
ZBIGNIEW НАШ)

On the equivalence of Whitney (b)—regularity 
and (bs) —regularity

Summary. C . T . C .  W all has co n jectu re d  in  £7] th a t con­

d it io n s  Cag) andCbg) are e q u iv a len t to  the  Whitney condi­

t io n s  Ca) and C b ). The co n te n ts  o f  t h i s  paper i s  the second 

p a rt o f [ 1 ] .  In  [13 i t  has been proved th a t  Whitney Ca) -  

r e g u la r ity  i s  eq u iv a len t to  (a B) -  r e g u la r i t y .  In  t h i s  paper 

we w i l l  show th a t (b ) -  r e g u la r ity  i s  eq u iv a len t to  (bg) -  

r e g u la r i t y .  The same r e s u lt s  have been obtained in  h is  

t h e s is  [63 by D . J . A .  Trotman. However th ere  are d if fe r e n c e s  

in  adopted methods (our p roof i s  based on th e  case o f 

the Whitney e x te n sio n  theorem ).

1. We b eg in  by r e c a l l in g  th e  d e f in i t io n s  o f r e g u la r ity  

c o n d itio n s  and Theorem 1 from [ 1 ] .  L e t H and N be- two 

m anifolds embeded in  R11 such th a t  N с  M -  M and l e t  

x ( N .

DEFINITION 1 .  We say th e t  M i s  Ca) -  re g u la r  over N 

a t x  ((M,N) s a t i s f i e s  the  co n d itio n  Ca) a t x) i f  the
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fo llo w in g  h o ld s : For every sequence {x m} o f p o in ts  o f M

te n d in g  to  x  such th a t  T M ten d s to  T1 in  th e  G r a s s -
m

mannian m an ifo ld  o f k -d im e n sio n a l subspaces o f К

(к = dim M) we have Tx N c T  .

DEFINITION 2 .  We say th a t  M i s  (a p  -  r e g u la r  over

N a t x  ((M ,N ) s a t i s f i e s  th e  c o n d itio n  ( a j  a t  x )  i fs
л «

f o r  any l o c a l  C -  r e t r a c t io n  a t ï ,  ü t c E  * 1 ,  x  has a 

neighbourhood U such th a t  ТГ| Mn y i s  a subm ersion.

DEFINITION 3 ,  We say th a t  M i s  (b ) -  r e g u la r  over N 

a t  x (CM,N) s a t i s f i e s  the  c o n d itio n  Cb) a t  x )  i f  the 

fo llo w in g  h o ld s :

For every sequence { x m} o f p o in ts  o f  M and { y m} of 

N such th a t xm-»- x ,  ym—* -x ,  R (x m -  у щ) -** l  (in  p r o je c t iv e  

space , and T we have let .

DEFINITION 4 ,  We say th a t  M i s  (.bg) -  r e g u la r  over 

N a t x ((M ,N) s a t i s f i e s  th e  c o n d itio n  (bg!> a t x) i f  f o r  

any l o c a l  C -  tu b u la r  neighbourhood o f  N in  Й a t x , 

x has a neighbourhood U such th a t  ( 'JT , § )  | u o N -> ' N x R  

i s  a subm ersion .

The c o n d itio n s  (a)5and(b) were f i r s t  d e fin e d  by H , Whitney 

in  [83 and C93 .R.Thom C5J in tro d u ce d  c o n d itio n s  (a s) and ( b g) 

and showed th a t  th e s e  are  n ecessa ry  f o r  (a) and (b ) -  regu ­

l a r i t y .

THEOREM 1 .  Whitney (a ) -  r e g u la r i ty  i s  e q u iv a le n t to  

( a j  -  r e g u la r i t y .5
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'.Ve r e fe r  to  [13 f o r  a p ro o f o f the) Theorem 1 .

R e m a r k  1 . I t  i s  easy to  see th a t  ( a ) , ta g) ' ,  ( Ъ ) ,

Cbg) r e g u la r i t ie s  are jdiffeomorphism  in v a r ia n ts  and th a t 

th ese  are fa r  from b ein g  a to p o lo g ic a l  in v a r ia n ts .

2. LEMMA 1 . Ci) Cb) -  r e g u la r ity  im p lie s  (.a) -  r e g u la r i ty .

( i i )  (b g) -  r e g u la r ity  im p lie s  CSg) -  regu­

l a r i t y .

P r o o f .  For C i ) , l e t  {x m} be a sequence of p o in ts

in  M such th a t xm ten d s to  x  ' and Tx M tends to  T ,
m

fo r  some fe GfcCn) .

We must show th a t TXIV i s  a su b set o f T . Suppose oth er­

w ise . Then th ere  e x is t s  a l in e  L c E 11 p a ssin g  through

the o r ig in , such th a t t с  T К but L ФХ .  S in ce  L с  T ;; 

we can choose a sequence o f p o in ts  £ym} c  N such th a t 

RCxm -  ym) — • But s in c e  , t h i s  c o n tr a d ic ts  Cb) .

P a rt C i i )  fo llo w s  a t once from the Remark 1 .

E x a m p l e  1 .  Lemma 1 i s  sharp i . e .  Ca) -  r e g u la r ity  

does not imply Cb) - ‘ r e g u la r i t y .  L e t M be a lo ga rith m ic  

s p ir a l  in  C giv en  by : t  —► e fce^fc} and l e t  N be 

the o r ig in .  Then th e  p a ir  CM,N) does not s a t is f y  con di­

t io n  Cb) . F o r:

and

a . ( ev t )  = et e i t  t  i  e t e i t

. 4 “  _ ę V l j ^ ę V L \
7 ? ^  ’ |et e i t  ♦ 1еСе “ | /  '
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M and th e  seca n tso th e  an gle  between th e  l in e  T ^ ^

R e ^ e ^  i s  independent o f t .

R e m a r k  2 .  R e c a l l  th a t  th e  Grasstnannian m anifold 

G^Cn) adm its a s tr u c tu r e  o f  an a n a ly t ic  m anifold in trod u ced  

by the  fo llo w in g  a t la s  o f in v e rse  c h a r ts :

'f jjji : L (E ,F )  Э f  —* - f  = (u + f  (u) : u t  e ]  &Gk Cn) , 

where E ,F  are l in e a r  subspaces o f Rn such th a t E © F = Rn , 

and f o r  a base o f E

{ e ^  , i  = 1 , . . . , k  and f o r  f & L ( E , F )  

the fa m illy

p ^ f )  = e i  + f C e ^  , i  = 1 , . . . , k
A

i s  a base o f f .

For the  p ro of o f eq u iv a len ce  Cb) -  r e g u la r i ty  and Cbg)
'Л

r e g u la r i ty  we s h a l l  use C case  o f  th e  Whitney e x te n sio n  

theorem :

L e t К be a compact su b set o f B r , f 0“, . . .  , f n a 

fa m ily  o f  con tin u ou s fu n c tio n s  to  Rp . Then th ere  e x is t s  

f s C 1 (R n ,R P) such t h a t :

' ^ 1  К = * 1 ................... "^*п |к  = f “
i f  and only i f  th e  fo llo w in g  c o n d itio n  i s  f u l f i l l e d :

(* )  f QCx) = f 0c? ) + f^ C y X * ,,  - . У ^ )  + . . .  +

+ f ^ y X ^  -  yQ) + o|x -  y| 

f o r  x ,y  fc К and |x -  y| te n d in g  to  the o r ig in .

i
3. j THEOREM 2 .  Whitney Cb) -  r e g u la r i t y  i s  e q u iv a len t 

to  Cb ) -  r e g u la r i t y .Ь
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P r o o f ,  o f th e  Theorem 2 .  F i r s t  we w i l l  show th a t 

(b) -  r e g u la r i ty  im p lie s  (b g) -  r e g u la r i ty  ( c f  [ 2 ] ) .  Let 

us suppose th a t  the c o n d itio n  ( b )  f a i l s  a t  x .  In  view o f 

Remark 1 we may assume th a t  If i s  an openjneighbourhood o f 

the o r ig in  in  Rp x {o} c  R11, x i s  th e  o r ig in  and (IT  , 5 ) 

i s  th e  stan d ard  tu b u la r  neighbourhood o f  Rp x { 0} in  Rn 

th a t i s :

ТГ : R^ * R ^ TC Cx^ t . fXpf » . . , x^) = (x^j, *.  . »Xp)

and ,n

? ( x . , . . . , x ^ )  = x f .
1 n i= p +1 1

The h y p o th e s is  th a t  c o n d itio n  (b) i s  s a t i s f i e d  a t x 

im p lie s  by lemma 1 th a t  c o n d itio n  O a J (pf'Theorem  1) i s  

f u l f i l l e d  a t  x .

Thus we may assume th a t th e re  e x i s t s  [ x m} t a sequence o f 

p o in ts  o f M ten d in g  to  th e  o r ig in  such t h a t :

« Ц . 5’ Il k *
m

L et us choose ( y m) , a sequence o f  p o in ts  o f N such th a t 

T  Cxm> • fchens

R Cxm -  Ут ) ±  k er  => T ^ M .

F i n a l ly :  R (x m -  ym) l  ,|t  VL-+X  and
I m i

l  ±  T

hence we have shown th a t  M f a i l s  to  be (b) -  r e g u la r  over 

N a t  the  o r i g i n .

C on v ersely  i f  th e  c o n d itio n  Cb) f a i l s  a t x = 0 ,  then
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th e re  e x i s t s  {Хщ}, a sequence o f  p o in ts  o f M and 

a sequence o f  p o in ts  o f  N c  Rp x [o} such t h a t :

Хщ—  ° .  Ут - ~ о

V 4 - ^ ’ a cx »  •  v — 1
and

U T

The h y p o tn e s is  th a t  c o n d itio n  Cbg) i s  s a t i s f i e d  a t x im­

p l i e s  th a t  c o n d it io n  (a c) i s  f u l f i l l e d  a t  x ,  thu s we may 

assume (.Theorem  1 and Remark 1) th a t  c o n d itio n  (a ) i s  f u l ­

f i l l e d  at  x ,

T = Rk x {o} 3  TqN = Rp x { o} D N

and

L = R e .n
L et (ТГ , 9 )  he stan d ard  tu b u la r  neighbourhood o f Rp x ( 0}

in  Rn and
oo

w = U  3 " 1 ( 9 С х т ) Ьm=1
Now we w i l l  c o n str u c t  h c R n x R n , a C*1 -  d iffeom orphism

o f neighbourhoods o f the  o r ig in ,  such t h a t :

M il) = Nt h U , )  = X0

and d^ b (T  W) Э  T M.
m ci m

In  t h i s  case  we w i l l  have

C h . T T  о h” 1 ,  9  « h”  ̂)

a l o c a l  C1 -  tu b u la r  neighbourhood o f  h(N ) = N and

< ^ ( 9  •  L‘ h | T ï  H * 0

so subm ersion o f
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(h o ir  o h ” 1 , 5 0  h” 1  ) J y
will fail near the OTigin (c f j D e f in it io n  4 ) .

Л
For th e  req u ired  c o n str u c tio n  we w i l l  use the  C case  o f 

the Whitney ex te n sio n  theorem and two fo llo w in g  in v erse  

c h a rts  on (n) and Gk Cn)s

b ( Ë  Eei f Sen) —  G’ (E e n)

ь ( П  R e , ,  R e ,)  — G*( 5 Z L  R e ,)

CD

(2)
i=1 i=k+1 

n
i=k+1

where G* (R e _) , g’ c i z : R e . )  denote a l l  a lg e b ra ic  
n i=k+1 1

suplem ents o f v e c to r  sp a ce s:
n

Re„ and Z = L  Re. 
n i=k+1 1

and [ e ,}  , i  = 1 , . . . , n  i s  th e  can o n ica l base o f Rn . 

In  th e se  c h a r ts  we have:

T W = f  . T M = gmX m  m' Х ц , &m

and

l P i ( f m)} * i  = 1 , . . . , n - 1

{PiCSm^l *  1 = 1 * * ’ *»k

the b ases o f th e se  spaces (cfjRem ark 2 ) .

Let us d e fin e  a sequence o f  l in e a r  maps Tm in  the 

fo llo w in g  manner

pi cv  - * ■ R i W * fo r  1 = 1

Tm i pi ( f m) _ ^ ei» f o r  i  = k+D  • • • »д - 1
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Now, let us introduce the following notations

К
ОО

= и
m=1 W u ï

(where X i s  a compact neighbourhood o f  th e  o r ig in  o f 

Rp x {o}) ;

= idlК oo

f f C V  = f o r  i  * ' ! » • • •  and x * U  ( x J
P=1 ^

f i (x)  = ê  ̂ f o r  i  = 1 , . . . , n  and x f c X .

I t  i s  e a s i ly  seen  th a t  f Q, . . . , f n are con tin u ou s on K . 

In  order to  show th a t  fa m ily  f  , . . . , f  f u l f i l s  the  con­

d i t i o n  ( * )  o f th e  Whitney e x te n sio n  theorem l e t  us check

two p o s s i b i l i t i e s : oo

CD у ь Х  and X4 U  ( х _ Д и Х  
m=1

(2)
OO oO

У* 4  W  and x * Ц ,  W  cm=l
Case (1) x  = У + e1 ( ^  -  ^ )  + . . .  + en(xn

i . e . о = o|x -  yl

Case (2)

x = у + V e1**1 + + V en)C x n ‘  :
i .e* “

Ce1 -  V e1)} Cx1 -  y ,,)  + . . .  + (en -  Tm(en)) Cxn -  yn) =

= o|x -  y|

and i t  i s  obvious b ecause T^C ep  — ► when m —► «> *

The assum ptions o f  th e  Whitney e x te n sio n  theorem are  f u l -
Л

f i l l e d ,  so th e r e  e x i s t s  f  a C e x te n sio n  o f  f Q, such th at 

dQf  i s  an isom orphism . Then l e t  us ta k e  s u i ta b le  r e s t r ic t io n



of f  as the -required jdiffeom orphlsm  h , which com pletes 

the p roof o f the;Theorem  2 .

4. The most s t r ik in g  p roperty  o f (b ) -  r e g u la r ity  in  

the theory o f s in g u la r i t ie s  i s  th a t  a (b ) -  re g u la r  s t r a t i ­

f i c a t io n  i s  lo c a l ly  to p o lo g ic a l ly  t r i v i a l  ( c f  [2 ] )  . Another 

in te r e s t in g  problem has been posed by 0 .  Z a r is k i  ( c f  [10]) 

of whether the  s e t  Sa (M ,N )(rea p . £>^(18,10) o f p o in ts  x * N  

where c o n d itio n  Ca) (r e s p . c o n d itio n  (b)) f a i l s  i s  a c lo se d  

su b set o f  N. There i s  a complex a n a ly t ic  counterexample 

(due to  0 .  Z a r is k i)  fo r  (a ) r e g u la r i t y :

E x a m p l e  2 .

L et V = £ (x ,y ,u ,v )fc  or C ^ : = uvy2 + y ^ ,

l e t  N = ^ ( x , y , u , v ) f c  or C^: x = у = о }

and II = V -  N.

Then N = S in g  V ( t h e  s e t  o f p o in ts  x  ь V where the  a l ­

geb ra ic  s e t  V i s  s in g u la r )  and .(M,N) i s  (a) re g u la r  fo r  

x fr(N -  {uv = o j)  и {о}» So the  s e t  Sa (M,N) i s  not c lo s e d . 

However, fo r  complex a n a ly t ic  sp a c e s , B . T e is s ie r  ( c f  [4 ]) 

has shown th a t S^(M ,N) i s  c lo s e d .

In  th e  r e a l  sub -  a n a ly t ic  case  i t  i s  unknown.

N o te . I  am most th a n k fu l to  P r o f .  D . J . A .  Trotman fo r  

p ro v id in g  me w ith  in form ation  about recen t r e s u lt s  concerning 

t h i s  s u b je c t .

85



References

[ l ]  H a jto  Z . ,  On th e  e q u iv a len ce  o f Whitney (a )  -  r e g u la r ity  

and ( a _ )  -  r e g u l a r i t y ,  Z e sz y ty  Naukowe U J ( t o  appear) .
[2 j Mather J . ,  N otes on t o p o lo g ic a l  s t a b i l i t y ,  Harvard 

U n iv e r s ity  1 9 7 0 .
[3]  Mather J . ,  S t r a t i f i c a t i o n s  and m appings, Dynam ical 

Sy ste m s, Academic P r e s s ,  p . 1 9 5 -2 2 3 , 1971*
[4] T e i s s i e r  B . ,  V a r ié té s  p o la ir e s  lo c a le s  e t  c o n d itio n  de 

W hitney, C . R . A c a d . S c . ,  290 ( 5  Mai) 7 9 9 , 1980.
[ 5] Thom R . ,  P r o p r ié té s  d i f f é r e n t i e l l e s  lo c a le s  d es ensembles 

a n a ly t iq u e s , Sém in aire  Bourbaki n o ,2 8 1 , 1964—65»
[бJ  Trotman D . J . A . ,  T h è se , O rsa y , 1 98 0 .
[7] W all C . T . C . ,  R e g u la r  s t r a t i f i c a t i o n s ,  Dynam ical System s 

Warwick 1 9 7 4 , L e c tu re  N o tes in  M athem atics 4 6 8 , S p r in g e r , 
B e r l in  and New Y o rk , p . 3 3 2 -3 4 4 , 1975»

[ 8]  Whitney H . ,  Tan gen ts to  an a n a ly t ic  v s r i e t y ,  A nnals o f 

M ath. 8 1 , p .4 9 6 -5 4 9 , 1 9 6 5 .
[9 ] W hitney K . ,  L o c a l p r o p e r t ie s  o f a n a ly t ic  v a r i e t i e s ,

D i f f .  and Comb. T o p o lo g y , P r in c e to n , p .2 0 5 -2 4 4 , 1 96 5 .
pO ] Z a r is k i  0 . ,  Some open q u e s tio n s  in  th e  th eory o f s in gu ­

l a r i t i e s ,  B u l l .  Amer. M ath. S o c . 7 7 , 1971*

86


