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On the Fatou problem for the iterated Helmholz equation
in the half-plane

1. In  th e  paper [1 ]  F . B arański so lv e d  th e  L a u r ic e l l i  

problem fo r  th e  equation  (Д  -  c2 ) 2 u = 0  in  the h a lf 

p la n e . In  th e  p resen t paper we so lv e  th e  same problem on 

the h a lf -p la n e , w ith  more gen era l boundary c o n d itio n s , na

mely th o se  s ta te d  in  term s o f sign ed  m easures. The s im ila r  

problems fo r  th e  biharm onic equation  has been in v e s tig a te d  

in  [ 2] and [ 3 ] .

2. N o ta tio n s :

X = ( x , y ) ,  Ï  = ( s , t ) ,  Z = ($  , 0 ) ,  IX -  Y | 2 = (x -s ) 2 + ( y - t ) 2, 

$2 = ( x - s ) 2 + * 2 ,

Ъ (В )  -  denotes the  c la s s  o f B o re l su b set o f B ,

#r) = ( x e E: |x -  || < r ] ,  

s(z,a) e {(х.У) ćB2: |x 4 ay, о  <a = tgcx},
-  denotes th e  c o l le c t io n  o f  in te r v a ls  3 co n ta in in g  

a p o in t ^ frB.

L et JL be an extended sign ed  measure defin ed  on 2>(b ) ,  

assuming a t most one o f th e  v a lu es  + oo and — oo.
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We s h a l l  denote

»  CT )C S ) .  й  #  .

I 3 I » 0
where P I  d en o tes on e-d lm en slon al Lebesgue measure o f 

s e t  Э .

I f  th e  l im i t  ( * )  e x i s t s  under th e  c o n d itio n  th a t 3 i s  in 

t e r v a l  w ith  c e n te r  a t  S i t  w i l l  be c a l le d  th e  symmetric 

d e r iv a tiv e  o f ji. a t  and w i l l  be denoted by (pg 

We s h a l l  a ls o  denote

( Ds :  lim  
r -^0

£ &  (j

and c a l l  i t  th e  second symmetric d e r iv a tiv e  o f ^  a t  ^

and г are twoWe suppose through t h i s  paper th a t  

s ign ed  measures on 3 > C R ) and th a t

A )  are O' - f i n i t e ,

B ) f o r  aby 0 M O )  = о (е ^ Г ) ,  I q j ( n )  -  0 ( e f r ) .

(r  -► с о ) ,

where 3 d en o tes th e  in t e r v a l  in c lu d e d  in  R ( d i s t  Э = 2r )  

and \j± \  d en otes th e  a b so lu te  v a r ia t io n  o f th e  measure u  , 

i . e .

l|J-|(E) = su p ( | l ( F ) ï  F e $ ( R ) ,  f c e , ^-Cf ) > o }  +

+ sup £ -  Ц-Cf )  : F 6 $ C R ) ,  F C E ,  ^l(F) 4  0J .

The r a d ia l  l i m i t  R -  lim  u (X ) a t  th e  p o in t Z = ( ^  ,0 )  o f 

a fu n c tio n  u d efin ed  on R^ = £ ( х » у ) ^ 1̂ *  |x|<oo ,  у > 0 j  

w i l l  be d e fin e d  by th e  form ula
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R -  lim  u(X) * s  lim , u ( x ) .
X -* Z  y ♦ 0 +

x  = 5
I f  lim  u (x ) e x is t s  and i s  th e  same f o r  every a > 0 ,  then 

X -^Z
Xfe S (Z ,a )  л  . i

we dénote i t  by У - l im  u(X) and we c a l l  i t  n o n -ta n g e n tia l
X-*-Z

l im it  a t  the  p o in t Z»

In  th e  paper C l 3  «a s  proved

THEOREM 1 . I f  the  fu n c tio n s  f ^ ,  f 2> fJJ are Lebesgue 

in te g r a b le  in  th e  in te r v a l  ( -  oû,  oo) and continuous a t the 

p oin t xQ, then th e  fu n ctio n
оо OO

= ^ f 1( s ) y 5c2 ç“ 2K2C cç)d s + ^ j * 2 ( s ) cy2 < f1^ c 9)d s

— ОO —OO
i s  a s o lu tio n  o f th e  L a u r ic e l l i  problem fo r  the  equation 

(A  -  c2) 2 u (x ,y )  = 0 in  the h a lf -p la n e  R^j where 

denote the  Mac-Donald fu n c tio n s  o f the  order ^ CfQ .

Our aim i s  to  so lv e  th e  equation  (A -  c2) 2 u (x ,y )=  0 

in  th e  h a lf -p la n e  R^ w ith  th e  boundary c o n d itio n  

a) 6 - l ir n ^ C x )  = ,

4  e  - i i u W  = ( P r ^ C f ) .

The obtained s o lu tio n  w i l l  be o f  th e  form

u<X) = P ( jjl, ^ ,Н Х Х )  = ^  J  y3c25" 2X2 C c § )d | U s) +
R

+ x  f  c72 f lK iC c § )d fl Cs^*

Let R

P(ji.,r\fA )(.X) = ^  y3c23" 2K2 Cc $)dJ*(s)  + I  j c y 2S ( c$) d t|(s) ,
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=  ̂J 73c25»“ 2K2 (c 5 )d JiC s ) ,
A

*2 ( \ » AX * )  = J  J" ^ c f ^ C c S ) ^ ^ ) ,
A

P5 C|o. , A ) U )  = 1 1  y2c 2S " 2K2 (c Ç )d ^ ts )  ,

P4 (.^*A) 0 0  = " ^ 5  74° 3S“ 3k3C c s ) 4 ^ •

P5 Or\*AX x3 = |  j  7C f“ 1K1 ( c 3)drlC s \
A

P g ^ . A X ï )  = -  5  f  У^с2 §” 2^2 §)di|Cs) .

Now we s h a l l  g iv e

LEMMA 1 .  L e t jj. and be sign ed  measures d efin ed  on 

*î>CH)t s a t is f y in g  th e  c o n d itio n s  A and В such th a t

0 >e p ) ( $ )  - < P . 4 X $ )  = 0 .

then

R -lim  Р „ ( и ,Н ) С Х )  = 0 ,  R -lim  P .( n  , R ) U )  = 0 fo r  i = 2 ,5 ,6 .  
X -^Z  ' Г  X -» Z  1

P г  о o f .  We s h a l l  show th a t

R -lim  Р , , ( и - ,н ) и )  = 0 .
X -* Z  1 Г

L et £ be an a r b itr a r y  p o s i t iv e  number. Prom the assum ption 

(рз |лХ.^) = 0  i t  fo llo w s  th a t  th e re  e x is t s  a p o s i t iv e  

number r Q = r Q(£ }  , such th a t

Cl) I ,/ 4 ? ^ b .s )L |  <:£ f o r  0 < r 4 r o .

L et us denote

F ( r )  = j^ d j U s )  = JX.Ç3C | » r)) .

* ! / )
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Let

P.

where

We have

1 Cp.s)W = ,1C'5 , i 0)(x) + p^u. , 0  3(|,r0))Cx),

0 3 ^ , 0  = H -  3 ( 5  , r 0) .

fi>

(2)  P ^ X ^ o K * )  = f  [ 73c2 (y 2+r2) " 1K2 (cC y2+r2 ) 1 /2 )d F (r )  

= ,=• y3c2( y 2 + г 2) -1 F (r )K 2( c ( y 2 + r 2) 1/ 2̂ |^° +

+ ^ j  y3c3 r  F (r)fy2 + r 2) " 3/ 2K3 (c (y 2 + r 2j V 2) d r .

Observe th a t

(5) R- И ш Д  y3c2( y 2 + r 2) “ 1F(.r)K2( c (^2 + т2) Л /2 ) ^ °  = 0 .
X-*Z

By ( 1)  and by th e  form ulas (  L8l  р .2 7 б ) ,  ([41  p .1 4 6 ,1 1 7 )
00

f
( « > 0 , q > - l ) ;  K5Cx ) b  2,_1  Г ( 5 ) х ' \  К ( x ) = K ^ x ) ,

(х ? * * 2 ) 1 /г )_2<,+1 а_  ■ S ^ T C q + l)  w , N 

( T T T p 72 *  «9+1 s ’ " 9 -1  ’ -9 -1

х -t* 0 , x >  O, Э >  O

we o b ta in  th e  fo llo w in g  estim a te  
<0

I £ y3c3 r  FCr)Cy2+r2) ”5/2  K3 (cC y2+r2 ) 1 /2 )d r  | 4

4  i c 3y32 £ j  r2 (y 2+r2)~3/2  K3 ( c ( y 2+r2 ) 1 /2 )d r  =
0

= £  c3/2  £ # Г ( | )  W3/2  K5/ 2 Cc7  ̂ ^ M£ »

where M i s  a p o s i t iv e  c o n sta n t. 

By (2 ^  and ( 3 )  we g e t
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(/O R -llm . P1 (u  , Щ  , г 0 ) ) ( х )  = 0 .
x -^ z  /

Now we s h a ll  prove that

^ ( ^ - . C D C ^ r J X x )  = 0 .

The fu n ctio n  ÿ g” 2 lU C c g )  i s  decreasing in  (o, 0 0 )

and

whence

K ^ x ) «  ( § j ) 1 /2  e"x (x -*> o o ) ([4 ]  р .1 4 б ),

Uf y3c2S’ 2 =

^ . * 0)

= \  J  y3 c2 (.y2+ r2 ) “ 1K2 (cC y2+r2 ) 1 /2 )dFCr)
£  ro

4 ÿ  ) У2 с2г “ 2 K2 (c r )d lF (r )|  = 1  y V | F ( r ) |  r -2
r0 00 ,ф

+ i  G 3 c5 |FCrM r " 2 K j ( c r ) d r  4
' q  ,  C O

y5 c2 lF (r)|  r “ 2 I^ C c r )!  + ^  M2 J  y5 c2e 5re“ c r r “ 5/,2dr ^

3^M 3 y5 ,

where 1 ^ , are p o s i t iv e  c o n sta n ts  and 0 < f  ^ c «

T h is  im p lie s

C5) М 1 Д  P1 ( j i  ,C  , r 0 )) ( X )  = 0 .

From (4 ) and ( 5 )  i t  fo llo w s  th a t

R -lim  P . ( u. , r X x ) = 0 .
X -* Z  1 I

S im ila r ly  i t  can be proved th a t

R -lim  P . (n ,R ) ( x )  = 0  fo r  i  = 2 , 5 , 6 ,  
x -*-z 1 1

which con clu des th e  p ro of o f Xjemma 1 *
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S im ila r ly  we can prove

LEMMA 2 . Let jj, be a signed  measure d efin ed  on 5>(K) 

s a t is f y in g  assum ptions A and В and ( E = °» 

then

R -lim  Pi ( u  ,R ) ( x )  = 0 fo r  i  = 3 ,4 .
X Z '

Next we s h a l l  prove

LEMMA 3* Let and be o n e -s ig n  measures defin ed  

on 3>CR) s a t is f y in g  assum ptions A and В and l e t

CDs |0. ) C ^  = ( E s l X § )  = 0 .

Under th ese  assum ptions we obtain

1°  G - l im  P . ( u . , R X x )  = 0 ,  9 - l im  P , ( n , R ) ( x )  = 0 ,  
X -^ Z  1 ' X-*-Z 1 L

fo r  i  = 2 ,5 ,6 .

Moreover, i f  we a ls o  suppose th a t (Dg = 0 , then

2°  G - l im  Pi (uL , R X x )  = 0 f o r  i  = 3 , 4 .
X ~*~Ъ I

P г  o o f .  We s h a ll  carry out the proof on the example 

o f in te g r a l  P^ ( j u , R ) ( X ) .

Let measure jx be n o n -n e g a tiv e . Let us denote the a x is  of 

the cone s (Z ia ')  by p and l e t  w denote p r o je c tio n  o f the 

p oin t X on the l in e  p . We have 

Iw -  XI

Iw -  Z
4 a fo r  Xfc sC Z ,a ) .

Hence

lw -  Y| 4 (w -  X| + |X -  Y| 4 a |w -  Z| + |X -  Y l4 (a + l)U  -  y | , 

where Y = ( s , 0 ) .

Th erefo re , fo r  every Xfc S (Z ,a }  and Y = ( в , 0 ) ,  we have
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3 = i w -  Y l 4 (a + 1)5  .

B ecau se , ( c ^ ) " K ^ ( c § )  are d e c re a s in g  fu n c tio n s  fo r  

Oi > 0 ,  then

( 6) (o  S ) - \ t o S H  ( r î -7  C S  )  X G r H  c s ' ) -

Hence by Lemma 1 we have

0 4 6  - l im  P . ( u , R X x )  4  x-*-z 1 /

4 ® ~ i ~ z  t I r s 3c4 ĉ  5 - Ь г ? ) ' 2к2 ( °  r b r s ) d ^ «  *

•  E -  i imt 5 t l  ^ « Ч ч + Т  $ ) " % ( *  = » •
* -$  R 1

For n o n -p o s it iv e  measure the  p ro o f i s  s im ila r .

S im i la r ly ,  by in e q u a lity  ( б )  and by Lemmas 1 , 2 ,  we can

prove th a t

e - l i m  P .C u . r X x )  = 0 ,  ( i = 3 , 4 ) , e - l i m  P ,(n  .®X*) = 0 ( i = 2 , 5 ,6 ) ,  
X - * Z  x ' i X -^ Z  1

which ends th e  p ro o f o f  Lemma 3 ,

We say th a t  measure j j . d e fin e d  on $  ( R )  s a t is f i e s ^ t h e  

c o n d itio n  D on a p o in t | 6 R i f  and only i f  th ere  e x is t s  

a fu n c tio n  f  d e fin e d  on R such th a t  

1°  f  i s  d i f f e r e n t ia b le  on R and i t s  d e r iv a tiv e  i s  

con tin u ou s a t th e  p o in t ^ G R ,

2°  f C s )  = 0 (e ^ s )  fo r  every ]£ > 0 , s  00 ,

3°  th e  measure

<X ( B ) î =  jji(B )  -  J f ( s ) d s  , B € r ï > ( R ) ,  l^ (B )| < o O

s a t i s f i e s  th e  c o n d itio n  ( d| l * X l )C ^ )  = 0 ,
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LEMMA 4 ,  We assume th a t

1°  the measure jjl s a t i s f i e s  th e  co n d itio n  D, a t the p oin t

2 ° th ere  e x is t s  the bounded symmetric d e r iv a tiv e

0 > a H X § )  =b,

3 ° th e  measures jx. and s a t i s f y  assum ption A and B,

4 ° ( D g l S l X ^ )  = 0 , where Б (В ): = Г|(В) -  b j" d s ,

ir\(B)|< »  . ' B

Under th ese  assum ptions we ob ta in

Q -limz P( I*.. 4 ,R)(x) = b.

P r o o f .  Observe th a t

P ( j j L , r ^ tH X x ^  = P3 C ją ,R  X x )  + P4 ( | A ,R to O  +

+ F5 ( r \ ,R ) Q O  + P6 C r ^ ,R ) C l ) .

Let f  be fu n c tio n  giv en  by th e  co n d itio n  D. Let us denote 

I : = e  - l im  Р ( ц #' ц #Н )(Х )  -  b ,

We; s h a l l  prove t h a t .  1 = 0 ,

S im ila r ly  as in  [1] we can prove th a t

b = lim  P ( f  ,b fB ) C O ,
x -* z  07

where

P ( f ,b ,R ) C x )  = ^  ^ f  Сз)у5с 2^” 2К2 ( с ^ 1з + j f b c y 25" 1K1 C c§)d s, 

Hence R R

1 = e - ujz%  pC ^ ^ .eXz) -  0 - l i M j f e  P(f.b,EXl>.

We shall .need
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Let

where

I = n  I ±, 
i=3 1

= G - limz (Pj С|Х,НКХ) - I  \  f(s)72c2f 2 K2(c§)ds),

I4 = - G  -  l i a  (P4 >U , h)  ( i )  -  £  [  f ( s ) 7V 5- 5 K5 C c § )d s ) , 
X -* Z Jr

Ь  = € -  ÿ ? z ( f 5 f o »H) r* ) “ S SRbcyf 1 ds)»

Te = - 6  -  £ Г й (Р 6^7*Н )(* ) -  i f  b°2y V 2 K2 Cc§) ds).
R

Let r Q denote a p o s i t iv e  number and l e t

L , = Q -  l i a  7^  P ( \  , S  ,  З Ц  , г 0) ) С Х )  ,

i2 = G - lim 7̂ ÿ Ptyi .VC3C$,r0))Cx) -

- %  ^ C c . b . o a C j . ï o D C x )  .

Observe that

I1 + l2 = I.

Because th e  measures ^ X \ and \S |  s a t i s f y  th e  assum ption 

т . е т ш а  3»

1Л = 0 .

The p ro o f o f the  f a c t ,  th a t  I 2 = 0 i s  s im ila r  to  th e  

p ro o f o f Lemma 1 .

We need th e  fo llo w in g

LEMMA 5» (Ü2] , C7] Theorem 1 ,  C hapter V I l ) ,

I f  f  i s  in te g r a b le  w ith  r e s p e c t  to  th e  Lebesgue 

measure on R , then
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a ) 6  -  i - z  * [ - ^ 7 7 as ■ f  c ? ) C a ,a ;)M l 

b> d° g f ( j )  Ca- a ,)

c 5~1 K1 ( c § )  = §”2 + 0 (1) ,

We can w rite  (  [4 ] p«117)

0 $"1
c2 ę “2 K g C c ^ )  = 2 + 0 (1) .

Hence we ob ta in  the  fo llo w in g

LEMMA 6 .  I f  f  i s  in te g r a b le  w ith  re sp e c t to  the 

Lebesgue measure on R , then

a)

b)

0 - lim^ j ̂  f (s)cy<j"1 (c$) ds = f(§)

G - lin ^ ̂  f (s) c2/  ç-2 (c§)ds = fÇ$)

a . e ,

a . e .

We s h a l l  s ta te  our r e s u lt  in

THEOREM 2 .  L et Ц. and be signed  measures d efin ed  on 

3>(R3 and s a t is f y in g  assum ptions A and B . Let the 

measure jjl s a t is f y  th e  co n d itio n  D, then

a) 0 -  lim ^ Р(|д,, ,R )(x) = (D ^ jl) ( ^ )  ( a . e . ) ,

b) G - l i j z ^  = (P lX § )  Ca.e.) .

P r o o f .  From Lebesgue theorem on decom position (s e e

[51 p.215-217) we have one

a + / V  1 "  + Is*
in to  a b so lu te ly  continuous p o st and th e is in g u la r  p o s t .

*  Fu rth er on in ste a d  o f " a . e .  w ith  re sp e c t to  the 
Lebesgue measure on R" we s h a l l  w rite  s h o r tly  ( a . e . ) .
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= P1(ia.a,R)CZ) + P/^. rX x) +

+ P2 ( r ^ , R X x )  + P2 ( n s »RX x ) .

I t  i s  a w ell-know n f a c t  ( s e e  C6] p .1 5 5 )»  th a t

C D ^ g )C § ) = C P 1 S X § )  = 0  C a . e O ,

Hence (Ds |xs X ^  = CDg 4 SX ^  = 0 ( a .e . )  ,  so from

Lemma 3 i t  fo llo w s  th a t

(7 )  6 -  lim  P ( u s , n_g , R ) ( x )  = 0 ( a .e . )  .
x -*-z '

From Radon-Nikodym theorem  ( ( 3 ]  p .2 0 9 )  th e re  fo llo w s  the  

e x is te n c e  o f  th e  fu n c t io n s  f  and g d e fin e d  and 

in te g r a b le  on R such th a t  f o r  every B fe 2 > (R ) we have

^ aCB) = j  f ( s )  d s ,  »\a (B ) = f  g ( s )  d s .
В В

I t  i s  w ell-know n th a t

( D ^ a X * P  = ( a . e . ) .

Hence from Lemma 6 we have

(8) 6 - lim PCfL.n ,R)(X) =. G- lim P(f,g,R)(x) =
X-*>Z / a a x -^ z

= ( a .e . )  .

ВУ ( 7 )  and C8) we g e t  th e  f i r s t  p a r t o f Theorem 2 .

Now we s h a l l  prove th e  second p a r t .

S in ce

= (Di ; x f )  « »
and from L ;emma 4-, we have

G -  lim  P5 ( 4 g , R ) ( x )  = G -  lim  Р Л 17. ; , R ) ( X )  =
X-*-Z X -**z

= Q -  lim  P6 ( n + ,R ) ( x )  = 0  -  lim  P‘ ( ą  ; , R ) ( x )  a 0 ( a . e . ) .  
X -►z X*^Z j

We obtain
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L et ^ be a p o in t such th a t  (D 1 a)C§) = в ( § )  ( i t  b o ld s  

tru e  alm ost everyw here), 

from Lemma 6 we g e t

0- 11m P5CT.a.»Xx) + 9 - lim Pfi9? a,B)(X) =
x-*-z p a x-*-z 6 La

= 9  -  cy ÿ "1 ^  ( c $ )  g ( s )  ds -

-  G -  l l ^ z  5  J ^ C c S ) g CB)ds = 2 g ( § )  -  g C| )  =

= g ( § )  » C D ^ a X | )  ( a .e . )  •

L et us d e fin e  th e  measure S by the form ula

S ( B )  = kjCB) -  g q )  J  ds fo r  В & Э > С Ю .

В
From the Lehesgue theorem (s e e  СбЗ p .158)  we have 

D l5 | (| )  = 0 ( a . e . ) .

Hence by Lemma 4  we o b ta in

G -  l i ^ z »h X x )  = g C * p  ( a . e . ) .

T h is  ends th e  p roof o f th e  second p a rt o f Theorem 2 .
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