
LUDWIKA ŻĄDŁO

On certain properties of the volume Green potential 
for the iterated Helmholtz equation and for the octant E t

1. Let X  =  ( x , , x 2, x 3), Y  =  (у 1, у 2,Уз) and *o =  ( х ? , х ° , * з )  denote the 
points of the Euclidean space E 3.
Let

Г2 =  Z ( y i~ x i)2< ro =  Z (У1- Х ? ) 2 >
j=  1 i * l

3

A =  Z  *>lt> A2 =  A(A), H  =  A - C 2, H 2 =  ( A - C 2)(2) =  Д2- 2 С 2Д +  С 4, C  being
i« i

a positive constant.
Let Af =  sup|F(F)| and let K (X 0, Ô) denote ball with center at X Q and ra-

Ej
dius ô.

2. Let <p(X, Y ) be the function defined and continuonus in the set E 3 x E t  
and for X  ^  Y, and uniformly continuous in every compact of this set. Let F (  Y) 
be the bounded and absolutely integrable function defined in E t -

Definition 1. We say that the integral

Ц Х )  =  Î Î J W < P ( * >  Y )d V Y 
EÎ

is uniformly convergent at the point X 0 i f  1° the integral 1(X0) is convergent, 2° for  
arbitrary positive number e, there exist the numbers ô and R  such that for every 
X e K ( X 0,0 )

\ \ \ \ F { Y ) ę { X , Y ) \ d V Y< z , and J J J  \F {Y )cp (X , Y )\d V y < e
*<*»•*> EinKiO.R)

Definition 2. The integral

/„ =  (SnC)~1 J J  J  F (Y )e x p (—Cr)dVy

is called the volume Green potential fo r  the iterated Helmholtz equation 

(1) H 2u{X ) =  F (X )

185



3. Now  we shall prove some lemmas which we shall use in the sequel. 

L em m a  1. I f  the function F  is absolutely integrable in E 3 , then the integrals

Im( X )  =  j n ^ ’( î O ( ( ^ - ^ ) ' - " 1)me x p (-C r )r f£ r (1 =  1 , 2 , 3 ;  m =  0 , 1 , 2 , 3 ) .
EÎ

are uniformly convergent in the set £3 .

P r o o f .  Since |((x,—J'i) /‘_1)m|<  1 and exp( — C r ) < l  thus the common 
majorant of the integrals Im is the convergent integral

J J  J  F ( Y ) d V r
El

L em m a  2. I f  the function F  is bounded and absolutely integrable in E 3 , then the 
integrals

P i W  -  J  П  F ( Y )r ~ le x p (—C r)d V r ( / =  1, 2)
E l

are uniformly convergent at every point X 0 e £3  .

P r o o f .  We shall prove this lemma for the integral P f X ) .  The proof for the 
integral P 2(X )  is similar. Let K (X 0, <5)c£3+ and let P f X )  =  P \ ( X ) + P \ ( X )  
where

P \{ X )  =  П  J  F ( Y ) r - l e x p ( -C r ) d V y .
K(Xo,i)

and

Р 2Л Ю  =  J  J  J  F (Y )r ~1 exp( - C r ) d V r .
E l \ K ( X 0 . i)

Applying in the integrals P \ ( X 0) (i =  1 ,2 )  the change of variables y^ —x° 
=  ecosrpcosi/', y 2—x°2 — gsirupcosi//, y 3— =  gsiiuj/ we get the inequalities

t
l^ i ( -* o ) l  < 4 л М |  Q c x p (  — C Q ) d Q ^ 2 n M S 2 

0
and

00

| £ l ( * o ) l < 4 jt^  J  Q C X p ( - C Q ) d Q  . 
i

This implies that the integral P f X )  is convergent at the point X 0. Let X  e  K (X 0, S) 
and \X Y \< 2 5 .  Then K { X 0, 0 ) c K { X , 25) and

J  j  J  \F (Y ) \r ~ l e x p (—C r)d V r
K(X, 2 i)

Introducing in above the integral the new variables y 3 —x 3 =  £>cos<pcosi/r, 
y 2—x 2 =  q sirupсоэф, y 3—x 3 =  Qsirul/ we obtain the inequalities

2»
\Р [ (Х ) \< Л п М  J Q exp(—CQ )dQ ^SnM ô2< e
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for
5 < ((8 7 iM )-1e)i

Let us consider the integral

P 3(X )  =  J  J J F ( Y ) r - l z x p ( -C r )d V r
E i \ K ( X a ,  i )

We shall prove that the integral P 3(X )  is arbitrary small for sufficiently great R. 
Namely, there exists a number R  such that for every X  e K (X 0, Ô) hold inequalities

||0У|<г<2|0У|

Moreover

exp( —С г)^(С г)~"и ! for n e N .

For the integral P 3(X )  we have following inequalities 

|P3W I < 2M J  J  J  e x p C - I C I O r D d O y i ) - 1^  <
|OF|>K

< 2 M j n ( C | 0 y | ) - 33 !(| 0 y | )-V K r
|OE|>R

Applying in the last integral the change of variables =  gcoscpcosip, 
y 2 =  Qsirupcosil/, y 3 =  Qsiml/ we get

oo
|?з(Л01<3!МС-3я | е ' ;!Ф  =  Ci R~1 <£

R
for

R>6nMC~3e~i

Consequently the integral Р г(Х )  is uniformly convergent at every point X 0 e E 3 . 
By lemmas 1 and 2 we get

Theorem 1. I f  the function F  is bounded and absolutely integrable in the set E 3 , 
then there exist the derivatives DXlw (X ) (i =  1 , 2 , 3  ; j  =  1 ,2 )  and exist the integrals

J J J F(Y)Di,(cxp(-Cr))dVr (i =  1, 2, 3 ; j  = 1 , 2 )

and

D iM X )  =  («ПС)"1 J I J F(Y)DJXi(cxp(-Cr))dVy (/ -  1 , 2 ,  3; j  -  1 ,2 ) .

By lemma 2 we get

Theorem 2. I f  the function F  is bounded and absolutely integrable in the set E 3 , 
then the function P f X )  is o f class C (1\ E 3 ) 
and

DxtPi(X) =  J  J J  F(Y)DXi(r - l txp(-C fj)dV r ( / =  1 , 2 ,  3).
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4. Now we shall prove

Lemma 3. I f  the function F  is o f  class then there exist the derivatives
D 2XiP f X )  (i =  l ,  2 , 3) fo r  every X e  K (X 0 , Ô).

P ro o f .  From theorem 2 we have

D XiP x(X )  =  D XiP ](X )  +  D XlP l(X )  =

=  f J \ F ( Y ) D Xt{ r - xexV{ -C r ) ) d V Y+  f J  J F ( Y ) D Xi(r~ 1 e x p ( -C r )d V r
к (х °*л> Е } \ Ш о  , t)

( / =  1 , 2 , 3 )

By ([1], p. 326) and by the formulae

(2) Z>Xl(r- 1exp(—Cr)) =  D yi(r~1 exp( — Cr)) (i =  1 , 2 ,  3) 

and

(3) D yi( F ( Y ) r - l c x p ( -C r ) )  =

=  г ' 1 e x p ( - C r )£ > y<F ( У ) + F ( Г ) Z),//-"1 e x p ( -  Crj (/ =  1 , 2 , 3 )

we have

(4) D XIP \( X )  =  -  П  П  У) r ~1 exp ( -  Cr) cos (л , у ,) +
eK(X0,i)

+  П  J r - ^ x p C - C r ) ^ ^ ) ^
К(Х0,Л)

For every X e  K (X 0, ô) by (4) and (2) we have

П  F ( 7 )  /)„(/•-1 exp ( -  Cr) cos (n, y ,)) d SY +
B K ( X o , i )

+  J П  D Xl(r~1 exp( — C r))D TtF (Y )d V Y (/ =  1, 2 , 3)
K(X0,«

/I being the exterior normal to K (X 0,6 ) .
Moreover for every X  e K (X 0, S) we have

(5) D 2XiP j ( X )  =  П  J F ( Y ) D 2Xl(r- 1 exp( - C r ) ) d V r ( / - 1 , 2 , 3 )
E3+\K(Xo, i)

N ow  we shall prove the following

Lemma 4. I f  the function F  is o f class C l {E$), then fo r  every X  e  K (X 0, 5) there 
exist the function AP \{ X )  
and

lim A P i(y ) =  F (X 0) as X -> X 0 .

P r o o f .  By lemma 3 we have

А Р К У ) =  P A( X ) + P S{ X ) ,
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where

W ) =  и  F (Y )  Z  cos(n >yl) D ,t(r~1cxp (—Cr))dSr 
г к { х 0, д)  / = i

and

P ,(X )  = JJ J I  Dx{ r ~ i t x p { -C r ) )D !iF {Y )d V r
K(X0,9) 1

For X  =  X 0 v/e obtain

W o )  -  П  F {Y )D „ r(rÔ1 exp(- Сг0»  Д7Г
d£(Xo,*)

Applying to the integral P 4(X 0) the mean value theorem we get 

W o )  =  4nô2F (Q )(ô ~ 2—ô ~ 1)exp( — CÔ ),

Q being any point belonging to d K (X 0, $).
By continuity of the integrals P t(X )  (i =  4 , 5) at the point X 0 we get

lim />4(A') =  lim (4я<52 F ( 0 )  (<5' 2 -  <5 '  ^  exp ( -  C<5)) =  4n F (X 0) 
a -о a-o

Moreover by lemmas 1 and 2 we have

limPslA') =  0 as ô—*0

because
3

|Р5(ЛГЛ<Л/, J J J Y, D xl{r~ l v x p (-C r))d V y -+ 0  when «5-Ю .
K(Xo,«) i » l

Finally we get

limAF{(A') =  F(Xo) as X -*  X 0

5. Now let us consider the integral

J J J F ( Y ) H 2(exp( — Cr))dVr .
EÎ\K(.X0,i)

This integral is uniformly convergent at the point X 0 and we get

(6) H 2[ J J J F (Y )e x p (—Cr)dVr\ =  J J J F { Y ) H \t x p { - C r ) ) d V t  =  0
E i\K (X o.i) E Ï \ W o , i )

because

Я 2ехр( —Cr) =  A2exp ( —Cr) —2 C  2 A exp ( —Cr) +  C 4exp ( —Cr) —

=  e x p (-G r )(C 4- 4 C , r“ 1- 2 C 4+ 4 C 3r_1 +  C 4) a  0 for X e K ( X 0, S). 

We have prove the fundamental

T h e o r e m  3. I f  the function F  is bounded, absolutely integrable and o f class 
C l(E $), then the function I0 satisfies the equation (1) for every X e  E f
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P r o o f. By (6) and lemmas 1, 2, 3 and theorems 1, 2 we get 

H 2I0{X )  =  ( —8 n C )_ 1 f f 2( J J J F (Y )e x p (—C r))dV r =

=  ( —8яС)_1[Я 2 J j j F ( Y ) e x p ( -C r ) d V y) +
K(Xo,i)

+  j  f  f  F ( Y ) H 2exp( — C r)dV y] =

=  ( - в т г С Г В Д  J J J F ( Y ) f f exp( —Cr)rfFy)] =
K(X 0,0)

=  ( - 8 7 J J J F ( F ) ( - 2 C r - 1e x p (-C r ))c /F y) =
KUn.i)

=  (4Tt)"1[A( j  I  \  F { Y ) r - l ^ - C r ) d V Y) -
K(X 0,0)

-  C 2 f J j F ( y ) r - 1e x p (-0 )< /K r] =  (47t)"1(AP11( Z ) - C 2P}(Z))
K(Xo.«)

From lemma 4 we have

A P \(X )-+ A n F (X 0) as X -> X 0

and by lemma 2 we get

|PÎ(A0|-*O as X -^ X 0
Thus

Я 2/ 0(Х )  =  (4тг)-1(Д Р {(Х ) —С 2Р } ( ^ ) ) ^ Р ( ^ 0) as X -+ X 0
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