LUDWIKA ZADLEO

On certain properties of the volume Green potential
for the iterated Helmholtz equation and for the octant Et

1. Let X = (x,,x2,x3), Y = (yl,y2,¥3) and *o0 = (x?,x°,*3) denote the
points of the Euclidean space E3.
Let

= ,Zl(yi~xi)2<ro = _ZI(Y1-X?)2>
i= i*
3
A= Z *>It>A2= A(A), H=A-C2H2= (A-C2(@ = A2-2C 20+ C4, C being

1«1
a positive constant.
Let Af = sup|F(F)] and let K(XO0, 0) denote ball with center at XQ and ra-
B
dius 6.
2. Let <p(X, Y) be the function defined and continuonus in the set E3XEt

and for X ~ Y, and uniformly continuous in every compact of this set. Let F(Y)
be the bounded and absolutely integrable function defined in Et-

Definition 1. We say that the integral

LX) = TTIW <P (*> Y)dVY
ET
is uniformly convergent at the point X0 if 1° the integral 1(X0) is convergent, 2° for
arbitrary positive number e, there exist the numbers 6 and R such that for every
XeK(X0,0)

WWF{Y)e{X,Y)\dVY<z, and JJJ \F{Y)cp(X, Y)\dVy<e
F<Hryer> EInKIOR)

Definition 2. The integral
/, = (SnC)~1JJJIF(Y)exp(—Cr)dVy

is called the volume Green potential for the iterated Helmholtz equation

(D) H 2u{X) = F(X)
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3. Now we shall prove some lemmas which we shall use in the sequel.
Lemma 1. If the function F is absolutely integrable in E 3, then the integrals
IM(X) = jn A~ (70 ((~-~)'-"Drnexp(-Cr)rfer (1= 1,2,3; m = 0,1,2,3).
El
are uniformly convergent in the set £3 .

Proof. Since |J((x,—=')/'_1)m<1 and exp(—Cr)<Il thus the common
majorant of the integrals Imis the convergent integral

JIJF(Y)dVr
El

Lemma 2. If thefunction F is bounded and absolutely integrable in E3, then the
integrals

PiW - JN F(Y)r~lexp(—Cr)dVr (/= 1,2)
El
are uniformly convergent at every point X0e £3 .

Proof. We shall prove this lemma for the integral PfX ). The proof for the
integral P2(X) is similar. Let K(XO0,<5)c£3 and let PfX) = P\(X)+P\(X)
where

PW{X) =N JF(Y)r-lexp(-Cr)dVy.
K(Xo,i)

and

PAO = JJJ F(Y)r~lexp(-Cr)dVr.
ENK (Xo.i)

Applying in the integrals P\(X0) (i = 1,2) the change of variables y»—x°
= ecosrpcosi/', y2—x2 — gsirupcosi//, y3— = gsiiuj/ we get the inequalities
t
I7i(-*0)l <4nM |Ochp(—CQ)dQ’\2nM82

and

00

| £1(*o)l<4jtr J QCXp(-CQ)dQ .
i

This implies that the integral P fX ) is convergent at the point X0. Let X e K(XO0, S)
and \XY\<25. Then K{X0,0)cK{X, 25) and

Jj J\F(Y)\r~lexp(—Cr)dVr

K(X, 2i)
Introducing in above the integral the new variables y3—x3 = £>cos<pcosilr,
y2—x2 = qgsirupcoadp, y3—x3 = Qsirul/ we obtain the inequalities

>
\P[(X)\<NnM J Qexp(—CQ)dQ~ASNM62< e
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for
5<((87iM)-1e)i
Let us consider the integral

P3(X) = JJJ F(Y)r-lzxp(-Cr)dVr

Eil\K(Xa, i)

We shall prove that the integral P3(X) is arbitrary small for sufficiently great R.
Namely, there exists a number R such that for every X e K (X0, §) hold inequalities

|10Y|<r<2]0oY]
Moreover

exp(—Cr)™(Cr)~"n! for neN.
For the integral P3(X) we have following inequalities

IPAW 1<2M J JJ expC-ICIOrDdOyi)-1n <
IGFK
<2Mjn(C|l0y]|)-33!(]0y])-VKr
ICEI>R

Applying in the last integral the change of variables = gcoscpcosip,
y2 = Qsirupcosil/, y3 = Qsiml/ we get
®
|?3(ﬂ01<3!MC-3ﬂF! e";ld = CiR~1<£
for
R>6nMC~3e~i
Consequently the integral Pr(X) is uniformly convergent at every point X0e E3.
By lemmas 1 and 2 we get

Theorem 1. If the function F is bounded and absolutely integrable in the set E3,
then there exist the derivatives DXlw(X) (i = 1,2,3;j = 1,2) and exist the integrals

JJIF(Y)Di,(cxp(-Cr))dVr (i= 1,2,3;j=1,2)

and

DiM x) = («nc)*13 LI F(Y)D3(cxp(-Cr))dVy (/- 1,2, 3;j - 1,2).

By lemma 2 we get

Theorem 2. If the function F is bounded and absolutely integrable in the set E3,
then the function PfX) is of class C(LAE 3)
and

DxtPi(X) = 131 F(Y)DX(r-1txp(-Cfj)dVr (/= 1,2, 3).
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4. Now we shall prove

Lemma 3. If the function F is of class then there exist the derivatives
DXPfX) (i = I, 2, 3) for every Xe K(X0, O).

Proof. From theorem 2 we have

DXiP XX) = DXiP](X) + DXIPI(X) =

= fJA\F(Y)D X{r-xexV{-Cr))dVY+ fJJ F(Y)DX(r~lexp(-Cr)dVr
K (X “* > E} Vlo,t)

(/= 1,2,3)
By ([1], p. 326) and by the formulae
2) 2XA(r- lexp(—Cr)) = Dyi(r~lexp(—Cr)) (i= 1,2, 3)
and
(38)  Dyi(F(Y)r-lexp(-Cr)) =
= r' lexp(-Cr)E>yF (Y)+F () 2),//-"lexp(-Crj (/ = 1,2,3)
we have

(4) DXP\(X)= - n N ¥Y)r~lexp(- Cr)cos(n,y,) +
eK(X0,D
+MN Jr-~xpcC-Cr)n~nr)n
KCX0,D

For every Xe K(XO0,0) by (4) and (2) we have

n F(7)/),,(/*-lexp(- Cr)cos(n,y,)dSY+

BK(Xo0,i)

+ J I DX(r~Jlexp(—Cr))DTF(Y)dVY (/= 1,2,3)
K(X0, «

/1 being the exterior normal to K(XO0,6).

Moreover for every X e K(X0, S) we have

(5) DXPj(X) = N J F(Y)DX(r-lexp(-Cr))dVr (/-1,2,3)
E3\K(X0, D)

Now we shall prove the following

Lemma 4. If thefunction F is of class C I{E$), thenfor every X e K (X0, 5) there
exist the function AP\{X)
and

limAPi(y) = F(X0) as X->X0.
Proof. By lemma 3 we have

APKY) = PAX)+PS{X),
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where
W )= " F(Y) Z.cos(n>yl)D ,{r~1cxp(—Cr))dSr
rk{x0,1) /=i
and

p,x) =JJ J | pxq{r~itxp{-cr))DliF{Y)dVr
1

K(X0,9)
For X = X0 v/e obtain
W o) - N  F{Y)D,r(rOlexp(- Cro» 471
d£(X0,*)

Applying to the integral P4(X0) the mean value theorem we get
W 0) = 4nd2F(Q)(6~2—06~exp(—CO),
Q being any point belonging to dK (X0, $).

By continuity of the integrals Pt(X) (i = 4, 5) at the point X0 we get

lim/4(A") = lim (49<62F (0) (& 2- & "Mexp(- C<5) = 4nF(X0)
a-o a-o

Moreover by lemmas 1 and 2 we have

limPslA) = 0 as 060

because
3
IPs(nrn<n/, JJJ Y, DxX{r~lvxp(-Cr))dVy-+0 when  «5-10 .
K(Xo0,«) i»l

Finally we get
limAF{(A') = F(Xo) as X-*X0
5. Now let us consider the integral

J J J F(Y)H 2(exp(—Cr))dVr.
ET\K(.X0,i)

This integral is uniformly convergent at the point X0 and we get

6 H2[ J J J F(Y)exp(—Cr)dvri= J J J F{Y)H\txp{-Cr))dvt=0
Ei\K (Xo0.i) ET\W o,i)

because
A 2exp(—Cr) = A2exp(—Cr)—2C 2Aexp(—Cr) + C dexp(—Cr) —
= exp(-Gr)(C4-4C,r“1-2C4+4C3r_.1+C4 a 0 for XeK(XO0, 9S).

We have prove the fundamental

Theorem 3. If the function F is bounded, absolutely integrable and of class
C I(E$), then the function 10 satisfies the equation (1) for every Xe E f
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Proof. By (6) and lemmas 1, 2, 3 and theorems 1, 2 we get

H 210{X)

(—8nC)_1ff2(JJJF(Y)exp(—Cr))dVr =

(—8aC)_1[A2 ) j j)F(Y)exp(-C r)ydvy)+
KQo,1

+ j f f F(Y)H2exp(—Cr)dVy] =

= (-BTrCrBj KJ(XJO(JDF(Y)ffexp(—Cr)rny)] =

=( - 8 7 JJJF(F)(-2Cr-1lexp(-Cr))c/Fy) =
KUn.i)

(4Tt)"1[A(}g(XIOéDF{Y)r-I" -Cr)ydvy-

- C2fJjF(y)r-1exp(-0)</Kr] = (47t)"WAPIZ)-C 2P}(2))
K(X0.«)

From lemma 4 we have
AP\(X)-+AnF(X0) as X->X0
and by lemma 2 we get
|PT(AO]-*O as X-~XO0
Thus
A 2/0(X) = (4Tn)-L(AP{(X) —C 2P }(™"))"P (MO as X-+X0
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