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On the Dirichlet problem for the exterior of the circle 
and thę summability of Fourier series

1. In  the paper [ 1 ]  F . Barański and E.W achnicki solved  

the  D ir ic h le t  problem f o r  the  equation  ( Д  -  c2 )u  = 0 in  

the  inner o f the  c i r c l e .  T h is  s o lu tio n  g iv e s  r is e  to  a 

method o f sum m ability o f F o u rier  s e r i e s .  A comparison of 

t h i s  method w ith  the A b e l-P o isso n  method was made in  the 

paper [ 3 ] .

In the p resen t paper we d e a l w ith  th e  s im ila r  problem fo r  

the e x te r io r  o f the  c i r c l e .

2. L e t (1 4 p < cû)  denote the s e t  o f fu n c tio n s

d efin ed  in  the  r e a l . l i n e  which are Lebesgue in te g r a b le  to  

the p -th  power over (.-ТЕ, 5C) and ZIT-periodic w ith  the norm

I f #  = J  |fC x)|pd x )1 /p .
-X

We s h a l l  con sid er th e  equ ation

(1 ) (Д -  c2 )u  = 0 , ( c > 0 ) ,

fo r  u = u(.x,y) in  the  e x te r io r  o f a c i r c l e ,  i . e .  in  the

reg io n  D = {  ( x , y ) s  x2 + y2 >  R2^ ,  For s im p lic ity  we s h a ll
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w rite  u (x ,y )  = u (r  e i t ) ;  then  the  boundary c o n d itio n  w i l l

be g iv en  in  m e tr ic , i . e .
ЭС

(2)  l im + ( ^ - |  \ u (r  e i t ;) -  ^ C t ) l p d t ) 1 /p  = 0 (Vfe 
r - ^ R

and in  i n f i n i t y  w i l l  ta k e  th e  form

( 3 )  lim  |u (r e i t )| = О f o r  every t .

U sin g  th e  p o la r  c o o rd in a te s  x  = r  co s  t ,  у = r  s in  t ,  

r  fe(R,oo) ,  tfe Г о , 2 Ю ]  th e  eq u a tion  (1) i s  th e  form

(4) r " 1 Dr (r  Dr  u) + r “ 2 D2 u -  c2 u = 0 ,  

where

u(r e i t )  = u (r  co s  t , r  s in  t ) , and Dr  = .
^ t

A p p lyin g  the  se p a r a tio n  o f v a r ia b le s  we g e t  

. +. a .  K .( c r )  К (c r )
(5) uCre1 )  = 2 Eq C c5) + Z _4 t ç ç s ï  ( a ncos n t + b ^ s in  n t)  ,

where К i s  th e  MacDonald fu n c tio n  (_£53) and a _ ,  b 

are th e  F o u r ie r  c o e f f i c i e n t s  o f  th e  fu n c tio n  ^  .

We s h a l l  prove th a t  th e  fu n c tio n  ( .5 )  s a t i s f i e s  th e  con d i

t io n s  (1) ,  ( 2 ) ,  ( 33 .

F i r s t  we prove some lemmas.

LEMMA 1 .  For any p o s i t iv e  in te g e r  n

(6) ^  U R )  » У ёУ / 2 (2 c R )1" n ((д -1 )  » ) " 1 Г  (2n  -  J ) e x p ( -  c f i ) . 

P r o o f .  By form ulae

(7 ) ( j  + $ /  = Щ  k!r r l i ^ - k )  + ^ - l H ^ ( / t + 1- n V ^ n x

x  _ f ( l  -  + ^ t ) ^ “ n d t ( s .  [51 p .1 2 9 ) ,
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(8) Kj j CcR) = - ( i s ) 1^2 ( Г О  + j ) )* " 1 ехр(,- сЕ )сп х

х  f  e - c s sû- 1/ 2 (1 ♦  5i r 1 /2 ds ( s . M  р .З б б ) 
0

we g e t

IS ) (1 + 2f f 1 / a  = g j  E r r j j j ^ S t T Ы О *  ł

* ( ń T  i  e  -  * ) “ b  *  Й Г / г  «

and

СЮ)

c s en + k -1/ 2ds +J e - c s ( s C l ^ | ) f “ 1 /2 ds = â k-ï ÿ jg ;^ | ^ )(2RTk J e "

j  (e-C3s2n- 1/2 | ( i - t f " 1 C n | |) '1/2at)ds.

Since Г (n + 1 /2 )> 0 fo r  any p o s itiv e  in tege r n , and
p ■

Г 0 / 2)  = i £ ,

« 1) [ e - a - V 2 ( l ł r f r V 2d s >  p  W *  *

O ^  x=u
I  ^  8 - C® sn+k- 1 /Z  de.

From th e  form ula
CO

^ e “ qx X5”1 dx = (q)"p Г(р) ( jp > 0 , < ł > ° )  C s.M  P.174-)
0

and th e  in e q u a lity  ( i l )  we have

(12)
[ e-c»sn-V 2(l „ é r v z  4s v  g  (2E)-k *
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i  Г ( д » * И /2 ) с -п- к- 1 / 2 »  (n 1 i| °T r{y 2 ) С Д О - » 1 r fe n -1 /2 ) х

х  с - 2'1*1''2 .

3? (8) ,  (9 ) , (30)  and (12)  we g e t  Сб) which ends th e  p ro o f 

o f Lemma 1 .

L et j f ( r , n )  = ( г ^ н  (c r )  -  Rnï n CcB)) ( r ^ C c R ) )  “ 1 .

LEMMA 2 .  There e x i s t s  a c o n sta n t A = A ( R , c ) , such

th a t

(13) l|fCrtn)| ^ ACr -  R )n " 1 /2  ( § ) *

f o r  an a r b itr a r y  p o s i t iv e  in te g e r  n and г  fc ( R ,00) .  

P r o o f .  By form ula

к ( c r )  * f  .  c o v t  л*  d t
^  r °  Г (1 /2 )  '0 C t2 ♦  c 2 )n*1' 2

( s . [ 4 ]  p .3 6 5 )

and th e  Lagrange theorem  we o b ta in

(14) ( r 11 Kn ( c r )  -  R11 ^ ( c R ) !  = Г (п + 1/ 2) ( 2с).п 1С”1 /2  x
OO

. i f  c o s  r t  - c o s  E t  ЛЛл \ /

1 ' i  v  * =г)'г д / 5  u
Ъ oo

* Г (n+1/ 2)  (2c f  T C " Y 2 [  dfc » f  or r  <■ CR, 00)  .

U s in g  th e  form ula

- 2n-1
( ÿ ' V 7 j w ï /2  d t  = 2 СП-1/ 2 )"1 f - ( f -  + 1) c

( s .  Gfl p .1 6 9 )  and by (14) we o b ta in

(15) \ r n  (c r )  -  R31 K ^ C c R ) ^  A1 Г  (n + 1 /2 ) (2 c ) n c“2n“1 

x  ( n - 1 / 2 )“ 1 (p -  R) f o r  r t  ( R , c o ) ,
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«here

A1 s  ^ “ 1 /2  2 t ~ ( f "  + / 0 *

In view o f Lemma 1 and (15) we have

lff(r .n )|  -  H ) ( f ) n 2 ^  Г(д ) ГСп+1/2) x 

x  ((n -1 /2 ) Г С2П-1/2)) “ 1 l g  =

= AgCr -  f i ) (| )n ^ 1 /2  ГО*») ((n -1 /2 ) Г(2п -1 /2 )) “ 1 =

= AgCr -  H )|)n 24n" 2 ((2П-1) I ) 2 <fcn-3) ! (n -1 /2 )) " 1 , 

where

A2 = A1 e x p (c E )(^ | y / 2 .

Hence, by the S t i r l in g  formula we get

(16) l£ (r ,i^ l 4  ACE.c) (r -  E ) (| )n a "1 /2  fo r  r t  (В , со ), 

where A (B ,c) i s  a p o s it iv e  co n stan t, which ends the proof 

of Lemma 2»

LEMMA 3 . I f  ^  €> 1 ^ ,  theh the fu n ctio n  u defined by

(5) belongs to  the c la s s  C2 in  D.

P r o o f .  We remark th a t

W s (I) + ï C r ,n ) .

By (1 6 ), (17) the s e r ie s  0 ]  + ljf(r ,n )| ) i s  a

majorant o f the s e r ie s  ( 5 ) ,  whence u & C °  in  D.
Л

We sh a ll  prove th a t u € C  in  D.

By (C51 p .117 ) and ( M  p .3 6 5 ,3 6 6 ) we obtain

(18) Л ,  0 0  = -  z ^ K u 1 U ) ,

V i C » )  -  « * * ( * )  = -  Щ  У * ) ,
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= 'ЗГ1 /2 (5§ ) ^’(д +1/2^’'1 J  exp ( - с  (t2+r2) 1 /‘-Xt2+r2) “1/2t 2ndt,
с о  0

(20) Kĵ Ccr) s  J  exp(- cr cosh t ,) cosh nt d t.
0

By (18) we have

(21) Dr ^ ( c r )  = §  ^ ( c r )  -  Kû+1(cr).

Since the function i s increasing in  ( о ,  oo),

from (19) we get

(22) §  ^  x

x ( ] Pex p (-c(t2t E2)',/2Xt 2łE2) - 1 / V n dt)- 'l  < § (£ )“ ;

О
In view of (18) t C20) we have

g * lc R 'r  “ ( Ü  Kn (cH) + “1 < Ü  + 1 *

Hence, by (21) and (22) we obtain

„ V 011 I I n En (°r) V -1  (°r) I ,
Dr к “ ( с5 )  M r  En (cBJ -  I 4

, n/fi\n V i 1»®) V (cr) ,
4  r lr )  * T jT ô ïïr  ^ J të B T  4

G

(.19) E^Ccr) =

С = ( = ]  + ;tt  * i ) ( i  Г -

T h is  e s t im a tio n  p roves th a t
06

, ± t \  ao KQ(c r ) r —i I L ( c r ) /
Dr u (r e  ) = Dr  j ^ 5 )+  Z _| D r  k ^ ô s ^ c o s  n t+bns in  n t )

and D u (r  е ^ ) € С °  in  D ,
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( i t \  S ’ Kn(cr) /
Dt  u (re  ) = L _ , Dt (an cos n t + bQ s in  n t)

and Dt  u (r  e ifc) *  C ° in  D.

S im ila r ly  we can prove th a t th e  fu n c tio n  u b elo n gs to  the 

C2 in  D.

From (22) we obtain

LEMMA 4 .  ( [ 2 ]  p .46 ) I f  ^ * 1 ^  and pr ( s )  i s  th e  Abel

P oisson  k e r n e l, then 
«1Г TC

G i l  f  I f  ’f t ' s )P r ( s - t )  ds -  ^  Ct)| d t ) 1/,p - * 0  as г  -► 1“ , 
-Ti -X
3. L et an , Ьд denote th e  F o u rier  c o e f f ic ie n t s  o f th e  

fu n c tio n  .  By (5 )  and ( 17)  we have

u (r e it ;) = u ^ r e 1*) + UgCre111) + u^ (re1*) ,

where

^  (re i t : ) = 2J  £  ^ C s ) ( 1 + 2 ^ Z  cos n ( t - s ) )  d s ,

u2 (re l t ) = £  & C r ,n K a n cos n t _♦ bQ s in  n t ) ,

U3 Crelfcл л)  ao
) = V Oëïïï- “ V  Г -*

We s h a ll  prove th e  fo llo w in g

THEOREM 1 .  I f  ^ e i ^ j .  ( l ^ p < o o )  , then th e  fu n c tio n  u, 

d efin ed  by ( 5)»  i s  a s o lu tio n  o f  th e  problems (1) , ( 2) ,  ( 3) 

P r o o f .  I t  fo llo w s  from Lemma 3 th a t the  fu n c tio n  

и ( г е ^ )  i s  a s o lu tio n  o f th e  equation  ( 1 )  in  D.

We s h a l l  show th a t th e  c o n d itio n  ( 2 )  i s  f u l f i l l e d .

From Lemma 4  i t  fo llo w s  th a t
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T

^ Н Я с  f i ul ( r e i t )  “  ^ C t ) i P d t V / p - * 0  as r - * R + .

Now, we n o t ic e  th a t

( a l l l “2 ^ t t ) l P d*)1 / p .

= ( 5}  f  ! Z Z  & C r,n ) (a cos nfc + b s in  nt)| d t ) 1 /p  ^ 
4 _х_п=1

<t ( g i  | f C r ,n ) l ) p d t ) 1 /p  = M £  I ^ C r . a ^ ,
* *  -t  n=1 4 n=1 u

where M i s  a p o s i t iv e  c o n s ta n t .

By Lemma 2 and c r ite r io n  of D ir ic h le t  we get  
ТГ

(24) ( ^ f  I U 2 Creifc) | Pd t ) 1 /p  - ^ 0  as r — R+ .

Л
Moreover we get

C2 5) ( d r  j I гЧсТГГ " 1 l <*t)1 /p  —  0  as r-^H + .
“X  n

From (23) -  (25) i t  fo llo w s th at the co n d itio n  ( 2 )  i s  

s a t i s f i e d .  From Lemma 3 i t  fo llo w s th at the con d ition  (3 )  

i s  s a t i s f i e d ,  to o .

4. We s h a l l  compare th e  method o f th e  sum m ability o f 

th e  F o u r ie r  s e r ie s  'determ ined b y (5 )w ith  th e  A h e l-P o is s o n  method, 

L e t (1  ̂p < «>) and an , bn he th e  F o u r ie r  c o e f f i - '

c ie n t s  o f th e  fu n c tio n  ^  .

THEOREM 2

cos n t + bn s in  n t))  -*■ s ( t ) as ç  -*• 1“

i f  and only i f
■ e 00

/ ao +
V T~  +

К (cr) , ,
r ^ T og j W 003 n t + bn s in  n t)) s ( t )  as r R+.
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Р г  о о fa  In  view o f (17) we have
К Cc Г) /т,\П

(26 >̂ т г ш  = \т )  *  ( С г ’ п>)*
ОО 11

Since }  j j ( r ,n ) ( a n cos n t + Ъп s in  n t ) -  

then by (2 6 ) we g e t  Theorem 2 .

■ 0 as r  -* -R + ,
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