TADEUSZ MARCZEWSKI

On Maximal Subgroups in Semigroup of Relations

Introduction « A necessary and sufficient condition for

a set of functions from Xx to be completed to a group
with superposition of functions has been formulated for the
first time by Z.Moszner in his paper [2j. S.Serafin in his
paper C31 has shown the general construction of maximal
subgroups of a semigroup of functions from subsets X in
X with superposition of functions. The same problem can be
seen for binary relations. We deal with this problem in the
present paper.

The general construction of all maximal subgroups in
any semigroup is described in [1] on pages A1-43.

In this paper Green's relations £ »$ »X which are
known in the theory of semigroups are used for describing

the maximal subgroups in the semigroup of relations.

Let (S]«) be a semigroup; we define for a,btS the
following sets:

aeS; s jaex: xes},and 8 *bs * jx* b: it sj.
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We quote after [1] ( pages: 72-73, 87-88):

DEFINITION 1. Let (S;*) be a semigroup with a unit.

Then

(a) A ailb s<=$>Se+a = S« b,
a.bfeS

Cb) A a3 b :<=$>a S = Db S,
a.bfeS

GO TE£i =£nE£

DEFINITION 2. Let (S]«) be a semigroup with a unit.
Subset HCS is a subgroup if and only if (H!*1H.X1p
is a group.
The subset HcS is a maximal subgroup if and only if

CO H is a subgroup and

(2} A K - subgroup and HCK =£> H = K.

KC s
THEOREM 1. If idempotent .e (e e = e) from a semi-

group (S;0 with a unit belongs to an abstraction class
of an equivalent relation 3C, which is given in a semigroup
CSi*) then this class is a subgroup of this semigroup.
(The proof of Theorem 1 you may find in tl] on pages 87-88).
The following [Lemmas are obvious:

LEMMA 1. Let (S{O be a semigroup with a unit. Then:

(a) A atb [c*a=bAd*b = a],
a,bfeS c,dfeS

Cb) A aﬂb<=P-V [a*c=1]) Ab*d = a].
a.bfeS c,d£ES

Proof. Let (s$0 be a semigroup with a unit.

Then for elements a,bfe S from S «a = S» b we obtain
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that atS'b. and be S ea. Then we find elements <c¢,de S
that cea=b and deb =a. If a=de<b and ce+a =b
for any c,deS we have Sea = S»deb) = (Sed*beS-b
and Seb =S (c+ea) = (s»c)<acS«a. Thus we have (a).
Analogously, we find (b)*

LEMMA 2. Let CS;») be a semigroup eith a unit» A class
of relation % to which idempotent e from S belongs is
a maximal subgroup with the unit e in this semigroup (S;*)*

Proof. Let H6 be a class_of relation ‘X to which
idempotent e from S belongs and H the maximal sub-
group with unit e. From ;\Theorem 1 H© is a subgroup and
H CH, Let xe.E, Then we have S»Xx = S»(Xx« e) = (S»x)*e
CSee and See = S‘(x-"~. x) = S*(x™L+ x)c S+ x. Thus
Sex = See. Analogously, x+S = e +S. Thus X ' e and

HcHe.

81l. in this paragraph we describe Green's relations
n ., $ in a semigroup of relations on set X.
Let X be an arbitrary set. B denotes a class of all
binary relations which are given in X|] B: = 2x * X. Let
» be relational superposition as a binary operation in B;
CIGBX BV (9L, 1 By
J at X J
Then (B;°) is a semigroup in which relation [(x,x): x& Xj.

is a unit.
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LEMMA 3. For the relation Jt B, 909 is true

if and only if:

() ¢ is transitive and
2 A (x,y)&9 V (x,z)cP a (z,y)b<?
@ XtyeX ) ZfeX

Transitivenes of relation ¢ means

condition (2) means

9°CC¢C , whereas

The following sets have been described for every rela-

tion at B:
AX ::{xfeX:V (x,y)fccx}
y *X J

L
S = txX: Vv Cx,y)e ] ,
YUY e

a(x}: =[yd: (x,y)6o(]

0""1l: = {(z,y) tXxi: Cy,x)fc<x}.

Let the connection “~«a - 2 be true for the relations
Oc, A 6 B. Then obviously:
(3) <tfc .
Let (x,a)wE£> . Then (x,y)fc<* and (y,a)acx for any
jfc . For b (ocCy), (y,b)tcx is true, and then (x,b)tf>
because (*e<x = . That means be |b(x). Thus:
C4) A \J (y,a)fec< a <x(y) C bCX .
Cx,a)fef> yalL*

Now it is assumed that relations c¢* fca B satisfy the

connections (3) and (4). We define:

A (x,y)al  e*=>[x61ly A
J

A «CY) C f>(x)] .
x,y aX



Let (u,v)t8ooc . Then we find an element zel for which

(u,z)fen and (z,v)Gc< . Thus ot(z) ¢ p(u) and because

vea(z) it follows that vt |I>Cu) that is (u,v)e ™ ¢

Thus Jecxcp , Let (u,v)ej*> now. According to (4) we

find such a t e Dw that (t,v)Eo< and c¢xCt) ¢ £ (u).

Then (u,t)e] and because (t,v)ec< so  (u,v)Gfje>cx

It follows that C *<X

In this way the following !Lenma 4 has been proved.

LEMVA 4.
A V (« . «.««elL ea* all V ;a)€o< nnex(y)e &(X)]
«,"6B CgB J r (x.arytin

i
According to Lemma 1 we obtain:

LEMVA 5.

(y,a)ec* ANCy)cfe(x)

Lb)*b AXY) (D) |

Now relations between conditions (5}» (6), (7)wi|| be

examined. Let conditions (.6) and (7) be satisfied for rela-

tions o, ji GB. Let te 1~. Then we find such 861n that

(sft>Gex . As (7) is true for (s,t) there is
which (v,t)ef> and

veD” for
£(v) ctxCs). According, to (6) we
can find for (v,t)e when (r,t)&<* and
a(r) cf (v). Because tt a(r)c f»(v)c , then d~c

Analogously, d~c (C~ . Thus (5) follows from (6) and (7)<é1



Let x = {1,2,3], ots = {(1,2), (1,3) ,(3,2)},
s = {(1,2),(2,3),0,2)} be considered now. Then we have
WE = (2»3) =dot ends
for a pair (1,2)fcoi we find vy = 1lfcD” such that
0,2)fcf> and £C1) = (2Yca (1l = {2.,3]j,
for the second pair (1,3)t « we find z = 2~1H)~  for
which  (2,3H £ and p>2) = {3}c{2,3 = o<(),
and for the third pair (3,2) tot we find v = 3b-TA such
that (3,2>f> and £(3) ={2}ccx(3) = {&

Thus conditions (5) and (7) take place while condition
(6) is not satisfied because for (2,3)tE> we find one and
only one element t =1 in for which (1,3)tcx , but
ot(1) = {2,3}" {3} = £ (2).

In the presence of symmetry of conditions (6) and (7)
we draw a conclusion about the independence of condition (7)
from the conjunction (3) and (6). From the above example it
follows that (6) does not depend on (7) and reciprocally.
Obviously condition (53 does not depend on (7), because for
relations jp: = {(1,1D], S : = {1, .,(2,2)} on the set
X = {1,2]] condition (7) is satisfied, but not (5) (d*. dg).
Analogously, the conclusion is true for (5) and (6).

Conclusion 1.

i {Ic*Ep> P£>((6) and (7) for ot and p3

oc.js"B

It must be noticed that
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b v/ (cx«& lfcnnon rcx)<=

tB
4= C§°CX *jiln o *Kl) <=m'L ~

is valid in a*semigroup (Bj *)

Then it is true that»

LEMVA 6.
n cX'ftA <=> oxX1£ b
CX"6B r
§82. In this paragraph we will describe the maximal
subgroups in a semigroup of relatione (B; J)

According to the definition of the relation *3 and
Lemmas 5 and 6 and the conclusion 1 we can form the
following theorem»

THEOREM 2.

rofl V @aaa@;d@

anA V cionwerngy) c aco.
Cz,b)6ot vfeD™

Ctioc—%stld’(C,K)C*ﬂorIoe

apn  V  @orf) A ccTVo .

CdjO&oi Ofedp

Jil <Xif> <=*><

Conclusion 2. If « T ~ then = Dp, end d~. = (O
According to Lemmas 2, 3 and Theorems 1, 2 we can for-
mulate a necessary and sufficient condition!'when any rela-

tion a & B belongs to the maximal subgroup with unit
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8§t B in semigroup (B; )

THEOREM 3.
il [ocTio Ci),Cii);CUOQ/iv) £r oc ond”
<Sea'
ad M @) SJIe
Conclusion 3. Relation c*t B Belongs to a maximal sub-

group of the relations contained in B with superposition
as a binary operation if and only if there is such B

that ¢ =2°" an* oc and g satisfy connections (i) -(iv).

§ 3. Now we shall formulate two conclusions which result
mainly from Theorems 2 and 3 when relation ex is a function
but idempotent J is a relation, or oc and idempotent 9
are functions. n

Let us assume that relation ftB is a function i/vhere-
as §bB and §+8§8 =8« Let also flIt5. Let (x,a)£5
Then according to conclusion 2 at < =<If. W always find
such y tDf that (y,a)fc f and fCy) = {a} c 8Cx). The
condition Ci) is trivially satisfied but conditions (ii) -
(iv) take suitable forms (with the functional notation

for f):

ar) N1V @jifcfj A) <3 »
ay A g A (I)css))

v Civ) n V '"(d,n)€S As4n) c£ VfCcd)) .
dtT>£ ns (L
Therefore there is:



Conclusion 4. If f is a function and g is an idem-
potent from B, then f W5 if and only if conditions Cii”®,
Ciii'), Civ*) and ([f = are satisfied for f and g

Let f, g he functions. Let also f3tg and gog = g.
Then according to conclusion 2, conditions (ii) and Ci) are
trivially satisfied. But (iii) and (iv) take the following

forms:

Gii)  JL cfiD» nricreo) ¢ ¢ 1Qeo)

ceD
vy A 8 d*D_ »g1(@) ¢ -1
Civ)  JAS g d (9(d)) ¢ f~1Ca)
Conditions Ciii")and Civ")are obviously equivalent

to the condition:
I\ cel) n g“l(gCc)) s f“1(fcc)) .
ceDf 6
Because g is an idempotent, then g(gCx)) = gCx) and

V Dg and g|* is the identity function on <tg.

Let now ylfy2e([g =<[f c'Dg sDf and let fCy~ * fCy~
Then

f*lefeyr) = f-lcfey2) = g l(geyd) = g"L(g(y2"
and consequently gCy,j)) = g(y2 and then y~ = y2« It has
been proved that f|J»~» ~ is an injection.

Besides, if f3?g, then there is such a relation h in
a maximal subgroup with unit g in the semigroup B for

f that g = hof.
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Let now yfc<tg. Then (y,y) eg = h«f and thus there is

such an element xQ that (y.,xQe h and (x0,y)&f
that Is f(x)=y. And so f I is a surjection ([
d-»<£r
on dB. Thus we_ haves b
i
Conclusion's. If f, g are functions from B and g

is an idempotent then:
(a) fitg if and only if D» - Dg and <[ =dg and

f*f"1l = g«g-1 and t\iiJg is a permutation ([g,

(b) g™ is the identity function on dg.

Remark. Conclusion 5 has been already formulated
by S.Serafin in C33 and is based on C1/7, but he has arrived
at it in a different way. He has formulated it for the semi-
group of partial transformations, which is a subsemigroup

of semigroup B.
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