MAREK CZERNI

Asymptotical set stability for a functional equation
of first order

1. Introduction. In this paper vejinvestigate several
notions of asymptotical set stability for the functional
equation of iterative type
0) Hbw I = g(*t"™M(x)).

The given functions f and g will be assumed to fulfil

the following hypothesis:

f: I-» 1, g: Ix H—»H are continuous in |I and I*H
(H/) respectively, where I = (o,b), b€R, H is an open and

connected subset of a Banach space B. Moreover f s

strictly increasing in I and o<f(x)<x for xel.

Ve shall be interested in solutions of (1) which are
defined in the interval | and assume values in H.
G.A.Shanholt has proved in C23 stability theorems for
a difference equation. Similar results for the equation (1)
are presented in f33 by E.Turdra. In this paper we will use

some theorems from [ 33
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2. Preliminaries). Ve adopt the following notation in

this paper.

E+: = [G,00), B is a Banach space with a norm HA* For a
set Ain B, d(x,A) 1T = influx - . jt a] and for any £>0,
N(AE) T =[x6B: d(x,A)<E} <« For a function ip: I-*-H

and a set GcH and £ > 0, d(»f ,G)<£ denotes that for
every x we have d(if(x),G)<£
K : =(8]® s B+*> E+t ¢ is strictly increasing, continuous
function, $Co) = o}# 1Q: = [f(xQ,xQ for xQe I,
io: !,0-> H will denote a continuous function such that
>poCf (X0A4 = g(x0,y0) , where yQ is an arbitrary point of
the set H and <f0(xQ) = yQ. Finally, f (x,xQy0, fQ) will
denote the unique continuous solution of equation (1)
defined on (o,x | and such that 1q "o

In the sequel we will assume the following:

For a closed set GCH and cx> o such that N(G,a)cH
(E,) there exists a k> o such that £ € (o,oc) , yOfcB,

d(y0.G)<L imply d(g(x,yQ) ,G) <KE .

EemarkIl. Observe that under the hypothesis (H?)
for given xQe I, jgEH a solution (x,x0,y0, Qexists.

Ee mark 2. If hypothesis (Hg) is satisfied and G
is a connected set then N(G,E) is arcwise connected set,

thus we may take i~0 in N(G,E) and for such a there

exists ~>Cx,x0,y0, Q) (see [3]).

How we w ill adopt the following definitions of stability
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for equation Cl) (see C3I)*

DEFINITION 1. Let GCH be a closed subset of H. We

say»

Ci) G is stable if for every x_€1 and &L> o there exists

cu)

(iii)

Civ)

i L P
a S = 5Cs0,£)> o such that d(<fO#G)<6 implies

that 4>(x»x0»Y0» ~0) exists and dOf(?c,xo,y 0,.£)#G)<Ei
G is uniformly stable if it is stable land 5 in Ci)

is independent of xQ»

G is asymptotically stable if it is. stable and if

for every xQ6 1 there exists = rCa0)> o such

that d(~,G)<>\ implies )I(i_rpod(fx,xwyww),G): o,
G is uniformly asymptotically stable if it is
uniformly stabley and in (iii) 1is independent of.
X0 and the limit is uniform in xQ, y0, QCt) (t 610)

for (x0,y0, "0Ct)) * IXN(G,gq) x licG"n) .

DEFINITION 2. Let Vi | xN(G,ot) -» E+. We say that:

Ci)
Cii)
Ciii)

V is positive definite with respect to the set G if
there exists a ,p e K such that f>(dCy,G)) 4 VCx,y)
for (x,y) fel xnCG.oi) i

V is decrescent with respect to the set G if there
exists a U gK such that ~N(dCy»G)) > VCx,y) for

Cx,y) t I xnCG,0<) »

V satisfies property CE) with respect to the set G if

for each £> o and xQ€ | there exists a

&CXO0» £)E (°»°0  such that d(y,G)<5 implies
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V(x,y)<e for XE€I10.
(iv) T le a Lyapunov function for equation (1) on N(G,o<)
if it satisfies property (B) with respect to G and
AV (*»y) 4 Of where
AV(X,y) I e y(f(x)*g(x,y)) - V(x,y)for(X,y)*I*[TE <X>H] .
DEFINITION 3* A Lyapunov function V for equation (1)
on N(G,<x) has a strongly negative difference along
solutions of (1) if there exists a £>0 such that
(2) AV(x,y)<- b lg(x,y) - ya for (x,y)€ IX[N(G,oc)nH].
The following theorems from [33 will be usefull in the
sequel*
THEOREM 1. Let G be a closed and connected subset
of Hwith N(G,d()) c H for a « >o0. If hypothesis (H") and
CH2) are satisfied and if there exists a Lyapunov function
V for (1) on N(G,cx) and it has strongly negative
difference along solutions of (1), then G J)s stable.
Moreover, for each xQ€ 1 there exists a 3>0 such .that
for yQt N(G,Q) the solution »”(x,x0,y0, LPO) where
d (*f0,G) <5, is bounded.
THEOREM 2. Under assumptions of Theorem 1 and if more-
over V is decrescent with respeot to the set G, then G is

uniformly stable.

Now we shall present a theorem about a linear functional
inequality. This result is similar to theorem 2.8 from C13e¢
We start with following lemma*

LEMMA 1. Let f* I-*-R be a continuous function such
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that o<ftx) <x for x 61, and let functions g: I-*“R,

F: I -» R be bounded in |I. Further, let if : I -*R+ be
a solution of inequality

(3) ¥ cf(xU £ gx) g>(x) + F(x)-

Then

U [fnCx)]l 4 MCx)- e+ Ln]if(x)] for xel and n = 1,2 ...
1-'L

where

(f) ™M(x): = suplF (t)l , Ls = suplgCt)] <1 and |_ = (o,x],
teij tti A

The inductive proof of this lemma is very simple (see

Lemma 2.1 in L13).

THEOREM 3» Let fs |-*“R+ be a continuous function

such that o <f(x) <x for xel and suppose that the
function F: | -*-R fulfils the condition
(5) lim FX) = o.
X “*mo
Suppose further that for g: I-*R there exist 8>0

and Te(p»Y such that

(6) lg(x)|<\T for x€(o,£)nl.

Then every solution *if : I-*-R+ of inequality (3) in I
which is bounded in a neighbourhood of zero fulfils the

condition

(7) lim. f(x) * o.
X-*-0

Fr oof. W may assume that 8 in (6) is chosen in
such a manner that £61 and F and if are bounded in

(0,8) ¢ Thus
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(8) j«f(x)]<C for xe(o, E).

We have by (5)# for the function (4), Ilim M(X) = o.
. X0+
Consequently, given an £>0 we can find a O<E£,<f£,
such that
(9) M(xX) < 20 - VvT)E for xe(p, 51).

Further we can find an index N such that

(10) < H* .

le put mCx): = sup fCt). Then o<m(x)<x and m i3
t€(o0,x3

monotonie function. Set S2 = Since for every n,

fn ((o, 5) D (o, MI(51)) we have in particular
fN(Co, 52) D (o, S2). Consequently for every xfc(o, &2)
there exista an x*e(o, S,j) such that fN(x*) = x. Hence

by lemma 1 and by (8), (9) and (10) we have for xe (o, &2)

M>(X)] = HI»[fN(X*)]]< M(X*)T 4-~jr- + ~IN|MXK)] <£.

which proves relation (7)*

3. Sufficient conditions for asymptotical set stability
iln this section we are going to present some
theorems ablout asymptotical set stability for equation (1).
We w ill assume the following hypothesis:
The function g: IxH-~H fulfils Lipschitz condition

with constant Lt fe(o,l) 'in IxH i.e.
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IluUCx,) - g(i,J2)IK - Y21 for xel, J1fJ26H.

(H4) The set Zs = {A+B: lim+g(x,\) =*} is not empty.
X-*-0

THEOREM 4. Let G be a closed and connected subset of H
with N(G,cx) ¢ H for an cx> o. Suppose that hypothesis
(H~), CH2) , (H™),(H”™) are fulfilled and there exists a
Lyapunov function V for (1) on N(G,<x) and it has
strongly negative difference along solutions of (1).

Moreover, assume that for each xQ61 there is a
N"(xQ fc(o,00 such that d(~0,G)<]|£ implies

lim inf d («FC~(x0) ,x0,yQ, ,G) = o.
n-~00

Then G is asymptotically stable.

Proof. According to, Theorem 1 G is stable.
For any xQ61 choose r*Cx0) := m i n , SCx0,8 (x0))]
where 5 satisfies part Ci) ofj Definition 1 and 3 is as in
the last sentence ofj Theorem 1.

First we shall prove that d(vf0,G)<f\ implies

lim dC'f(fn(xQ ,x0,y0, vf0),G) =t o. Suppose this is false,
M->co

that is exists 10-*- H such that
dHo*” <IN Bnd Ilim sup d ~f~x ) ,xQ,yo0, ,G) ¢ o.
T-»«3
Consequently, there is an >0 and sequences {m~and
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t mfroo yk”~oo vy n kA for i o~ 1)2(eesi

such that

en) d (vp(f iCx0),x0,?0, I0) ,G) <

and

Ci2) d(~(f i(x0),x0,y0, ~0),G)> €0.
From assumption o<f(x)<x for x el we have

lim fn(x ) =o.
M-»00

Define the integer valued function 1 by

Iln) = 6 whenever f " (x0) <fn(xQ ~.f 3(xQ) for
n”~n.
Since d(vf (fxCx0) ,x0,y0, f0),G)<tx , puting in (2)
y'= A~ (fl-1Cx0)) and x:= fl-1(x0) for i =1,2,...,n
we obtain for the solution ~Nx) = »f(xfx0,y0, ~0) the
following inequalities
(13) vV (fax0), f(ficxQ)) - V(Fi""xQi ~(frCxJIn

- plidx(f1(x0)) - (x™1 for i=1,2,... 9%
Then we have form (13)

V(fn(x0) , - T(x0, M(x0i) i

Combining this with the inequalities
- A>(Fki(xO)|l < i)™ (fi(xo) -fC f1-17~))!

UfoCt i (0 .a) - «(fit HxJ ,0)UIF(f feQ))| ,

and (n), (12} we arrive at the estimate

(14) V(fn(x0) , " (fn<xo?) 4 V(x0, vf(x0) +
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+j”c~ W f ki(x0) ,G)-d(vKfmiOg) ,G)]< V(x0,ACx0Q)) -

for n> mn
Since I(n)-*«> as n-»o00 , (14) contradicts 0.
Thus we have proved that
(15) Iim d(~(fn(x) x v , ¥ ).G) = o.
n-*c®
Let ~o: Ig”* Hbe such thatd (*"0»G)<i\ and let X « Z.

Define the functions k, F and Ti by

(16) k(x)=
4O , MX)e'™X< X(X) T= | -XM, for Xfcl
From the definition of X we have
lim F(x) = o and |k(Xx)] <L.
X>0

We have also the linear inequality
*[f(x>] 4 k(x) -NI(x) + F(x)

and fromeheorem 1 the function Tt is bounded. Consequently,

Theorem 3 Implies

(17) lim TtCx)' = o i.e. lim O(x) = X .
X-*0 X-*-0

Let xn-*- o+. From inequality

18 d(~(xn,x0,y0, 7Q,G)4d (™ (M (X .X0.Y0o* "*<0 +
+ IvV2((xQ) -XIIL +N(xn)-X|

and (15)# (17) we have Iim d(~(x ,x ,y ,”™ ),g) = o0

=y dD
which is equivalent to the relation

lim d(4>(x,x ,y , f),G) = o.

X-*>0
The proof is complete.
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THEOREM $+ bet G be a closed and connected subset of
H with N(G,c*) ¢ H for an o<> 0. Suppose that hypothesis
HY), (Hg), (Hj", (H®) are fulfilled and there exists a
Lyapunov function V for OO on N(G,ot) and it has strong-
ly negative difference along solutions of (1).

Moreover, assume that for every ye (B - G)n n(g,cx)
there exists a C>o0 and an h: I-*-R with
T = oo for xQ€:lI such tha? ~>(fn (x0))G(B-G)NN(G,<x)
and H (fn(xQ) - yil<3 implies 12~(fu11'~r) ~ fn(xj)Q h(f b)),
Then G is asymptotically stable.

Pr oof. By Theorem 1, G is stable. For any xQtl
and a fixed r fc(o,l) define rj(x0) :=  £r(x0,r<x) where
S satisfies part Ci) of Diefinition 1. We claim that
<iC4)o*G" < «lIlgnsLrantees that lirn~d(®~(fn(xQ |X0,y0<?0) ,G) = o.
Suppose that this claim is false, that is, there is a
such that d (~"O0O»G)<d). and d(*(fn(x0)) ,G)A" o, n-» @.
Since W is bounded, there is an increasing sequence £n”},
n*-» 0 as i-*-00 , and ye N(G,cx.) such that

;f,rjgmdc"(f ri].(X ) y) =o.

If yCG then |Ilim dC'fCf *00) ,G) = o and consequently
exist sequences and k~">»00 0, kK~ >
>K”, such that inequalities (11) and (12) hold.
Proceeding as in the proof of Theorem 4 from inequalities

(13) and (14) we arrive at the contradiction V<0,

If yC(B - G)n n(G,cx) and tf(fn(xQ) does net
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converge to y .then there is an £Q in (o,0t) and
sequences and (k™ , n~-*-00 |, as i <>

kiti>nii>ki for all i, kl1>nQf such that
lir(f i(x0l) - YU<-|8* and Illv~(f i(x0) - yIL> 0.

Proceeding as in the proof of Theorem 4, we arrive also at

the contradiction. The remaining possibility is that

lim ftHCfnGO) - yl = o.
I1-*-00

Let $ e(o, £)be small enough to ensure thatN({y}, )cn(G,o(),
and choose m so that n>m implies dCACfIIN ) »{y})<"'«
By our hypothesis, we see that for n>m

V(fn(xj ,~(fn(x0)) 4 V(fm(x0) ,vF(fm(x0») +
zz1 1A (fi(xJ - d(fi_1 (x I
i=m+1

4 v (fmCx0™, ~(tm(x0)) -f> x h b (fi(x))
T i=m+l

From assumption concerning h this shows that
V(in(xJ ,”~ (x j < o for n sufficiently large, and
we have a contradiction.

Thus we have proved that

(19) lim d<~(fn(x)) ,g) = 0.
n-*-00

Define the functions k, F and *3 by (16), where 'X-feZ.
Then, making use of Theorem 3, we get (17)-

Let Xog* o+. From inequality (17) and (18, (19) we have
lim d(" (xﬁ ,G) = 0. This implies lim dC~Cx'.G) = o, and

n-*- n-*-00
the proof is complete.
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Remark 3* Combining Theorems 2 and 4, and 2 and 5*
we obtain two theorems which guarantee uniform asymptotical
stability for G,

Remark 4. The assumptions of Theorems 1 and 2 can
be weakened. Namely, it is enough to consider a metric
space B, closed subset G of H. We may also drop hypothesis
(IL,) « But then it is possible that equation (1) will have

NO continuous solution in N(G,oc) #
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