
JAN GÓROWSKI, EUGENIUSZ WACHNICKI

The Green function for some polyharmonic problems 
in the unbounded sector

1. In  the paper [13 i s  g iv en  the  c o n str u c tio n  o f the 

Green fu n c tio n  fo r  p-harm onic D ir ic h le t  problem in  m d i 

m ensional h a lf -s p a c e  in  case  o f  m > 2 p and in  case  o f 

m<2p when m i s  odd. The analogous problem in  case o f

m = 2 p was in v e s t ig a te d  in  [ 4 ] .

Let  x = ( x 1 , . . . , x m) ,  y = ( 7 1 , . . . , y m)fe Em, Em b ein g  

m dim ensional E u clid ea n  sp a c e . Let

E+2 = [ x :  x 1 > 0 ,  x2 > 0 ,  I x J  <oo , i  = 3 , . . . , m } .

In the p re sen t paper we s h a l l  c o n str u c t th e  Green fu n c tio n s  

G (x ,y ) f o r  some p-harm onic problem s in  the domain E*2 .

2. L et

r 12 = r 22 = (x 1- y 1')2+ (x 2+y2) 2+0 !:i - y i ) 2 ,

г 52 = Ц  +y1)  2+ E > i ~yi ) 2 » r42 = (x1+y1)  2+ (x2+y2) 2 + l 3 c i - y i ) 2 ,

r 52 = (x1+y1+-^p ł D ^ i - y ^  2 *r g 2 = (x1+y1+v‘) 2+ Cx2+y2f +^ i - y i ) 2 , 
i =2 i =3

where v i s  an a r b itr a r y  r e e l  number.
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We put now

Ад = 1 f o r  n = 0 , 1 , . . . ,

-2k +2

Ak = f o r  n=2 , 3 , . . . ,  k=2 ,3 ........... [ § ] + 1 .

We need some lemmas

LEMMA 1 .  ( C l ] ) .  I f  q i s  an a r b itr a r y  r e a l  number, then

D11 r - q =
Ур 3

= (-if ■sf e lA^ fa-г). • ̂ -an+ai^-2"2*-2 (*,+ c-DJ j 2) “
k —1

f o r  j  = 1 - 6 , n = 1 , 2 , . . . *

LEMMA 2 . ( M ) .

n_ Dy2 l n r ô

= ^ ^ • 1 ) kAk (2 n -2 k ) i ! ( - 1 )Й +1  ̂nr _ . - 2 n + 2 k - 2 £_+,) 3 y^) n -2k+2

f o r  3 = 1 - 6 , n = 1 , 2 , . . . .

LEMMA 3 . ( [ 1 3 ) .

even ,

odd

i - 1  a r i \  i v v  Г  0 for 1
x n  a? ( i ) 2 k h ) ■  i s

k = 2 s -2  k K L2 A® f o r  i

and f o r  s = 1 , 2 , . ,  • •

lemma 4 .  ( [ 4 3 )  .  L e t a_ t  be a sequence o f numbers,S , it

th en
jL  14 * 1 + 1 №  i - 1
 ̂ ® e \r —  ̂*" ■' 2 » lr

s =1 k =1 S ' K к Й  s=2k -2  s *

f  or i  — 1 , 2 , . . . .

3. L e t q = 2p-m , 3 = 1 ,2 ,3 | 4 ,5 » 6  and l e t
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f r dq
f o r  m > 2p ,

V r d> •  K 4 f o r  m < 2 p ,  where m i s  odd,

* > r 3 f o r  m = 2p ,

V * j >  ■ r 34' 2k f o r  к = 1 , 2 , . . . .

put  now

„ 2Kq(q-2'> . . .  (q-2k+2ï
к -

We s h a l l  prove

THEOREM 1 . L et h be a n e g a tiv e  r e a l  c o n sta n t.

fo n c tio n

G1(x,y) = V0 ( r 1) + VQCr3 ) -  V0 ( r 2) -  V0 (r 4) +

* g  c ^ i j j ^ C V r . , )  ♦ V r 3 »  +
cO

+ 2h \  eh v (V0 (r5) -  V0 (r g)) dv +
0
СЮ p—1

+ 2 h f  ehv C  Ck (X272 >k V r 5) dv

i s  the Green fu n c tio n  f o r  the  problem

(1 ) G1 (x ,y ') = 0  f o r  x  ^ y ,  x , y é E ^ 2

(2 ) (D
4

+h) Д *  G .C x .y ) !  = 0 , i  = 0 , 1 , . . .  
I 7  Л , y1 * 0

(3) Dy
7 2

G^( x , ÿ )  I = 0 , i  = 0 , 1 , . . . , p —1 » 
‘7o=0

P г  о о f .  By С 33(р .154 ) we remark th a t Д ^  V0 (r^ ) = °* 

3 = 1 - 6 .  M oreover, i f  th e  fu n c tio n  u(y)  i s  harmonic-, then 

the fu n c tio n  y2 u (y) i s  biharm onic (s e e  [ 2 1 , р .19*0 and 

consequently = О fo r  к = 1 , 2 , . . . , p - 1

and 3 = 1 - 6 .

I t  i s  easy to  show th a t  th e  in te g r a ls



j e hV iÇ W o C r ^  -  V0 ( r 6)) d v , | e hv '(Vk ( r ^  y2k) d v ,

к = 1 t2 t • • • »p—1 are l o c a l l y  uniform ly con vergent in  E^2 

f o r  a r b itr a r y  m u ltiin d e x  a  = (oc^, cx2 , . . . ,  cxm) .

Hence
oo J  j

(4) VL \  eb v (T 0 Cr5) - V 0 (r 6)> dv = j > v  D >  ( r ^ - V ^ r g ) )  dv
0 0

and
oo

(5 ) D y J  ehv Vk Cr5) y 2kdv = [  ehv D * V k ( r ^ y 2k) d v .
0 0

Con seq u en tly  G ,,(x ty) = 0 f o r  x  jé y ,  x , y t E ^ ,

Now we prove ( 2 ) .  We can remark th ak

C6)

(7>

(8)

(9)

ł  T.<*î»| J1=5 0.

V » 0 ^ 2’  + v o M | J i = 5

OÔ

D Д* 2h f ekv(V (Tc) -  V (r,)) dv = y1 y Jç О   ̂У  О 4 о"

= л *  a ii*h , (Te c t j ł  -  Y 0 cr6i)
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-  2b2 f  ehv ûy(V0Cr5) - V0Crg)) dv =

^ OO

= -2hAj (v0 (r3) -V0(r4)) -2h2A* ( ebv (VQ (r5) -V0<rg)) dv,

OO

%  A j  2h s  «к*1!!»!!* k I  •*”  V r 5>aT =

V= oo
v=0
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*  -  Ду  ^  §  ®к<*2»2>к 7к ( г 3> *

р -1 ~  т- 2h2Aj Ł  Ск (х27^ к J ehv Vk (r 5) d v .

By (6 )  -  ( 9 )  we g e t  ( 2 ) .

Now we s h a l l  v e r i f y  th e  c o n d itio n  ( 3 ) *  I f  i  = 0 ,  then 

= r 2 # r^ = r ^ ,  = r g  f o r  y2 s  0 and con seq u en tly

&1(x,y')| * О.'
h 2 = 0

L et 1 ^  i  ^ p - 1 • By Lemma 1 we have

In  v ir tu e  o f  L e ib n iz  form ula and Lemma 1 ,  4  we g e t

(11)
72= °

3 °k * ł  i

= СЛ к 7k ( r -p

m +1 Ik
= Ê  L 2zzj ° k ^ 4 k ) Ai-k  ̂  ̂ (q -Z k )  • (q-2i+2s)X

k -1  Ss1

*2

У  2=0 

i -к /

,=0

X v ^ C r , )  0 - 2 1- гв + г  =

о д  1 и  2=

- П 2  Г 2  г1_к (J*) 4  H )k4 (ł-a)...  (q-2i*2s)X
8s i  k —2S“*2

X Vi - B+1
i-2s+2

y2=0
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