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Asymptotical set stability for a functional equation
of first order

1. Introduction. In  t h i s  paper vej in v e s t ig a t e  s e v e r a l 

n o tio n s  o f  a s y m p to tic a l s e t  s t a b i l i t y  f o r  th e  fu n c t io n a l  

eq u ation  o f i t e r a t i v e  ty p e

0 )  H’ b W l  = g ( * t ^ ( x ) ) .

The g iv e n  fu n c t io n s  f  and g  w i l l  be assumed to  f u l f i l  

the fo llo w in g  h y p o th e s is :

(H/,)

f :  I - ► I ,  g :  l x  H —►H are con tin u ou s in  I  and I * H  

r e s p e c t iv e l y ,  where I  = ( o , b ) ,  b € R ,  H i s  an open and 

con n ected  su b se t o f  a Banach space B . Moreover f  i s  

s t r i c t l y  in c r e a s in g  in  I  and o < f ( x ) < x  f o r  x e l .

Ve s h a l l  be in te r e s te d  in  s o lu t io n s  o f  (1) which are 

d efin ed  in  th e  i n t e r v a l  I  and assume v a lu e s  in  H.

G .A .S h a n h o lt h as proved in  C23 s t a b i l i t y  theorem s f o r  

a d if fe r e n c e  e q u a tio n . S im ila r  r e s u l t s  f o r  th e  eq u a tion  (1 ) 

are p re se n te d  in  f3 3  by E .T u r d r a . In  t h i s  paper we w i l l  use 

some theorem s from  [  3 3 •
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2. Preliminaries J. Ve adopt th e  fo l lo w in g  n o ta t io n  in  

t h i s  p a p e r .

E + : = [G ,o o ) , В i s  a Banach space w ith  a norm Н И * For a 

s e t  A in  B , d (x ,A )  î = i n f lu x  -  : j t  a ]  and f o r  any £ > 0 ,

N (A ,£ ) î = [ х б В :  d ( x ,A ) < £ }  • F o r  a fu n c t io n  i|> : I - * - H

and a s e t  G c H  and £ >  0 ,  d (»f ,G ) < £  d e n o te s  t h a t  f o r  

every x  we have d ( i f ( x ) , G ) < £  •

К : = (§>|Ф s B+-*> E +t ф  i s  s t r i c t l y  in c r e a s in g , co n tin u o u s

f u n c t io n ,  $  Co) = o } # I Q: = [ f ( x Q) , x Q]  f o r  x Qe I ,

: !„ -►  H w i l l  d en o te  a c o n tin u o u s f u n c t io n  such th a t  i о о

>poCf  ( Х0Я  = g ( x 0 , y 0)  ,  where y Q i s  an a r b itr a r y  p o in t  o f

th e  s e t  H and <f0 (x Q) = y Q.  F i n a l l y ,  f  ( x ,x Q,y 0 , f Q) w i l l

d en o te  th e  unique c o n tin u o u s s o lu t io n  o f  e q u a tio n  ( 1 )

d e fin e d  on ( o , x  ]  and such  th a t  ^  .о -Lq о

In  th e  s e q u e l we w i l l  assume th e  fo l lo w in g :

F o r a c lo s e d  s e t  G C H  and cx> о such th a t  N ( G ,a ) c H  

( E ,)  th e r e  e x i s t s  a k >  о such th a t  £  € (o ,o c )  ,  y 0 fcB , 

d (y 0 .G ) < L  im ply d ( g ( x ,y Q) ,G ) < к  £ .

E e m a r k l .  O bserve t h a t  under th e  h y p o th e s is  (H^) 

f o r  g iv e n  x Qe I ,  j q £ H  a s o lu t io n  ( x , x 0 , y 0 , Q) e x i s t s .

Е е  m a r k  2 .  I f  h y p o th e s is  (H g) i s  s a t i s f i e d  and G 

i s  a con n ected  s e t  th en  N (G ,E ) i s  a rcw ise  con n ected  s e t ,  

th u s  we may ta k e  i^0 in  N (G ,£ )  and f o r  such a th e re  

e x i s t s  ^>Cx,x0 ,y 0 , f Q) ( s e e  [ 3 ] ) .

How we w i l l  adopt th e  f o l lo w in g  d e f i n i t i o n s  o f  s t a b i l i t y

16



fo r  eq u a tio n  Ç1) ( s e e  C 3 l ) *

DEFINITION 1 .  L e t G C H  be a c lo s e d  su b set o f  H . We

say»

C i)  G i s  s ta b le  i f  f o r  every x _ € I  and Ł >  о th e re  e x i s t s
• ;■ -■? °

a S  = 5 Сзс0 , £ ) >  о such th a t  d ( < f 0#G ) < 6  im p lie s  

th a t  4 > (х » х 0 »У0 » ^ 0 ) e x i s t s  and d 0 f(?c ,x o, y o , .£ ) #G )< £ i

C ü )  G i s  uniform ly s t a b le  i f  i t  i s  s t a b le  land 5  in  C i)  

i s  independent o f  x Q»

( i i i )  G i s  a s y m p to tic a lly  s ta b le  i f  i t  i s .  s t a b le  and i f  

f o r  every x Q 6 l  th e r e  e x i s t s  = r̂ Cac0 ) >  о such 

th a t  d ( ^ , G ) < > \  im p lie s  lim  d ( f x , x  ,y  ) ,G) = o ,
X-*' O W W W

Civ) G i s  uniform ly a s y m p to tic a lly  s ta b le  i f  i t  i s

uniform ly s t a b l e y and in  ( i i i )  i s  independent o f. 

x 0 and th e  l i m i t  i s  uniform  in  x Q, y 0 ,  QC t) ( t  6 l o ) 

fo r  ( x 0 ,y 0 , ^ 0 Ct)) * I x N ( G ,ą )  x l î C G ^ )  .

DEFINITION 2 .  L e t V ï I  x N (G ,o t) -► E+ .  We say t h a t :

C i)  V i s  p o s i t iv e  d e f i n i t e  w ith  r e s p e c t  to  th e  s e t  G i f  

th e r e  e x i s t s  а ,ф  e К such th a t  f>(dCy,G)) 4  V C x ,y) 

f o r  ( x , y )  fe l  x n CG.oi)  i

C ii)  V i s  d e c re sce n t w ith  r e s p e c t  to  th e  s e t  G i f  th e re  

e x i s t s  а Ц/ g K such th a t  ^(dCy»G)) >• V C x ,y ) f o r  

C x ,y ) t  I x n CG,o<) »

C ii i )  V s a t i s f i e s  p ro p erty  CE) w ith  r e s p e c t  t o  th e  s e t  G i f  

f o r  each £ >  о and x Q€ I  th e re  e x i s t s  a 

& СХ0 » £ ) Ё ( ° » ° 0  such th a t  d ( y , G ) < 5  im p lie s
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V ( x ,y )  < e  f o r  X € l 0 .

( iv )  T l e  a Lyapunov fu n c t io n  f o r  e q u a tio n  (1 )  on N(G,o<) 

i f  i t  s a t i s f i e s  p ro p e rty  (.B) w ith  r e s p e c t  to  G and 

A V (* » y )  4 Of where

A V (x ,y )  l e y ( f  (x ) * g (x ,y ))  -  V (x ,y )fo r (X ,y )* I* [ î£ ,< X > H ] . 

DEFINITION 3* A Lyapunov fu n c tio n  V f o r  e q u a tio n  (1 )  

on N(G,<x) has a s tr o n g ly  n e g a tiv e  d if fe r e n c e  a lo n g  

s o lu t io n s  o f  ( 1 )  i f  th e r e  e x i s t s  a £ > о such th a t  

(2 ) À V ( x , y ) < -  (b | g ( x ,y )  -  уЯ f o r  ( x ,y ) €  I x [ N ( G ,o c ) n H ] .

The fo llo w in g  theorem s from  [33  w i l l  be u s e f u l l  in  th e  

seq u el*

THEOREM 1 .  L e t G be a c lo s e d  and con nected  su b set 

o f  H w ith  N (G ,d( )  c H f o r  a «  > o . I f  h y p o th e s is  (H ^) and 

CH2 ) are s a t i s f i e d  and i f  th e r e  e x i s t s  a Lyapunov fu n c tio n  

V f o r  ( 1 )  on N(G,cx) and i t  has s tr o n g ly  n e g a tiv e

d if f e r e n c e  a lo n g  s o lu t io n s  o f  ( 1 ) ,  th en  G i s  s t a b l e .♦»

M oreover, f o r  each x Q € I  th e r e  e x i s t s  a 3 > o  such .th a t 

fo r  y Qt  N (G,Q ) th e  s o lu t io n  »^ (x ,x 0 ,y 0 , Ц>0 ) where 

d (*f0 ,G )  < 5 ,  i s  bounded.

THEOREM 2 .  Under assu m ption s o f  Theorem 1 and i f  more

over V i s  d e c r e s c e n t w ith  r e s p e o t t o  th e  s e t  G , then  G i s  

u n iform ly s t a b l e .

Now we s h a l l  p re se n t a theorem  about a l in e a r  fu n c t io n a l  

in e q u a l i t y .  T h is  r e s u l t  i s  s im ila r  to  theorem 2 .8  from C13♦ 

We s t a r t  w ith  fo llo w in g  lemma*

LEMMA 1 .  L et f*  I - * - R  be a con tin u ou s fu n c tio n  such
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th a t  o < f t x )  < x  f o r  x  6 1 ,  and l e t  fu n c t io n s  g : I - * “R ,

F : I  -► R Ъе bounded in  I .  F u rth e r , l e t  if : I  -*• R+ be

a so lu tio n  o f in e q u a lity

(3) ¥  C f (x Ü  £  g (x )  q>(x) + F (x ) •

Then

U [ f n Cx)]l 4  M Cx)- • + Ln |if(x)| f o r  x e l  and n = 1 , 2 . . .  
1 -  ’ L

where

(ft) M (x): = suplF ( t ) l  ,  Ls = suplgCt)| < 1  and I_ = ( o ,x ] ,  
t e i j  t  t i  ^

The in d u ctiv e  p roo f o f t h i s  lemma i s  very sim ple (se e  

Lemma 2 .1  in  L 1 3 ) .

THEOREM 3» L et f s  I - * “R+ be a continuous fu n ctio n  

such th a t о < f ( x )  < x  fo r  x e l  and suppose th a t the 

fu n ctio n  F : I  -* -R  f u l f i l s  th e co n d itio n

(5 ) lim  F Sx) = о .
X -*■ о

Suppose fu rth e r  th a t f o r  g : I - * R  th ere  e x is t  8 > o  

and 1Û*€(p»y0  such th a t

(6 ) | g ( x ) | < \T  f o r  x € ( o , £ ) n l .

Then every so lu tio n  *if : I - * - R + o f in e q u a lity  ( 3 )  in  I  

which i s  bounded in  a neighbourhood o f zero f u l f i l s  the 

con d ition

(7 ) lim . f ( x )  *  o .
x-*- о

F г  о о f . We may assume th a t 8 in  ( 6 )  i s  chosen in  

such a manner th a t £  61  and F and if are bounded in  

(o, 8 )  • Thus
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( 8 )  j « f ( x ) | < C  f o r  x e ( o ,  E ) .

We have by (5 )#  fo r  th e  fu n c t io n  ( 4 ) ,  lim  M(x) = o .
x‘*'0+

Con seq u en tly , g iven  an £ > o  we can f in d  a о < £ , .< £ ,

such th a t

( 9 )  M (x) <  ^ 0  -  vT)£ f o r  x e ( p ,  5 1) .

F u rth e r  we can f in d  an in d ex  N such th a t

( 1 0 )  <  Я *  •

1le p u t mCx) : = sup f  C t ) .  Then o < m ( x ) < x  and m i3  
t € ( o ,x 3

m onotonie f u n c t io n . S e t  S 2 = S in c e  f o r  every n ,

f n ( (o , 5 ^ )  D  ( o ,  mI l ( 5 1)) we have in  p a r t ic u la r  

f N (Co, 5^)) D  ( o ,  S 2)  .  C on seq u en tly  f o r  every x f c ( o ,  &2 ) 

th e r e  e x is t a  an x * e ( o ,  S , j )  such th a t  f N( x * )  = x .  Hence 

by lemma 1 and by ( 8 ) ,  ( 9 )  and (1 0 )  we have f o r  x e  ( o ,  &2)

M>(x)| = l4 » [fN(x * )]| <  M (x*)T 4-^jr- + T̂N|^(xK )| <£. ,  

w hich p ro v es r e l a t i o n  ( 7 ) *

Э. Sufficient conditions for asymptotical set stability

iln  t h i s  s e c t io n  we are g o in g  to  p re se n t some

i
theorem s about a s y m p to tic a l s e t  s t a b i l i t y  f o r  e q u a tio n  ( 1 ) .  

We w i l l  assume th e  fo l lo w in g  h y p o th e s is :

The fu n c t io n  g :  I x H - ^ H  f u l f i l s  L ip s c h it z  c o n d it io n  

w ith  c o n sta n t Ł f e ( o , l )  ' i n  I x H  i . e .
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l U C x , ^ )  -  g ( i , J 2) l K  -  У2 И f o r  x e l ,  J 1 f J 2 6 H .

(H4)  The s e t  Zs = { A ł B:  lim +g ( x , \ )  = * }  i s  n ot empty.
x-*-o

THEOREM 4 .  L e t G be a c lo s e d  and con nected  su b se t o f H

w ith  N(G,cx) c  H f o r  an cx> o . Suppose th a t  h y p o th e s is

(H ^ ) , CH2) , ( H ^ ) ,(Н ^ ) are f u l f i l l e d  and th e r e  e x i s t s  a

Lyapunov fu n c tio n  V f o r  ( 1 )  on N(G,<x) and i t  has

s tr o n g ly  n e g a tiv e  d if fe r e n c e  a lo n g  s o lu t io n s  o f ( 1 ) .

M oreover, assume th a t  f o r  each x Q 6 1  th e re  i s  a

^ ( x Q)  f c (o ,o O  such th a t  d ( ^ 0 ,G )< | £  im p lie s

lim  i n f  d («f С ^ ( х 0) ,x 0 , y Q, ,G ) = o .
n-^oô

Then G i s  a s y m p to tic a lly  s t a b l e .

P r o o f .  A cco rd in g  to , Theorem 1 G i s  s t a b l e .

For any x Q 6 l  choose r^Cx0) :=  m i n ,  SCx0 ,§ ( x 0))]

where 5  s a t i s f i e s  part C i)  ofj D e fin it io n  1 and Э i s  as in

the l a s t  sen ten ce  ofj Theorem 1 .

F i r s t  we s h a l l  prove th a t  d ( v f 0 , G ) < f \  im p lie s

lim  d C 'f  ( f n (x Q) ,x 0 , y 0 , vf0) ,G )  =t о .  Suppose t h i s  i s  f a l s e ,  
П->со
th a t i s  e x i s t s  I 0 -* -  H such th a t

d H o * ^  < П. Bnd lim  sup d ^ f ^ x  )  ,x Q,y 0 , ,G )  ф о .
Tl -► «з

C on seq u en tly , th e r e  i s  an >  о and sequences {m ^an d
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t m ^ o o  у k ^ o o  у ^ k.  ̂ f o r  i  ~ 1 ) 2 ( • • • i

such th a t

e n )  d (v p (f i Cx0) ,x 0 , ? 0 , Ц>0) ,G ) < ф  .

and

Ci2) d ( ^ ( f  i ( x 0) , x 0 , y 0 , >̂0 ) , G ) >  e0 .

From assum ption  o < f ( x ) < x  f o r  x  е I  we have 

l im  f n (x  ) = o .
П -►oo

D e fin e  th e  in te g e r  v a lu e d  fu n c t io n  1 by

l ( n )  = ó whenever f  ^+^ ( x 0)  < f n ( x Q) ^ . f  3 (x Q) f o r  

n ^  m1 .

S inc  e d (vf ( f x Cx0)  , x 0 , y 0 , f 0 ) ,G ) < t x  , p u t in g  in  ( 2 )

У '=  ^ ( f l - 1 Cx0)) and x :=  f l - 1 ( x 0)  f o r  i  = 1 , 2 , . . . , n  

we o b ta in  f o r  th e  s o lu t io n  ^ (x ) = » f(x fx 0 ,y 0 , ^>0)  the

f o l lo w in g  i n e q u a l i t i e s

(13) V ( f 4 x 0) , f ( f i Cx0))) -  V ( f i ”  ̂(xQ) i ^ ( f ^ C x J ^

-  pli4>( f 1 ( x 0)) -  ( x ^ l l  f o r  i = 1 , 2 , . . .  9n %

Then we have form  (1 3 )

V(fn(x0) , -  T(x0, ^ ( x 0i) i

Com bining t h i s  w ith  th e  i n e q u a l i t i e s

-  4>(fk i (x 0))|| < i ) ^ ( f i ( x o)) - f C f 1- 1 ^ ) ) !  ,
It m

UfoCt i (*oS .a) -  «('flt HxJ ,o)U lf(f fe0))|| ,
and ( n )  , (1 2 }  we a r r iv e  a t  th e  e s tim a te

(14) V ( f n (x 0)  , ^ ( f n <xo )̂) 4  V (x 0 , vf ( x 0)) +
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+ j ^ W f k i (x 0)) ,G ) -d (v K f m iO g )  ,G ) ] <  V (x 0 ,^ C x 0')) -  

fo r  n >  m^.

Since l ( n ) - * « >  as n -»o o  , (14) c o n tr a d ic ts  o .

Thus we have proved th a t

(15) lim  d ( ^ ( f n (x ) ,x  ,y  , у ) ,G) = o .
n-*c®

Let ^ o : I q-*> H be such th a t d ( ^ 0 »G) <- i \  and l e t  X  « Z . 

Define the fu n ctio n s к , F and Ti by

(16) k (x )  =
0 ,  ^x )c'X < X(x) î = |^(x^ -ХМ, fo r  Xfcl

4.

From th e  d e f i n i t i o n  o f  X  we have

lim  F (x ) = о and |k(x)| <  L .
x>o

We have a ls o  th e  l in e a r  in e q u a lity

•* [f (x > ]  4  k (x )  -Л(х) + F (x )

and from Theorem 1 th e  fu n c tio n  Tt i s  bounded. C o n seq u e n tly ,
f

Theorem 3 Im p lie s

(17) lim  TtCx)’ = о i . e .  lim  O ( x )  = X .
x -* o  x-*-o

Let xn -*- o+ .  From in e q u a lity

(18) d ( ^ ( x n,x 0 ,y 0, ^ Q) ,G ) 4 d ( ^  (^ (х ^ .Х о .У о *  ^ * < 0  +

+ II v?(fn(xQ)) -XII + N ( x n) - X |
and (15)#  (1 7 ) we have lim  d ( ^ ( x  ,x  ,y  ,  ^  ) , g)  = о

n-»' oO
which i s  e q u iv a le n t to  th e  r e la t io n

lim  d (  4 > (x ,x  ,y  ,  vf ) ,G )  = o . 
x-*>o

The p ro o f i s  co m p le te .
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THEOREM $• b e t G be a c lo s e d  and connected  su b se t o f 

H w ith  N(G,c*) с  H f o r  an o< > o . Suppose th a t  h y p o th e sis  

(H ĵ) , (H g ) ,  (Hj") ,  (H ^) are f u l f i l l e d  and th e re  e x is t s  a 

Lyapunov fu n c tio n  V f o r  OO on N (G,ot) and i t  has s tro n g 

ly  n e g a tiv e  d if fe r e n c e  a lo n g  s o lu t io n s  o f  (1) .

M oreover, assume th a t  f o r  every у e (B  -  G )n  n (g , cx)

th e re  e x i s t s  a Ç >  о and an h : I - * -  R w ith
'r 2, +

= oo f o r  xQ € :I  such th a t  ^>(fn (x 0))G(B-G)nN(G,<x)

and H ( f n (xQ)) -  y il < 3  im p lie s  I ^ ( f 11'1' ' ^ )  ^ f  n( x j )  Q >  h (f^b)),

Then G i s  a s y m p to tic a lly  s t a b le .

P г  о о f .  By Theorem 1 ,  G i s  s t a b l e .  For any x Q t I

and a fix e d  г  fc ( o , l )  defin e rj(x0) :=  £Г(х0 ,г < х )  where

S  s a t i s f i e s  p a r t C i) o f D e f in i t io n  1 .  We c la im  th a t
i

< iC4)o*G  ̂ < «IgnsLrantees th a t  lirn ^ d (^ (fn (x Q) |X0 ,y 0 ,<?o) ,G) = o .

Suppose th a t  t h i s  c la im  i s  f a l s e ,  th a t  i s ,  th ere  i s  a

such th a t  d (^0»G)<i). and d ( ^ ( f n (x 0)) ,G )A " o, n -► oo .

S in ce  vÇ i s  bounded, th e re  i s  an in c r e a s in g  sequence £ n ^ } ,

n ^ -► oo as i-* -o o  , and y e  N(G,cx.) such th a t

lim  d C ^ (f  i (x )) ,y )  = o .  
i-^oo n .

I f  y CG  then lim  d C 'f C f  * 0 0 )  ,G) = о and con sequen tly 

e x is t  sequences and k^>»oo ,  00 , к ^ >

> к ^ , such th a t  in e q u a l i t ie s  (11) and (12) h o ld .

P roceed in g as in  the proof o f Theorem 4  from in e q u a l i t ie s

(13)  and (14) we a r r iv e  a t  the c o n tr a d ic t io n  V < 0 ,

I f  y Ç (B  -  G) n n ( G ,cx)  and t f ( f n (x Q)) does n et
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converge to  y . then th ere  i s  an £Q in  ( o ,o t )  and 

sequences and ( k ^  , п^-*-оо , as i  <*> ,

k i + i > n i i > k i  fo r  a l l  i ,  k1 > n Qf such th a t

l i ^ ( f  i (x 0l) -  У 11 < - | 4 S * * * * * and llv^(f i (x 0)) -  у 11 > Ł0 .

Proceeding as in  th e  p roof o f Theorem 4 ,  we a rr iv e  a ls o  at 

the c o n tr a d ic t io n . The rem aining p o s s i b i l i t y  i s  th a t

lim  łH C f n G O ) -  у I = о .
Il-*-oo

Let $ e (o , £ )ъ е  sm all enough to  ensure th a tN ({y } , ) c n (G ,o(),

and choose m so th a t  n >m  im p lie s  dC^Cf11̂ )  » {y } )< ^ '«  

By our h y p o th e s is , we see th a t  fo r  n >  m

V ( f n ( x j  , ^ ( f n (x0))) 4: V ( f m(x0) ,v f(fm(x 0») +

Z Z 1  114 ( f i ( x J  -  4) ( f i_ 1  (x  ))|| 
i=m+1

4 v ( f mCx0^ , ^ ( t m(x0))) -f>  x h  b ( f i (x  )) .
’ i=m+1

From assum ption concerning h t h i s  shows th a t

V ( î n ( x J  ,  ^ ( x j  <  о fo r  n s u f f ic i e n t ly  la r g e , and

we have a c o n tr a d ic t io n .

Thus we have proved th a t

(19) lim  d < ^ ( f n ( x ) )  , g)  = 0 .
n-*-00

D efine th e  fu n c tio n s  k , F and *3t by ( 1 6 ) ,  where 'X-feZ. 

Then, making use o f Theorem 3 ,  we g e t  (17) •

Let Xq- *" o+ .  From in e q u a lity  (17) and (18) ,  (19) we have 

lim  d ( ^  (x J)  ,G ) = 0.  T h is  im p lies  lim  d C ^ C x 'J .G ) = o , and
n-*-oo 11 n-*-oO
the p roof i s  com plete.
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R e m a r k  3* Combining Theorems 2 and 4, and 2 and 5* 

we o b ta in  two theorem s which guarantee uniform a sy m p to tica l 

s t a b i l i t y  fo r  G ,

R e m a r k  4 .  The assum ptions o f Theorems 1 and 2 can 

be weakened. Namely, i t  i s  enough to  co n sid e r  a m etric 

space B , c lo se d  su b set G o f H. We may a ls o  drop h yp oth esis  

(IL,) • But then i t  i s  p o s s ib le  th a t equation  (1 ) w i l l  have 

no continuous s o lu tio n  in  N(G,oc) #
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