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On Maximal Subgroups in Semigroup of Relations

Introduction « A n ecessary  and s u f f ic ie n t  c o n d itio n  fo r  

a s e t  o f fu n c tio n s  from Xх to  be com pleted to  a group 

w ith  su p e rp o sitio n  o f fu n c tio n s  has been form ulated fo r  the 

f i r s t  tim e by Z.M oszner in  h is  paper [ 2 j .  S . S e r a fin  in  h is  

paper C31 has shown the gen era l c o n str u c tio n  o f maximal 

subgroups o f a semigroup o f fu n c tio n s  from su b se ts  X in  

X w ith  su p e rp o sitio n  o f fu n c t io n s . The same problem can be 

seen fo r  b in ary r e la t io n s .  We d ea l w ith  t h i s  problem in  the 

p resen t p aper.

The gen era l c o n str u c tio n  o f a l l  maximal subgroups in  

any semigroup i s  d escrib ed  in  [1]  on pages A 1 -4 3 .

In  t h i s  paper G re e n 's  r e la t io n s  £  » $  » X  which are 

known in  the th eory o f  sem igroups are used fo r  d e sc r ib in g  

th e  maximal subgroups in  th e  semigroup o f  r e la t io n s .

L et ( S | « )  be a sem igroup; we d e fin e  f o r  a , b t S  the  

fo llo w in g  s e t s :

a • S; s ĵ a • x: x e  s }  , and 8 *bs * jx* b: i t  s j .
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We quote a f t e r  [1 ]  ( p a g e s: 7 2 -7 3 , 8 7 -8 8 ) :

DEFINITION 1 .  L e t ( S ; * )  be a sem igroup wi th a u n i t .

Then

(a ) A a i l b  s <=$>S • a = S • Ъ,  
a . b f e S

Cb) A  a 3  b : <=$>a • S = b • S ,  
a .b f e S

C<0 T£i = £n£ .

DEFINITION 2 .  L e t (S | « ) be a sem igroup wi th a u n it .  

Su b se t H C S  i s  a subgroup i f  and only i f  ( н !*1н.х1р 

i s  a grou p .

The su b se t H c S  i s  a maximal subgroup i f  and only i f  

CO H i s  a subgroup and

(2} A К -  subgroup and НС К =£> H = К .
КС s

THEOREM 1 .  I f  idem potent . e (e  • e = e) from a semi

group ( S ; 0  w ith  a u n it  b e lo n g s  to  an a b s tr a c t io n  c la s s  

o f  an e q u iv a le n t r e la t i o n  3C , which i s  g iv e n  in  a sem igroup 

C.Si •) th en  t h i s  c la s s  i s  a subgroup o f t h i s  sem igroup.

(The p ro o f o f  Theorem 1 you may f in d  in  t l ]  on pages 8 7 -8 8 ) . 

The fo llo w in g  [Lemmas are o b v io u s:

LEMMA 1 .  L e t ( S { 0  be a sem igroup w ith  a u n i t .  Then:

(a) A a £ b  [ c * a = b A d * b  = a ] ,
a , b f e S  c , d f e S

Cb) А а Я  b <=P- V [ a * c = l )  A b * d  = a ] .
a . b f e S  c , d £ S
P r o o f .  Let  ( s $ 0  be a sem igroup w ith  a u n i t .

Then f o r  elem ents a ,bfe  S  from S «a = S »  b we o b ta in

8 8



th a t a t S ' b .  and be S • a .  Then we f in d  elem ents c , d e  S 

th a t c • a = b and d • b = a . I f  a = d • b and c • a = b 

fo r  any c ,d  e S we have S • a = S  »(d • b) = (S  • d)* b e  S  • b 

and S • b = S (c  • a) = ( s » c ) < a c S « a .  Thus we have ( a ) .  

A n alo go u sly , we f in d  (b )*

LEMMA 2 . L et C S ; » )  be a semigroup e it h  a u n it»  A c la s s

o f r e la t io n  %  to  which idem potent e from S b elo n gs i s

a maximal subgroup w ith  th e  u n it e in  t h i s  semigroup (S ;*)*

P r o o f .  L e t H be a c la s s  of r e la t io n  'ЗС to  which 6 »
idem potent e from S b elo n gs and H th e  maximal sub

group w ith  u n it e .  From ^Theorem 1 H i s  a subgroup and©I
H C H , L e t x e . E ,  Then we have S » x  = S » ( x «  e) = ( S » x ) * e  

C S • e and S • e = S ‘ (х - ^ .  x) = S * ( x""1 • x) c  S • x .  Thus 

S • x = S • e .  A n a lo go u sly , x  • S  = e • S .  Thus x  "3C e and 

H c H e .

§1. in  t h i s  paragraph we d e sc r ib e  G re e n 's  r e la t io n s  

Л , $  in  a semigroup o f r e la t io n s  on s e t  X .

L et X be an a rb itr a r y  s e t .  В den otes a c la s s  o f  a l l  

b in ary r e la t io n s  which are g iv en  in  X| В : = 2х  * X .  Let 

» be r e la t io n a l  su p e rp o sitio n  as a b in ary o p era tio n  in  B;

(x,y)G&ocx <=*> V (х,*)Ц л (з,у)е« .
J  a t  X J

Then ( B ;° )  i s  a semigroup in  which r e la t io n  [ ( x ,x ) :  x& xj. 

i s  a u n i t .
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LEMMA 3 .  For th e  r e la t i o n  J  t  B , 909  i s tru e

i f  and on ly  i f :

(1)  ç  i s  t r a n s i t i v e  and

(2) А  ( х , у )&9 V  ( x , z ) c P  a (z ,y)b<? .
xty е X ZfeX

T r a n s it iv e n e s  o f r e la t i o n  ç  means 9 ° Ç C Ç , whereas 

c o n d it io n  (2) means •

The fo llo w in g  s e t s  have been d e sc r ib e d  f o r  every r e la 

t io n  a t  B:

A x  : = { x f e X :  V  (x ,y )fc c x }  ,
L y * X  J

s = fy t X: V  Cx,y)e ex] ,
1 xe X J

a ( x } :  = [ у Я :  ( х ,у ) б о ( ]  ,

o ''” 1 : = { ( z , y )  t X x ï :  C y , x ) f c < x } .
*

L e t th e  co n n e ctio n  ^ « a  -  ^  be tr u e  f o r  th e  r e la t io n s  

Oc, ^ 6 B . Then o b v io u s ly :

(3 )  <tf c  •

L e t (x,a)w£> .  Then (x,y)fc<* and ( y , a ) a c x  f o r  any 

jfc  .  For b (j ocĆy) , ( y , b ) t c x  i s  t r u e ,  and th en  (x,b)tf> 

b ecau se  (*e<x = .  That means b e  |Ь ( x ) .  Thus:

C4) A \ J  (y,a)fec< a  <x( y)  С  bCx) .
Cx,a)fef> yaL*

Now i t  i s  assumed t h a t  r e la t io n s  c*, fc а В s a t i s f y  th e  

c o n n e ctio n s  ( 3 )  and ( 4 ) .  We d e f in e :

A  ( x ,y ) a |  
x ,y  a X J

•* = > [х б 1 у  А А « С У )  C f > ( x ) ]  .



Let (u ,v )t§ o o c  . Then we find an element z e l  for which 

(u,z)fe^ and (z,v)Gc< . Thus ot(z) c p (u) and because 

v e a ( z )  i t  follow s that v t  |!>Cu) that i s  (u,v)e ^ ♦ 

Thus | e c x c p  , Let (u,v)ej*> now. According to (4) we 

find such a t  e Dw that (t,v)£o< and cxCt) c  £> (u ). 

Then ( u ,t ) e |  and because (t,v)ec< so (u,v)Gfj«>cx . 

I t  follow s that c • <x .

In th is  way the follow ing !Lemma 4 has been proved. 

LEMMA 4 .

A  V  ( « . « . « « ♦ L e a *  a Л  V  ,a)€o< л cx(.y)c &(x)]
« , ^ б В  Çg B J  Г ( x .a ^ y t ï ^

i
According to Lemma 1 we obtain:

LEMMA 5 .

E
S><lp- «<x ,

>)A V  (у,а)ес* A^Cy ) cf e( x)

(X,o)£p>

r)A V (и,ь)*ь A f>(u) ccx(jz) ,
Cz,b)w«x ugI»̂

Now relation s between conditions (5}» ( 6 ) ,  (7) w ill be 

examined. Let conditions (.6) and (7 ) be s a tisfie d  for rela

tions cx , ji G В. Let t e  1 ^ .  Then we find such 8 б 1 л that 

(s ft>Gcx . As (7) i s  true for ( s ,t )  there is  v e D ^  for  

which (v,t)ef> and £(v ) c txCs) .  According, to (б) we 

can find for (v ,t )e  when (r,t)&<* and

a ( r )  c f  ( v ) .  Because t  t  a ( r ) c  f»(v)c , then d ^c  

Analogously, d ^ c  (C^ .  Thus (5) follow s from (6) and (7)«
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Let X = { 1 , 2 , 3 ] ,  ot s = { (1 , 2) , (1 ,3 ) , ( 3 , 2 ) } ,  

f> s = { (1 ,2 )  , ( 2 ,3 )  , 0 , 2 ) }  be co n sid ered  now. Then we have 

й£ = (2 »3 ) = d ot ends

f o r  a p a ir  (1 , 2)fcoi we f in d  y = 1 fcD^ such th a t  

0 ,2 )fc f>  and £ C 1 )  = ( 2} c a ( 1)  = { 2 , 3 j ,  

f o r  th e  second p a ir  (1 , 3)  t  «  we f in d  z = 2 ^ 1)^ fo r  

which ( 2 , 3H £  and p>(2)  = { з } с { 2 , 3]  = о<(1) ,  

and f o r  th e  t h ir d  p a ir  (3 , 2) t o t  

th a t  ( 3 ,2 > f >  and £ ( 3 )  = { 2 } c c x ( 3 )  = {2}

Thus c o n d itio n s  ( 5 )  and ( 7 )  ta k e  p la c e  w hile  c o n d itio n

( 6)  i s  n o t s a t i s f i e d  because f o r  ( 2 , 3)t£> we f in d  one and 

only one elem ent t  = 1 

ot(1) = { 2 ,3 } ^  {3} = £  ( 2 ) .

we f in d  v  = Зь-Т^ such

in  f o r  which (1 , 3) t c x  , but

In  th e  p resen ce  o f symmetry o f c o n d it io n s  ( 6)  and ( 7 )  

we draw a c o n c lu s io n  about th e  independence o f  c o n d itio n  ( 7) 

from th e  c o n ju n c tio n  ( 3 )  and ( 6) .  From th e  above example i t  

fo l lo w s  th a t  ( 6 )  does n o t depend on ( 7)  and r e c ip r o c a l ly .  

O b v io u sly  c o n d it io n  (5 3  does n ot depend on ( 7 ) ,  because fo r  

r e l a t i o n s  jp : = {(1 , 1)] ,  S  : = {(1 , 1)  , ( 2 , 2) }  on th e  s e t  

X = {1 , 2]] c o n d it io n  (7 )  i s  s a t i s f i e d ,  b u t n ot ( 5 )  (d^. d g ). 

A n a lo g o u sly , th e  c o n c lu s io n  i s  tr u e  f o r  ( 5 )  and (6) .

Conclusion 1.

Д  {Jc*£.p> ■*=£>• ( ( б )  and ( 7 ) for  ot and p>)3 
oc.js^B

I t  must be n o t ic e d  th a t
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(b \ /  ( C X « Ê  1 fc л  Л о П  г  сх) <£=>

s » a tB
4=Ф V С § ° С Х  * ji 1 Л о *  сх' 1 )  <*=*  <*■ 'L  ^  

i s  v a l id  in  а^ sem igroup (Bj •)

Then i t  i s  tru e  th a t»

LEMMA 6 .

Л  cx'ft A < = >  cx 1£  b 
С Х^бВ r

§2. In  t h i s  paragraph we w i l l  d e sc r ib e  th e  maximal 

subgroups in  a sem igroup o f r e la t io n e  (B; . )

A ccord in g to  th e  d e f in i t io n  o f th e  r e la t io n  *3t and 

Lemmas 5 and 6 and th e  co n c lu sio n  1 we can form th e  

fo llo w in g  theorem»

THEOREM 2 .

Г

Д  <xif> <=*> <

со Л V (bi/Otot a otCb») cfeOO 

an A V Cvjb)wfc л g(y) c otOO
Cz,b)6ot vfeD  ̂ i

Ctio-A V ( с , к) с* ло Г1С О е
Cc>s>js Hd*

Ctv) Л  V (djfOfrf!) A ̂1(n) ccTVo .
CdjO&oi Ofedp

Conclusion 2. I f  «  Ï  ^ then  = Dp, end d^. = (O

A ccording to  Lemmas 2 ,  3 and Theorems 1 ,  2 we can fo r 

m ulate a n ecessa ry  and s u f f ic i e n t  con dition !w hen  any r e la 

t io n  a  & В b e lo n g s  to  th e  maximal subgroup w ith  u n it
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§ t  В in  sem igroup (В ; .)

THEOREM 3 .

Д  [o c ïo  C i),Cii);C U O /iv ) £>г ос ond^
<xjSea '

and CO , C2) -pD<* S J •
Conclusion 3. R e la t io n  c* t  В B e lo n gs t o  a maximal sub

group o f th e  r e la t io n s  co n ta in ed  in  В w ith  s u p e rp o s itio n  

as a b in a ry  o p e ra tio n  i f  and only i f  th e re  i s  such В

th a t  ç  = 2 ° ^  an* oc and g  s a t i s f y  co n n e ctio n s ( i )  - ( i v ) .

§ 3 .  Now we s h a l l  fo rm u la te  two c o n c lu s io n s  which r e s u lt  

m ainly from Theorems 2 and 3 when r e la t io n  ex i s  a fu n c tio n  

b u t idem potent J  i s  a r e l a t i o n ,  or oc and idem potent 9 

are  fu n c t io n s . ^

L e t us assume th a t  r e la t i o n  f t B  i s  a fu n c tio n  w here-i

as §  ь В and § • § = §  • L e t a ls o  f  I t  5 .  L e t ( x ,  a) £ 5  .  

Then a cco rd in g  t o  c o n c lu s io n  2 a t  <T̂  = <Tf .  We always f in d  

such у t Df  th a t  ( y , a ) f c  f  and f C y )  = { a }  c  § C x ) .  The 

c o n d it io n  C i) i s  t r i v i a l l y  s a t i s f i e d  b u t c o n d itio n s  ( i i )  -  

( iv )  ta k e  s u i t a b le  form s (w ith  th e  fu n c t io n a l  n o ta tio n  

f o r  f ) :

CÎÎ’) Л V (vjfczûfrj AScv) ={{<:*>} •>
.-1 -i.СШ1) A coDç Â '(̂ Cc))c s'4s) J

v- C iv 1)  Л  V ' ( d , n ) € S  A s~4( n )  c £  V f C d ) )  .
dtT>£ ns (Ц 

T h e re fo re  th e r e  i s :



Conclusion ,4. I f  f  i s  a fu n c tio n  and g  i s  an idem - 

p oten t from B , then  f  'Ж 5 i f  and only i f  c o n d itio n s  C ii^ , 

C i i i ' ) ,  C iv *) and ([f  = are s a t i s f i e d  f o r  f  and g  .

L e t f ,  g he f u n c t io n s . L et a ls o  f 3 t g  and g о g  = g .  

Then a cco rd in g  to  c o n c lu sio n  2 ,  c o n d itio n s  ( i i )  and C i)  are 

t r i v i a l l y  s a t i s f i e d .  But ( i i i )  and ( i v )  ta k e  th e  fo llo w in g

form s:

(iii" ) Л c fcD.» л f " 1 ( f  Cc)) C g“1 Cg Cc))

Civ")
ceD_
A 8 d*D_ л g“1(g(d)) c f~1CfCd))
dO>f g

C o n d itio n s  C i i i " )  and C i v " ) a r e  o b v io u sly  e q u iv a len t 

to  th e  c o n d it io n :

/ \  c e l )  л g“ 1 (gCc)) s  f “1 ( f  Cc)) .  
c e D f  6

Because g i s  an idem poten t, then g (gC x )) = gCx) and

V
L et now y 1 fy2 e ( [ g  = <[f  c ‘Dg  s D f  and l e t  f C y ^  *  f C y ^  

Then

f“1 C fC y^) = f ~ 1 CfCy2)) = g " 1 (g c y 1)') = g " 1( g ( y 2^  

and con seq u en tly  gCy,j) = g (y 2)  and th en  y^ = y2 « I t  has 

bèen proved th a t  f | ^  ^  i s  an i n je c t i o n .

B e s id e s , i f  f 3 ? g ,  then  th e re  i s  such a r e la t io n  h in  

a maximal subgroup w ith  u n it g in  th e  semigroup В fo r  

f  th a t  g  = h o f .

Dg and g|^ i s  th e  id e n t i t y  fu n c tio n  on <tg.
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L e t now yfc<tg .  Then ( y , y )  e g  = h « f  and th u s th e re  i s

such an elem ent x Q th a t  (y  , x Q)  e h and ( x 0 , y ) & f

th a t  I s  f ( x )  = y .  And so  f  I i s  a s u r je c t io n  ([
d -»<£r 6

on d  .  Thus we haves ъ
В i
Conclusion's. I f  f ,  g  are fu n c tio n s  from В and g

i s  an idem potent th e n :

(a) f i t  g i f  and only i f  D̂ » -  Dg  and <[^ = d g and 

f * f " 1 = g « g -1  and t \ a  i s  a perm u tation  ([ ,Ug g
(b) g|^. i s  th e  id e n t i t y  fu n c tio n  on d g .

R e m a r k .  C o n clu sio n  5 has been a lre a d y  form u lated

by S . S e r a f in  in  СЗЗ and i s  b ased  on С1Л, b u t he has a rr iv e d  

a t  i t  in  a d i f f e r e n t  way. He has fo rm u lated  i t  fo r  th e  semi

group o f  p a r t i a l  tr a n s fo r m a tio n s , which i s  a subsem igroup 

o f  sem igroup B .
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