ADAM WACHULKA

On the Dirichlet problem for certain angular domain

1. In this paper we shall give the solution of Dirichlet problem for the domain
(1) A, = j(x,Y): O<x<oo, O<j<xtg- n= 2 3,...

We shall construct a solution u(x,y) of the equation
&) Amk .j)= 0
of class C<) in D,,, satisfying the boundary conditions

3 u(x, 0) = Fi(x, 0) =fi(x),

4) "X, xtg”™ = F2™,xtg” =fz(x). *>0,
where FIt F2 are given functions.

In order to solve the problem (2), (3), (4), we shall construct the convenient Green
function using the method of symmetric images.

2. Let XY{x,y) denotes the arbitrary point of D,. Let It denote the straigt
lines

o =) =12,

Let X2 denote the symmetric point of X { with respect to 12, X 3 denote the symmetric
point of X2 with respect to 13, ..., X,, the symmetric point of X, 1 with respect to

h,...,x 2nthe symmetric point of X2n-i with respect to Obviously Xt is symmetric
image of with respect to II.
The coordinates of the points XlI(xi,yu i = 1,2,... are given by formulas:
X( = xcosi- +jsinj- =5+® . In
n n
K N .
yt= xsm/- +ycosi- i= 2,4,.-,2n
n n
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(6) xt= xcos(i—1) fq-----ysin(/—l)s-q i—1,3,...,2«—1
n n
A A

yi = xsin(/—1) - +ycos(i—1})- i—1,3,...,2n—1
n n

Let Y(s, t) denotes the arbitrary point belonging to the set D,, u /* u 12, where /* is
defined by (5) for 0. Further letr\ = |X;F|2= (j—r(2+ (7-y})2= r2v,y,s, /)
i=12,..,2n

3. Now we shall prove the following

Theorem 1. The function

) G(Xt, ¥) = C(x,y,.M) = E (- D+1In%

n the Green function for the problem (2), (3), (4) with a pole at the point Xt.

Proof. The function G{Xt, Y) is harmonic with respect to the point Y (Y & Z)),
because the functions Inr, are harmonic. If Y elu then

Uus=ranr2=rni,..,rn= rm,

and G(XIt Y) = 0. For Ye I2 we have r2= r2,r2, —r3, ..., rn+tl —rn+2, and
G(X2,Y) =0.
4. Now we shall introduce any notations. Let M = sup |/j(s)], ft(s) —f(s),
s>0

for s~0 and fi(s) = 0, for s<0, (i = 1, 2).
Let

a—tg- and Rf = (s—Xi)2+yf i—1,2,...,2n
n

Q& = (s-x,)2+(as-y)2 i=12,....,2n.

Let N denotes the invard normal to dDn = I* n I*. We shall prove, that under certain
assumptions concerning the functions f {(s) the function
@
B MITD) = 2 J/Xs)7)G (ri, 30U o0*+i j*F2(s,an))nG (J\, Y)\,=J\+ a 2ds
(0] s>0

is the solution of the problem (2), (3), (4).
Using the formulas (7) and (8 we get

©) «Ne) =1 (¢-DhBAa)+ 1L(-H'BA)
where
+OO +00
1 f | f i
kw - e=Tods Hm = oAV s - 12,
J I AJ Q
—00 —00
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Let
w\ - \Xx\<A ,0<c<y<C}
W2 = {(x,;y): W<B, —aB—06<y<ax —0}

where A, B, ¢, C, are abitrary positive numbers.

Let
+m®
KrT =~ J J~s)D pq(~jds
- +
|
+ Ne D fra( ~ ~ d s
—®
wherep, q=0,1,2; 0<p+q~2; i—1,2 , n
5. Now we shall prove that the integrals Kp\X X, (i= 1 , 2 , ri) are uniformly

convergent in every set Wt and the integrals H P\X /1) are uniformly convergent in
every set W2
Let

XlI)=+ J f&a W 'fejds

and

Hofra(R, X i) = - w o P4 as
IsI»>R
Lemma 1. If thefunction ffs), (s>0) is bounded and absolutely integrable, then
the integrals /¢ (XD, (i —\ are uniformly convergent in every set WHx.

Proof. The integrals KpgR, XX have common majorant

f ds
J (s-xtf+y?

Since

~B2< (5-n:(02+y|2< 452  for
A

Sor 1%
IslssR(s-xf+yl'

b».A

thus

for arbitrary e>0 and R~R(e). This condition is sufficient for uniform convergence
of integrals Kp1(XX in every set Wx.

Lemma 2. If the function f 2(s), s"O, is bounded and absolutely integrable, then
the integrals Hp (XX are uniformly convergent in every set W2
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Proof. The integrals H['gq(R, Xt) have common majorant

*

“Jo
-x 92+ {as-yd2
P

Since
~B2< (j-A )2-]1(@5-y D2 for s~R
thus

(s-xi2+(as-yi)2''2 J
H»R
for every e>0 and R>R(e). From the above inequality follows the uniform con-
vergence of integrals Hf,g{X{) in every set W2,
From lemmas 1, 2 follows
Lemma 3. The integrals K["4X 1) and H f'\X 3) are uniformly convergent in every
set W3 =(K,n W2.
From lemmas 1, 2, 3 follows

Lemma 4. | f the functionsf (s),f2(s), 0 are bounded and absolutely integrable,

then exist in W3 thefunctions Dp,gKi(X1), DpOHi(X1),i= 1 ,2 ,n\p,g= 0,1,2;
O<,p+q”2
and

+@®

=i j Jfs)Dpqg(”~jds

— 00

and
+ oo

DpgHt(X1) = ~ j f2(s)Dpq(?-jP ~d s.
()

! o i 1 i
Lemma 5. If thefunctionsffs ), f2{s), s*"O, are bounded and absolutely integrable,
then the function u{X”) defined by formulas (8) or (9) is of class C<?) in every set
W3c:D,, and is harmonic in W3.

Proof. Since the transformation (6) is orthogonal in view of lemma 4, we have

+@
fum « b J/IG)AARCIA, 1)))],-1*+

+ 1 3 fi(S)Dn(&X{G (X, F)))|..aVI+02ds = 0 for X3efV3
i
6. Now we shall verify the boundary conditions (3) and (4).

Lemma 6. [2]. | f thefunctionffs) is continuous, bounded and absolutely integrable
for o 0,
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then

+(D

1
hmA'lA'D = lira,, — —~=J1(x0)
j,) (**<j

as Zj—Kx0, 0), xo0>0.

Lemma 7. |If the function f 2(s) is continuous, bounded and absolutely integrable

for js$0,
then
limH; — lim" fi(s)muw / —r2ds—f2x0
iw = Ilim" ] ((s) X) 2+ (as-y) (x0)
as X,—>(x0, ax0), x0> 0

Proof. Let us consider the integral
f oo

) ax—y
95 (5-02+ (as-y)2

ds

Introducing in integral | the substitution: s—x = (ax—y),t we have

as—y = (ax—y)att+(ax—y) = (ax—j>)(af+1)

and
1@
dt

- U2 +(f|t+|)2:

We can rewrite H2(X 2 in the form:

+@®

a,0%) =" Di(S) - £ 20x0)) fo3 15 o2+ 12(x0)

If J—x0]<<5() and |/26)-/2&0)|<e

then
: | IL (s)- fllxo)lz-----xr+ L-J--S---JYZfS< £
|s-xo] <5
and
. ax-y
as—y nrr dt |
\Ww -m *0)\‘(—s-x’522+ (asNyyds ~ 7 \] [2+ (a[|)2+
|sx0 +@

d
I;c j ’) ‘ 0, as (ax—j»)—>(ax0—ax0) =

l+(at+1)2

ax-y

0+
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Lemma 8. If the functions ffs), f 2(s) are bounded and absolutely integrable for
s™0O, then the integrals

+0
7 or * Inr,
m = - ds, Q m = | 22) —
p L, & =0 J ) N
—@ —o0
for i= 2,3,..., 2n are uniformly convergent in every set

W4 = {(n;,jy): 0<c<x<A,O<y<ax-—acj,
where A, a, ¢ denote arbitrary positive numbers.
The proof is analoguous to those of lemmas 1, 2.

Lemma 9. |If thefunctionsf 1(s),f2(s), 0 are bounded, continuous and absolutely
integrable, then the function

a) m(Zi)->/,(x0), as (XI)-+(x0,0 +), x0>0.

b) u(XD-*f2(x0), as (XJ-tixo, ax0).

Proof. Ad a). Using the formula (6) we get: limD,(Inr2n_i+ Inrj+2) = 0 as
j->0+, ¢ = 1,...,n), lim(Inr2n,+ Inrj+2) = 0 as y->0+, (i= 1l....n)
By lemmas 6 and 8 we obtain

NTnn'y = / I(a0) + Huw J M s)_ £ (- b*E(hr2n (+ Inrl+2)],«O<rn-

+ “miD h, s)\? A Onr2, :+ InM(+2)] 215 = ffx 0)
as y—{0+.
Ad b). By formula (7) we have:
limfA (Inr2e_f+Inr) = 0 as {X~{x0,ax0), (/= 1,....n)

and

limHwiInr2, |+ Inri+2) = 0, as Ne )—*(x0, ax0), (i = 1,3 ... 2n -1
and

limz»N(In/-2n_f+ Inri+4) = 0 as  (.Xi)-*(x0, ax0), (i = 2, 4, ...,.2n)

From lemmas 7 and 8 we get:

+@
[ 2x0)+ lim J ft(s) £ (- 1)'A(lnr2a_;+ Inr0l,=o<*+
—0 |

limi/fA')

+ 0

+ Hm J f2(s) X (D7iv(Inr2n j+ Inrj+2|I1=(0S</j+
—00 |

+®
Hm ] f2(s) X (A jvOonr2n_ (+ Inri+4)],=fis* =
) I

+

1270, as  (i)->(~0. axo) ,
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where £ (1) denotes the convenient sum for odd i and £ <> for even .
From lemma 9 follows

Theorem 2. | f thefunctionsf I1(s),f2(s), 0 are continuous, bounded and absolutely
integrable, then the function u(x,y), defined by formulas (8) or (9) is the solution of
the problem (2), (3), (4) in every set (1).
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