JAN GOROWSKI

On the Dirichlet problem for the exterior of the circle
and the summability of Fourier series

1 In the paper [1] F.Baranski and E.Wachnicki solved
the Dirichlet problem for the equation (4 - c2)u =0 in
the inner of the circle. This solution gives rise to a
method of summability of Fourier series. A comparison of
this method with the Abel-Poisson method was made in the
paper [3].

In the present paper we deal with the similar problem for
the exterior of the circle.

2. Let (14pc<co denote the set of functions
defined in the real.line which are Lebesgue integrable to
the p-th power over (-TE, 5C) and ZIT-periodic with the norm

If# = J JfCx)|pdx)1l/p.
-X
We shall consider the equation
(1) (4 - c2)u =0, (c>0),
for u = u(x,y) in the exterior of a circle, i.e. in the

region D ={ (x,y)s x2 + y2> R2”™, For simplicity we shall
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write u(x,y) = u(r eit); then the boundary condition will

be given in metric, i.e.
cH
(2) lim+(”~ -] \u(r eit;) - ~Ct)lp dt)l/p =0 (Vfe
r-~R
and in infinity will take the form
(3) lim Ju(r eit)] = O for every t.
Using the polar coordinates x = r cos t, y = r sin t,

r fe(R,0o) , tfe [0,20] the equation (1) is the form

(4) r"l Dr(r Dr u) + r“2 D2 u- c2 u =0,

where

u(r eit) = u(r cos t,r sin t), and Dr = .

Applying the separation of variables we get '
.+ a. K.(cr) K (cr)

(5)uCrel ) = 2 EqCc5) +Z 4 tgcsi (ancos nt + b~sin nt),

where K is the MacDonald function (_£53) and a_, b
are the Fourier coefficients of the function ~ .

We shall prove that the function (.5) satisfies the condi-
tions (1), (2), (33.

First we prove some lemmas.

LEMMA 1. For any positive integer n
) ~ UR)» Y & /2 (2cR)1"n ((g-1) »)"1T (2n - J)exp (- cfi).

Proof. By formulae

7y G +%$/ =W khrrlit-k) + A-IH A (/t+1-nVAn x

x _f(l - +7Mt)NM*n dt (s. [B1 p.129),
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(8) KjjCGcR) =-(is)1”2 (FO + j))*"1 exp(- cE)cn x

x f e-css-1/2@ ¢ 5i r 1/2ds (s.M p.366)
0

we get

1S) (L +2f f 1/a =g j Errjjj» StTblO* }
* (AT i e-** b *WNTIr «
and

CtO)

Je-cs(sCIn|)f*1/2ds = & kiyjgin | ~)@RTkJen Csen+k-1/2ds +

j (e-C2n-1/2 |(i-tf" 1C n||)'1/2at)ds.

Since T (n+1/2)> 0 for any positive inte%e-r n, and

ro/r2 =it,

«1l) [e-a-V 2(ltrfrVv 2ds> p woox *
o n X=Uu

I ~ 8-C® sn+k-1/Z de.

From the formula
(()

retgx XL dx = (@Q"pT(p) (ip>0, <t>°) CS.M p.174,)
0

and the inequality (il) we have
(2)

[e-c»sn-V2(] ,,é r vz 4sv g (2E)-k *
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i T(g»*N/2)c-n-k-1/2» (Nli]°Tr{y2)COO -»1rfen-1/2) x
X €-2'1*1"2.
32 (8, (9), @0) and (12) we get C6) which ends the proof
of Lemma 1.
Let jf(r,n) = (r™“H (cr) - RninCcB)) (r*CcR)) “1.
LEMMA 2. There exists a constant A = A(R,c), such
that
(13) I[JfCrtn)] ~ ACr - R)n"1/2 (8)*
for an arbitrary positive integer n and r fc(R,00).
Proof. By formula

f . cov t N* dt
re r(i/2) '0ct2 & c2)n*1'2

K (cr) *
(s.[4] p.365)
and the Lagrange theorem we obtain
(14) (rLKn(cr) - RIL~A(cR)! =T (n+1/2)(2c).n1c”1/2 x

(€))
i cos rt - cos Et /M\/

if
[ * _
1 %:V —r)o'l('),u,/S u
*(n+l/2) (2cfTC"Y2 | dic» for r «CR, 00 .

Using the formula

-2n-1
(y 'V 7 jwil2 dt = 2cn-1/2)"1f-(f- + e

(s. Gfl p.169) and by (14) we obtain
(15) \rn (cr) - RAKACcR) AL T (n+1/2) (2¢c)n c“2n“l

x (n-1/2)“1® - R) for rt (R,co),
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«here
Al s ™~ “1/2 2t~ (f" +/0*
In view of Lemma 1 and (15) we have

Iff(r.n)| - H)(f)n 2 ~ T(g) Fcn+l/2) x
((n-1/2) T C2MN-1/2)) “1 Ig =

X

AgCr - fi)(])n~1/2 TO*») ((n-1/2) (2n-1/2)) “1 =
AgCr - H)])n 24n"2 ((2M-1) 1)2 <fcn-3) ! (n-1/2)) "1,

where
A2 = Al exp(cE)(M]|y/2.

Hence, by the Stirling formula we get
(16) IE(r,i*l 4 ACE.c) (r - E)(])n a"1/2 for rt (B, co),
where A(B,c) is a positive constant, which ends the proof
of Lemma 2»

LEMVA 3. If ~ &1, theh the function u defined by
(5) belongs to the class C2 in D.

Proof. W remark that
W S(I) + iCr,n).

By (16), (17) the series 0] + 1jf(r,n)]) is a

majorant of the series (5), whence u&C° in D.
We shall prove that u(=:C}1 in D.

By (C51 p.117 )and (M p.365,366) we obtain

(18) n ,00 =- zAKulu),

ViC») - «x*(*) = - W ¥ *),
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(:19) E~Ccr) =

='31/2(58) G +1/277"1 d exp (¢ (t2+r2) 1/-Xt2+r2) “1/2t 2ndt,

co 0
(20) Kj*Ccr) s J exp(- cr cosh t ) cosh nt dt.
0
By (18) we have
(21) Dr A(cr) =8 ~(cr) - Ku+i(cr).
Since the function is increasing in (0, 00),

from (19) we get

(22) § © X

X (]Pexp (-c(t2tE2)",/2Xt 24E2) -1 /V n dt)-'l < §(£)*“;
(0]

In view of (18)t C20) we have
g*lcRr “(U Kn(cH) + “L< U + 1*
Hence, by (21) and (22) we obtain

B 05y M Enly - YT

, n/filn 'V 1ib®) V (cr)r,
4 rlr) *TjTolir ~JteBT 4

C =(=] +Gt*i)(ir'

This estimation proves that
06
,  xt\ ao KQ(cr) r—i IL(cr)/
Dru(re ) = Dr i N B)+ Z_ |Dr k™ 6s™ cos nttbnsin nt)

and D u(r e~)EC° in D,
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From (22) we obtain

Dt ugrelt\) = §_, N’I(CI’) Dt {an cos nt + bQ sin nt)

and Dt u(r eifc)* C° in D.
Similarly we can prove that the function u belongs to the
C2 in D.

LEMVA 4. ([2] p.46) If ~*1~ and pr(s) is the Abel

Poisson kernel, then

iy TC
Gil f 1 f ft's)Pr(s-t)ds - ~Cy)|] dt)1/,p-*0 as r -»1“,
-Ti -X

3. Let an, bg denote the Fourier coefficients of the
function . By (5) and (17) we have
u(reit;) = u”rel*) + UgCrell) + u”(rel*) ,
where

A (reit:) = 2 £ ~Cs)(1 +272Z cos n(t-s)) ds,
u2 (relt) = £ &Cr,nKan cos nt_¢ bQ sin nt),

n ao
W Crelfc')-' =voérm-“v =

We shall prove the following
THEOREM 1. If ~ei”j. (I"p<oo) , then the function u,
defined by (5)» is a solution of the problems (1), (2), (3)
Proof. It follows from Lemma 3 that the function
n(re”) is a solution of the equation (1) in D.
We shall show that the condition (2) is fulfilled.

From Lemma 4 it follows that
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T
"HAdAc fiul(reit) “© ~Ct)iP dtV/p-*0 as r-*R +.

Now, we notice that

(alll“2~tt)IPd®1/p.
= (b} f1zz &Cr,n)(a cos nfc + b sin nt)] dt)l/p ~
4 x_n=1

< (gi JlfCr,n)I)p dt)l/p = M£ InNCr.a"n,
* * n:l

-t n=l wu
where M is a positive constant.

By Lemma 2 and criterion of Dirichlet we get
m

(24) (~f 1 Uz2Creifc)]Pdt)l/p -»0 as r — R+.

N
Moreover we get

G 5) (dr jIr4YcTrr ™ 11 <*t)l/p — o as r-"H+.
“X n
From (23) - (25) it follows that the condition (2) is

satisfied. From Lemma 3 it follows that the condition (3)
is satisfied, too.

4. We shall compare the method of the summability of
the Fourier series 'determined by(5)with the Ahel-Poisson method,
Let 1 ~rp<«) and an, bn he the Fourier coeffi-'
cients of the function ~

THEOREM 2

cos nt + bn sin nt)) “*ms(t) as ¢ -*1¢

if and only if

e @™ K (cr) , ,
[ ao + s(t) as r R+
VT~ + rrTogj W 003 nt + bnsin nt) :
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Pr oo fa In view of (17) we have
K Ccll) [T\

,> = * 4 *
(26 00 T]lr L \T) (Cr'nm>)
Since } jj(r,n)(an cos nt + bn sin nt)- 0 as r -*-R+,

then by (26) we get Theorem 2.
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