformly convergent for z e [g +  <5, Л ), ф e [ 0 ,  2л] and

2k R  __________________________________

J  J  zK0(c \/g 2+ z 2—2gzcos(<p-ф))dzdф  =
0  Q + Ô

=  J J zI0(cg)K0(cz)dzdф =  2nl0{cg)c~2 | uK0(u )du .
0  Q+Ô  c((? +  i )
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Applying the formulae ([4], p. 117)

Dz{uKv(u)) =  -w *o<«) ,
we get

c R

J uK0(u)du =  c(q +ô)K](cq + cô) - cRK1(cR) .
с(е+г)

By continuity of the function ЛГ,(ы) in the interval (0 , oo), we get

2n R ________________________
lim J  J  zK 0(c\ / q2+ z 2 — 2qzcos ((p-i//))dzdif/ =
J-*0 0 o + i

=  2kI0(cq)c- 1 [ ^ ( c p )  -  / ^ ( с Д ) ]

and finally

F ( ^ )  =  2nm0c 1[qK0(cq)I1(cq)-RI0(cq)K1(cR) + qI0(cq)K1(cq)] .

A d. III. Let X  =  (* , у) 6 dK  and let K p denote the circle with the centre (0 ,0 )  
and radius p.
Then

V (X ) — m0 lim J K Q(cr)dsdt
p->RKp

and in view of the cases I, II, we get

V (X )  =  2nm0 R c~1 K 0(c R )I l( c R ) .

Finally, we get

{
2nm0c ~ 1 R K 0( cq) I 1( cR )  for q ^ R  ,
2 nm0c - 1 [ ^ 0(c £ ? )/iM  -  R K ^ cR ) I 0(cq) +  qI 0( cq) K ^ cq)]

for q < R .

2. Now we shall consider the integral (1) for D  being the ball. Let X  =  (x , y ,  z), 
Y  =  (s, t, v) denote two arbitrary points in three dimensional Euclidean space E 3. 
Let r2 =  (x —s)2 +  ( y —t)2 +  (z —v)2. Then the function r~1 e~cr is the fundamental 
solution of the equation (2). Let D  =  { ( s ,t ,v ) :  s2 +  t2 +  v2^ R 2, R > 0} and let 
в =  |0F|. Using a method similar to that of the method in [3] (p. 313), we get
(7) Y (X )  — m0 j  r 1 e "dsdtdv —

(4nm0Q 3e ec(Rcc o s h —sinh/?c) for Q>R,
\^nm0[c~2—̂ _ 1 c _3(i?c +  l ) e _cKsinhce] for q<R .

3. Now, we shall evaluate the limit lim V (X ). When c—>0, then the equation (2)
c-»0

is the Laplace equation. We shall prove that the lim V (X )  =  V0(X~) for X e  E 3,
c - о
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and V0(X )  is the newtonian potential. Namely, in virtue of (7) we have

By the formula (6) we obtain lim V (X )  =  00 #  V i(X )  for X e  E 2 and V i(X )
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for Q > R ,  

for q< R .

is the logarithmic potential.
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