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On commuting idempotent functions

T h is  paper p re sen ts  some fragment o f d e a lin g  on sub­

s e m ila t t ic e s  in  the  semigroup *ГСМ) o f a l l  mappings from 

M to  i t s e l f .

1. L et M be a s e t  and f  fe T CM) an idem potent element 

in  th e  semigroup T (M) i . e .

C1) f f  = f .

The e q u a lity  ( D  i s  eq u iv a len t to  th e  fo llo w in g  co n d itio n : 

th e  components o f the  p a r t i t io n  can be indexed

u sin g elem ents o f the  range (L  ̂ such th a t 

C2) M/ f - 1 f  = (M J ^  and fo r  i& C ^ . we have i  = f ( i )e M i t

f  fCMj) = { i } .

We s h a l l  c o n stru ct a l l  the  mappings g  s 1]” CM) f u l f i l l i n g  

th e  c o n d itio n s :

(3) B S = St

C D  g f  = f g .

2. Suppose f i r s t  th a t  g t T  CM) f u l f i l l s  C3)» C D «
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Then by ( A )

fCeCM^) = gCfCMj)) = g ( ( i } )  = { g ( i ) J  . 

Hence gCMj) i s  con tain ed  in  a c e r ta in  .

Thus

( 5) A V ( g O O  C  a g ( i )  = j ) ,  and
i * < Lf  d * t f  4 1 3 '

g s= g  I <rf *T«Tf) .

For th e  seq u el in tro d u ce  th e  s e ts

«S: = g (d f ) and f o r  s 6 S V = S “ 1 ( [a } )  . U : = U M ,. 
3 i* I,

E v id e n tly <£f = U is
1 s é S  8

and M = U и
s t S  3

•

Moreover s e l g ,  s in c e  S c (£ g and from ( 3 ) gC.8) = S .

Thus th e  fa m illy  [ l 8 ] i s  a p a r t i t io n  o f and
s fe S

{ и Л  i s  a p a r t i t io n  o f M s a t is f y in g  the r e la t io n s
SJ s ь S

g (U s) C M g c U g f o r  s e S .

Let

= g l u „ .gg = g U g .

I t  i s  obvious th a t  g 0 e T  (TJ ) and a cco rd in g  to  ( 3 )  fo rs s
every x  & U_ th e re  i s

S

вд(вдОО) = g„(gC x )) = g(gCx)) = g (x )  = g 4Cx) «

Thus

and

gs g s = g s  fo r  s e S

g  = U  g a *
s « S 3



3. C o n v erse ly , we s h a l l  prove th a t  every mapping 

g e T  CM) co n stru cted  hy co n d itio n s  found in  2 .  s a t i s f i e s  

(3 )  and

L et 0 0 Sc<£f , { l B} he a p a r t i t io n  o f (£f  ( i f  s,. 0 s - ,
s ê Б

then I  n I _  s  0 )  such th a t  s  fc l_ fo r  s o S .  в /j Bg в

Next denote Ua : = U M. .  fu_} i s  a p a r t i t io n  of
3 i o I s  1 3 s & S

M and M c D  ( s ( S ) ,  s s

Moreover l e t  g - e T C U . )  he an a rb itra r y  idempotent s s

mapping from Ug to  i t s e l f ,  s a t is f y in g  the  c o n d itio n s :

s.U.> - W , 68C0o) cm,.
I f  g !  - u  g , then f o r  x e M  th ere  e x is t s  some s & S  

s t  S 3
such th a t  xfrU _ and g „ ( i ) t M ol and consequently5 D O

g(gcx )) = g (g g Cx)) = g 8(g s (x)) = g s (x ) = g ( x ) .

To v e r ify  th e  e q u a lity  (4 ) fo r  x  6 M we f in d  the unique 

i o < t ^  w ith  x e M^  and next th e  s e S  such th a t i e l s 

and

x fe c  Ug.

Hence f  (g (x )) = f ( g 8Cx)) e  f(M g) = ( s )  and 

g(fC x)) = g ( i )  -  g s ( i )  = s .

Thus we have proved our statem ent*
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