STANISLAW SERAFIN

On commuting idempotent functions

This paper presents some fragment of dealing on sub-
semilattices in the semigroup *IrcM) of all mappings from

M to itself.

1. Let M be a set and f fT CM) an idempotent element
in the semigroup T (M) i.e.
Cl) ff =1.
The equality (D is equivalent to the following condition:
the components of the partition can be indexed
using elements of the range (L™ such that

c2) Mf-1f = (MJ ~ and for i&C~. we have i = f(i)eMit

f fCMj) = {i}.
We shall construct all the mappings g s”CM) fulfilling
the conditions:
(3) BS= St
CD gf =fg.

2. Suppose first that gtT CM) fulfills C3)» CD«
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Then by (A)

fCeCM7) = gCfCMj)) = g((i}) = {g(i)J .

Hence gCMj) is contained in a certain

Thus

(5) A V (gO0O C a g(i) =j), and
i*<Lf d*tf 4 1 3 '

g s= gl F*T«TT) .

For the sequel introduce the sets

«S: = g(df) and for s6S V =S “1([a}) . VY -:_y M,.
s 1*],
Evidently ﬁ U |S and M- U Vl
s é S 8 stS

Moreover selg, since Sc(£g and from (3) ¢gC8) = S.

Thus the familly [18] is a partition of and
s S
{nn is a partition of M satisfying the relations
SIsbS

g(Us) CMgcUg for seS.
Let
g9 = glug,.
It is obvious that ngT (TJS) and according to (3) for
every X&Us there is
BA(BAOO) = g.,(9Cx)) = g(gCx)) = g(x) = g4Cx)«
Thus

and



3. Conversely, we shall prove that every mapping

g eT CM) constructed hy conditions found in 2. satisfies

(3) and
Let O O Sc<£f, {IB} he a partition of (£f (if s,. 0 s-,
s e
then IBan I-Bgs 0) such that sfcl,B for soS.
Next denote Ua: — U M.. fu?} is a partition of
3 iols 1 s &S

M and MSCDS (s(S),
Moreover let géeTCUS) he an arbitrary idempotent

mapping from Ug to itself, satisfying the conditions:
s.U>- W, 6@ cm,.

If g! -u g , then for xeM there exists some s&S
st S 3

such that xfrUJ5 and gD(i)bM ol and consequently
g(gex)) = 9(99Cx) = g8(gs(x)) = gs(x) = g(x).
To verify the equality (4) for x6M we find the unique
io<t® with xeM” and next the seS such that iels
and
x fe c Ug.

Hence f(g(x)) = f(g8Cx)) e f(Mg = (s) and

g(fCx)) = g(i) - gs(i) = s.

Thus we have proved our statement*
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