ZBIGNIEW HALL)

On the equivalence of Whitney (b)—regularity
and (bs) —regularity

Summary. C.T.C. Wall has conjectured in £7] that con-
ditions Cag) andCbg) are equivalent to the Whitney condi-
tions Ca) and Cb). The contents of this paper is the second
part of [1]. In [13 it has been proved that Whitney Ca) -
regularity is equivalent to (aB) - regularity. In this paper
we will show that (b) - regularity is equivalent to (bg) -
regularity. The same results have been obtained in his
thesis [63 by D.J.A. Trotman. However there are differences
in adopted methods (our proof is based on the case of

the Whitney extension theorem).

1. We begin by recalling the definitions of regularity
conditions and Theorem 1 from [1]. Let H and N be-two
manifolds embeded in RIl such that Nc M- M and let
X (N.

DEFINITION 1. We say thet M is Ca) - regular over N

at x ((M,N) satisfies the condition Ca) at x) if the
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following holds: For every sequence {xn} of points of M
tending to x such that T M tends to TL in the Grass-
mannian manifold of k-dimer:sional subspaces of K
(k = dim M) we have TxNcT

DEFINITION 2. We say that M is (ap - regular over
N at x ((M,N) satisfies the condition (asi at x) if

«
, UtcE *1, x has a

for any local CrI - retraction at 1
neighbourhood U such that Tr|Mny is a submersion.

DEFINITION 3, We say that M is (b) - regular over N
at x (CM,N) satisfies the condition Ch) at x) if the
following holds:

For every sequence {xn} of points of M and {yn} of
N such that xm»-x, ym—=*-x, R(xm- yuw-**1 (in projective
space ,and T we have let

DEFINITION 4, We say that M is (bg) - regular over
N at x ((M,N) satisfies the condition (bgs at x) if for
any local C - tubular neighbourhood of N in W at x,
X has a neighbourhood U such that (JT,8) JuoN->'"NxR
is a submersion.

The conditions (a)sand(b) were first defined by H, Whitney
in [83 and C93 .R.ThomC5J introduced conditions (as) and (bg)
and showed that these are necessary for (a) and (b) - regu-
larity.

THEOREM 1. Whitney (a) - regularity is equivalent to

(an - regularity.
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'Ve refer to [13 for a proof of the) Theorem 1.
Remark 1. It is easy to see that (a), tag)', (b),
Cbg) regularities are jdiffeomorphism invariants and that

these are far from being a topological invariants.

2. LEMMA 1. Ci) Cb) - regularity implies (a - regularity.
(ii) (bg) - regularity implies CSg) - regu-
larity.
Proof. For Ci), let {xn} be a sequence of points
in M such that xm tends to x 'and Tx M tends to T ,
for some feGfcCn) . "
We must show that TXINV is a subset of T . Suppose other-
wise. Then there exists a line LcELl passing through
the origin, such that tcT K but L®X . Since LcT ;
we can choose a sequence of points £yn}c N such that
RCxm - ym — e But since , this contradicts Cb) .
Part Cii) follows at once from the Remark 1.
Example 1. Lemma 1 is sharp i.e. Ca) - regularity
does not imply Cb) -‘regularity. Let M be a logarithmic
spiral in C given by .t —» efenrfc} and let N be

the origin. Then the pair CM,N) does not satisfy condi-

tion Cb) . For:

a.(evit) = eteit t i eteit
and

.40 _eV IiIjreV L\

7 ? "~ 7 Jeteit ¢ leCe* |/

79



so the angle between the line T2~ M and the secant
Re~e”™ is independent of t.

Remark 2. Recall that the Grasstnannian manifold
GACn) admits a structure of an analytic manifold introduced
by the following atlas of inverse charts:

'fjjji: L(E,F) 9 f —*-f = (U + f(u): ut e] &kCn),
where E,F are linear subspaces of Rn such that E © F = Rn,
and for a base of E
{en™ |, i =1,...,k and for f&L(E,F)
the familly
prf) = ei + fCen | i =1,...,k
is a base of 15.
For the proof of equivalence Cb) - regularity and Cbg)
regularity we shall use CTI case of the Whitney extension
theorem:

Let K be a compact subset of Br, fO09...,fn a

family of continuous functions to Rp. Then there exists

fsC 1(Rn,RP) such that:

N1 K = *la """k = ¢
if and only if the following condition is fulfilled:

(*) fQCx) = f0Oc?) + fACyX™*,, -.Y™N) + ... +
+fry XA - yQ) + ofx -yl
for x,y tK and |x - y|] tending to the origin.

i
3. JTHEOREM 2. Whitney Cb) - regularity is equivalent

to Cbb) - regularity.
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Proof, of the Theorem 2. First we will show that
(b) - regularity implies (bg) - regularity (cf [2]). Let
us suppose that the condition (b) fails at x. In view of
Remark 1 we may assume that |If is an openjneighbourhood of
the origin in Rp x{0o} ¢ R1, x is the origin and (IT , 5)

is the standard tubular neighbourhood of Rp x{0} in Rn

that is:
m: R R A TCCxMt . fXpf».., x™) = (XN, *. . »Xp)
and n
?2(X.,...,x"N) = ) xf.
1 n i=p+1 1

The hypothesis that condition (b) is satisfied at x
implies by lemma 1 that condition OalJ (pf'Theorem 1) is
fulfilled at x.

Thus we may assume that there exists [xm}t a sequence of

points of M tending to the origin such that:
’ *
«l.57 1 k
m
Let us choose (ynm), a sequence of points of N such that

T Cxnp e fchens

RCxm - Y1) + ker = TAM.
Finally: R(xm- ym I ,Jt VL-+X and
I mi
I + T
hence we have shown that M fails to be (b) - regular over

N at the origin.

Conversely if the condition Cb) fails at x = 0, then
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there exists {Xw}, a sequence of points of M and

a sequence of points of N c¢ Rp x[o} such that:
Xw—  °. YT-~0

vV 4 -Nn oacx» ¢ v — 1
and

urT
The hypotnesis that condition Cbg) is satisfied at x im-
plies that condition (ac) is fulfilled at x, thus we may
assume (.Theorem 1 and Remark 1) that condition (a) is ful-
filled at x,
T=~Rk x{o} 3 TqN = Rp x{o} D N
and
L= Reh.
Let (Tr , 9) he standard tubular neighbourhood of Rp x (0}

in Rn and

00
w :HFJ. 3"1(9CxT1)b
Now we will construct h cRn xRn, a Ci - diffeomorphism

of neighbourhoods of the origin, such that:

Mil) = Nt hU, = X0

and d* b(T W3 T M
m ci m
In this case we will have

Ch.TT o h”1 , 9 «h”n)

a local Cl1 - tubular neighbourhood of h(N) = N and

<A(9 ¢ L'h|TiH=*O

so submersion of
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(hoir oh”1 , 50 h"1)\l/
will fail near the OTigin (cfj Definition 4).

n
For the required construction we will use the C case of

the Whitney extension theorem and two following inverse

charts on (n) and GkCn)s
D b (E EeifSen) — G'(Een)
(12)) b(M Re, Re,) — G*(5ZL Re),)
i=1 i=k+1 i=k+1
n
where G*(Re_), g'c iz : Re.) denote all algebraic
n i=k+1 1

suplements of vector spaces:

n
Re, and Z=L Re.
n i—k+1 1
and [e,}, i =1,...,n is the canonical base of Rn.

In these charts we have:

T W= T TXLL,M - am
and

IPi(fm}* i =1,....n-1

{PiCSm~I* 1 = 1**'*»k
the bases of these spaces (cfjRemark 2).

Let us define a sequence of linear maps Tm in the

following manner
picv. -*mRiW * for 1 =1

Tm i pi(fm) _~ ei» for i = k+D "’»ﬂ'l
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Now, Hlet us introduce the following notations
a
K=y

=
(where X is a compact neighbourhood of the origin of

Rp x {o}) ;

1 w ut

=idIK

00
ffcv = for i *'Ineee and x * U (xJ
P=1 n
fi(x) = e for i =1,...,n and xfcX.
It is easily seen that fQ,...,fn are continuous on K.
In order to show that family f ,... f fulfils the con-

dition (*) of the Whitney extension theorem let us check

two possibilities:

@
cD ybX and X4 rlrlel (x_OnX
€)) (e8]
and X , c
2 y* 4w d x* w
Case (1) x =Y +el(™ - ) + ... + en(xn
i.e. 0o = o|x - vyl
Case (2)
X=Y Ty e1r*1 + +V en)Cxn *
i.e* “
Cel - V el)}Cx1l -vy,) + ... + (en - Tm(en)) Cxn - yn) =
= olx - vyl
and it is obvious because T~Cep —» when m—p « *

The assumptions of the Whitney extension theorem are ful-
n
filled, so there exists f a C extension of fQ, such that

dQf is an isomorphism. Then let us take suitable restriction



of f as the -required jdiffeomorphlsm h, which completes

the proof of the;Theorem 2.

4, The most striking property of (b) - regularity in
the theory of singularities is that a (b) - regular strati-
fication is locally topologically trivial (cf [2]) . Another
interesting problem has been posed by 0. Zariski (cf [10])
of whether the set Sa(M,N)(reap. £>(18,10) of points x*N
where condition Ca) (resp. condition (b)) fails is a closed
subset of N. There is a complex analytic counterexample
(due to 0. Zariski) for (a) regularity:

Example 2.

Let V = £(x,y,u,v)fc or C~: = uvy2 + y ",
let N = ~(x,y,u,v)fc or CN X =y =0}
and Il =V - N.

Then N = Sing V (the set of points x bV where the al-
gebraic set V is singular) and .(MM,N) is (@) regular for
X fr(N - {uv = 0j) n {o}» So the set Sa(M,N) is not closed.
However, for complex analytic spaces, B. Teissier (cf [4])
has shown that S~(M,N) is closed.

In the real sub - analytic case it is unknown.

Note. I am most thankful to Prof. D.J.A. Trotman for
providing ne with information about recent results concerning

this subject.
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