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On the Dirichlet problem for certain angular domain

1. In this paper we shall give the solution of Dirichlet problem for the domain

(1) A , =  j ( x ,

We shall construct a solution u (x ,y )  of the equation

(2) Am(x ,j) = 0 

of class C <2) in D„, satisfying the boundary conditions

y): 0 < x < o o ,  0 < j < x t g - n =  2,  3 , . . .

(3) u (x , 0) =  F i(x ,  0) = f i ( x ) ,

(4) и^х,  x t g ^  =  F 2 ^x , x t g ^  =  fz (x) . * > 0  ,

where F lt F 2 are given functions.
In order to solve the problem (2), (3), (4), we shall construct the convenient Green 

function using the method of symmetric images.
2. Let X t{ x ,y )  denotes the arbitrary point of D „. Let lt denote the straigt

lines

(5)
n n

If-. jsin(/— 1) - = tcos(/ — 1 )“ ) i = 1,2,...
n n

Let X 2 denote the symmetric point of X { with respect to l2, X 3 denote the symmetric 
point of X 2 with respect to l3, . . . ,  X„ the symmetric point of X „ _ 1 with respect to 
h , . . . , x 2n the symmetric point of X 2n- i  with respect to Obviously X t is symmetric 
image of with respect to l l .

The coordinates of the points X l(x i,y ù  i =  1 , 2 , . . .  are given by formulas:

X( =  xcos i - + j s i n j -

4<NII - ,  2n
n n

к Л
y t =  x s m / -  

n
± y c o s i -

n
i =  2 , 4 , . - ,  2n
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(6)
я я

x t =  x co s(i— 1) ------ysin(/—l ) -  i — 1 , 3 , . . . , 2 «—1
n n

я я
y  i =  xsin (/—1) -  + y c o s (i—1) -  i — 1 , 3 , . . . ,  2n— 1 

n n

Let Y (s , t) denotes the arbitrary point belonging to the set D„ и /* u  l2, where /* is 
defined by (5) for 0. Further let r\ =  |X; F |2 =  ( j —л:()2 +  ( 7 - у ;)2 =  r,2(.v, у , s , /) 
i =  1, 2 , . . . ,  2и.

3. Now we shall prove the following 

T h e o r e m  1. The function

(7) G (X t , У) =  С ( х , у , . М )  =  Е ( - 1) ‘+ 11п7-(
i

й the Green function fo r  the problem (2), (3), (4) with a pole at the point X t .

P ro o f .  The function G {X t , Y) is harmonic with respect to the point Y ( Y  Ф Z ,) , 
because the functions lnr, are harmonic. I f  Y e l u  then

U  =  r2n, r2 =  r2n_i , . . . , rn =  rn+1 ,

and G (X lt  Y ) =  0. For Y e  l2 we have r2 =  r2, r2„ — r3, ... ,  rn+1 — rn+2, and 
G (X 2, Y) =  0.

4. Now we shall introduce any notations. Let M  =  sup |/j(s)|, f t(s) — f ( s ) ,
s> о

for s^ O  and fi(s) =  0, for s < 0, (i =  1, 2).
Let

a — t g -  and R f  =  (s —Xi)2+ y f  i — 1, 2 , . . . ,  2n 
n

Qt =  ( s - x , ) 2 +  ( a s -y ,) 2 i =  1, 2 , . . . ,  2n .

Let N  denotes the invard normal to dDn =  l* и  l*. We shall prove, that under certain 
assumptions concerning the functions f t(s) the function

OO

(8) M(JT1) =  ^ J / 1(s)7)(G ( r i , 3 0 U o * + i  j*F 2(s , ал)/)л.G ( Л \ , Y ) \ , = J \ + a 2ds

О s> О

is the solution of the problem (2), (3), (4).
Using the formulas (7) and (8) we get

(9)

where

К Ш

« № )  =  1 ( - 1) ‘В Д ) +  1 ( - 1) ' В Д )

+ 00 + 0 0  

1 f _ у ,  I f ,  yi — ox,
-  № ~ 2ds; H m  = -  f 2( s ) ^ - ‘dsя J щ  Я J Qi

— oo — 00

i =  1, 2 , . . . ,n
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Let
w \ -  \ x \ < A ,0 < c < y < C }

W2 =  {(x,;y): W < B ,  —a B —ô < y < a x  — ô}

where À, В, с, C , are abitrary positive numbers.
Let

+ oo

к г т = ~  J  J ^ s ) D p' q( ^ j d s

— 00 
+ 00= l~  J № D f ‘ 4 ( ^ ^ d s

— 00

where p , q =  0 , 1, 2; 0 < p + q ^ 2 ;  i — l ,  2 , n.
5. Now we shall prove that the integrals K p' \ X x), (i =  1 , 2 , ri) are uniformly 

convergent in every set Wt and the integrals Н Р,\ Х Л) are uniformly convergent in 
every set W2.
Let

X l) = l-  J  f & W ' f ë j d s

and

H f ' q ( R ,  X i )  =  ~  J Ш  D p'4 )d s .

|s|»R

Lemma 1. I f  the function f f s ) ,  (s > 0 )  is bounded and absolutely integrable, then 
the integrals / ф ‘,(Х 1), (i — \ are uniformly convergent in every set Wx.

P ro o f .  The integrals K pq{R , X x) have common majorant

f  ds 

J  ( s - x t f + y ?

Since
^ 52< ( 5- л : ()2+у|2< 452 for

thus

f ds ^  [ ds J ( s - x f + у Г  J *2
IslSsR Ы».Я

for arbitrary e > 0  and R ^ R (e ) .  This condition is sufficient for uniform convergence 
of integrals К р,1( Х х) in every set Wx.

Lemma 2. I f  the function f 2(s), s^ O , is bounded and absolutely integrable, then 
the integrals H p'q(X x) are uniformly convergent in every set W2.

173



P r o o f .  The integrals H [ 'q(R , X t) have common majorant

C  f  *
J 0 - x t)2 +  { a s -y d 2 

1*1**
Since

^ 5'2< ( j - A j)2-|-(a5' - y i)2 for
thus

I ( s - x i)2+ ( a s - y i)2' ' 2 J
|*| |*| »R

s ^ R

for every e > 0  and R > R (e ) .  From the above inequality follows the uniform con
vergence o f integrals H f,q{X{) in every set W2.

From lemmas 1, 2 follows

Lemma 3. The integrals K[’’4( X 1) and H f ' \ X 3) are uniformly convergent in every 
set W3 = ( K , n  W2.

From lemmas 1, 2, 3 follows

L emma 4. I f  the functions f  ( s ) , f 2(s), 0 are bounded and absolutely integrable,
then exist in W3 the functions D p,qK i( X l), D p,9H i(X 1), i =  1 , 2 , n \p ,  q =  0 , 1 , 2 ;  
0 < ,p  +  q ^ 2  
and

+ 00

=  i  j  J f s ) D p-q( ^ j d s

—  00

and
+ 00

D p,qH t( X 1) =  ^  j  f 2(s )D p-q(? -lj P ^ d s .

— 00
: ■ ' • i 1 i ;

L emma 5. I f  the functions f f s ) , f 2{s), s^ O , are bounded and absolutely integrable, 
then the function u{X^) defined by formulas (8) or (9) is o f  class C <2) in every set 
W3c:D „ and is harmonic in W3.

P r o o f .  Since the transformation (6) is orthogonal in view of lemma 4, we have
+ 00

Д u m  « l-  J / 1(5)Ą(Ajet(C?(Af, У)))|,-о*+

+ l-  J  fï(s) D n(&Xi{G (X ,  F)))|,„aJV l + o 2 ds = 0 for X3efV3

in**
6. Now  we shall verify the boundary conditions (3) and (4).

L emma 6. [2]. I f  the function f f s )  is continuous, bounded and absolutely integrable 
fo r  О  0,
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then
+ oo

1 f  yds
hmA'1(A'1) =  lira - M s ) - ----- - j —— = Л ( х 0)" J (*-*<) +У2

— 00
as Z j—Kx0, 0), xo>0.

L emma 7. I f  the function f 2(s) is continuous, bounded and absolutely integrable 
fo r  j s$0, 
then

lim H,i W  = lim"  J f i ( s ) ■ _.ч2*  / -— r2ds =  f 2(x0)
( s - x ) 2+ ( a s - y )

as X , —>(x0, ax0) , x0 >  0

Proof .  Let us consider the integral
f  oo

_ i  f -Я J ( s -

a x —y

x)2 +  ( a s -y ) 2
ds

Introducing in integral I the substitution: s —x =  (ax—y ) ,t  we have 

as—у  =  (ax—у) a t+(ax—у) =  (ax—j>)(af+1)
and

1- 00

- U ?

dt

+  ( f l t+ l)2
=  I .

We can rewrite H 2( X 2) in the form:
+ 00

Я,(*,) =  ̂ J —V
[Ji(s) - f 2(x o)] 7------ Г5—7---------- -2 d s + f2(x0)

( s - x y + ( a s - y ) 2

If  |j— x 0|<<5(£) and |/2(s)-/2(x0)|<e 
then

= I I L ( s ) - f l ix o )  17------Т Т Т Г ------72 ds <  £
(5—x r  +  CûS-J’)'1

and
|s-xo| <<5

i  J
ax-y

\ Ш - М * о ) \ , _  л2
as—у

|s-xo|
( s - x )2 +  (as

Л/  Г dt

^ÿÿds ~  7  J  t 2 + ( a t - i ) 2 +
+ 00

M  f

* J ?д
a x -y

dt

+  ( a t + 1)2
-►0, as (ax—j»)—>(ax0—ax0) =  0+
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L e m m a  8. I f  the functions f f s ) ,  f 2(s) are bounded and absolutely integrable for  
s^ O , then the integrals

+ 00 +00

p m  =
Г 7. 1ПГ:

Ш - г ds, Q m  =
r ,  lnr,

/ 2̂ )  —
* t f=0 J N

— oo — oo

fo r  i =  2 , 3 , . . . ,  2 n are uniformly convergent in every set

W4 =  {(л:, jy): 0 < c < x < A ,  0 < y < a x —acj ,

where A , a, c denote arbitrary positive numbers.
The proof is analoguous to those of lemmas 1, 2.

L e m m a  9 . I f  the functions f 1( s ) ,f2(s), 0 are bounded, continuous and absolutely
integrable, then the function

a) m( Z i) -> / ,( x 0), as ( X l)-+ (x 0, 0 +), xo> 0 .
b) u (X 1) -* f2(xo), as ( X J - t i x o ,  ax0).

P r o o f .  Ad a). Using the formula (6) we get: lim D,(lnr2n_ i +  lnrj+2) =  0 as
j - > 0+ , (/ =  1, . . . ,  n), l i m ( I n r 2n_ ,  +  lnrj+2) =  0 as y -> 0+, (i =  1........n)
By lemmas 6 and 8 we obtain

И ти(Л '1) = / 1(а0) +  Нш J  M s )  £  ( - 1)*(£>,(1пг2и_ (+ 1пг1+2))|,«0<гн-
— oo i = 1

+ 00 n
+  lim J h (,s )Y ,  ^ 0п г2„ _ ; +  1п Г( + 2)|,=115*  = f f x 0) 

— 00 » = 1
as y—»0+.

Ad b). By formula (7) we have:

lim Д (Inr2e_ f+ Inrt)  =  0 as { X ^ { x 0 , ax0) ,  (/ =  1, . . . ,  n)

and

lim /)w(lnr2„_| +  lnri+2) =  0, as № ) —*(x0 , ax0), (i =  1, 3 .........2n - 1)

and

limZ»N(ln/-2n_ f +  lnri+4) =  0 

From lemmas 7 and 8 we get:

as (.X i)-* (x0 , ax0), (i =  2 , 4 , . ..,2 n )

+ 00
lim i/fA 'J = / 2(x0) +  lim J f t(s) £  ( -  1)'А(1п г2я_ ; +  1п г01,=о< *+

— 00 i
+ oo

+  Hm J f 2(s) X (1)^iv(lnr2n_ j +  lnrj+2)|l=()S</j+
— oo i 

+ oo
+  Hm J f 2(s) X (2)^jvOnr2n_ ( +  lnri+4)|,=flS*  =

— 00 I

=  / 2(^0). as (^ i) -> (^ 0. axo) ,
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where £ (1) denotes the convenient sum for odd i and £ <2> for even i.
From lemma 9 follows

T heorem 2. I f  the functions f l (s ) ,f2(s), 0 are continuous, bounded and absolutely
integrable, then the function u (x ,y ) , defined by formulas (8) or (9) is the solution o f  
the problem (2), (3), (4) in every set (1).
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