STANISELAW SERAFIN

Solution of the translation equation on extensions
of semigroup with zero-multiplication

1 Let (S, *) be a semigroup with zero-multiplication

(s. s ={0}),
(G, *) a semigroup with identity element 1,
such that
SnG =0 and card(S) >1.

We introduce

C IsSuG
and for x,y efL

*o 7. «hen x,yeS or x,)yeGgG,
X0y Ix

v, when xeG, yeS or Xx&S, yoG.
Under above assumptions (j E #°) is the ideal extension of
the semigroup S by G° (G with adjoined zero element)
Obtained using the homomorphism gq * G -» S such, that
<f(x) - 0 for x*G(see fl], p.167).
Remark 1. The zero-homomorphism iB the unique
homomorphism from (G, ¢) to (S, )t Indeed for xaG

and a homomorphism h: G — we have
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h(x) = h(1 »x) = hCl) « h(x) = 0.
Consequently if (G, *) is a group, then (5BH» ) s iso-
morphic to every ideal extension of CS, ) by (G°, )

constructed using homomorphisme from G to S.

2. Let ' be an arbitrary nonempty set and
P: T xXE -)T

be a solution of the translation equation

(1) F(F(o.,x),y) =F(oc,xoy) for cxel , x,yeéf.
Introduce l'=p I [ X Gf
F2: = F 1 [x s.

Evidently F”~, F2 are solutions of the translation equa-

tion with the fibre I' -on (G, ¢) and (S, °*) respective-

ly*

Moreover there is

(2) F1(F2 (cx,x),y) F2(oc ,0), for oill , xeS, yeG,

(3) F2CP1C”™ »x),y)

FgCtx.0'"), for ocel , x1 G, ye S.
It is easily seen:

THEOREM 1, A mapping F: [ xz! ~ is a solution of
the translation equation on the semigroup (ZD **) with the
fibre T iff there exist solutions F~f F2 of the translation
equation with the fibre I on G and s respecively,
satisfying (3), O') and F, =P | x G Pgsa P|T X S(

3. Ve know the general solution of the translation

equation on a semigroup with zero-multiplication (see [23)

118



and now we shall investigate if every solution F~ of the
translation equation on G can be extended to the solution
of this equation onE and the analogous problem for solu-
tions of the translation equation on S.
First we shall prove the following:

THEOREM 2. For every solution Fg of the translation
equation on S with the fibre I' there exists an extension

F which is a solution of the translation equation onID ,

with the same fibre I' | under additional condition
F(TXE) = F2 (' x S) this extension is uniquely determi-
ned.

Proof. Let F2: T x S-»I Dbe a solution of the

translation equation. Then (see [2]) there are determined

~ Ul i tPihfcl > .. . such that
ifei
«. bPj c M. for ibl
[Mﬂ is a partition of [ f where M n Mj = 0 for

lisl
i ~ j and moreover -
F2Mi x S) = Pif F2 (o<.x) =0
for ox 6 Pit x&S or c¢cxeM”™ x = 0.
Suppose that F: [ *E P satisfies the translation

equation onE and F2 =F |I x S.

For i &l and oceP+ we find frM. and resS such
that = F2Cf ,x0) = oc.
If for some ytG there is F (oc,y) / then

119



F(F(f> ,x0),y) £ c¢*~ and on tho other hand

FOKp.x~.yl) = F(jb ,x0.y) = PCF* 0) = P2Cf,0) = <.
This contradiction proves, that
FCPj* x G) = {04} for i 61.
Let now itl and cxe If for some x eG we have
F(<x,x)feM”~ and i ~ j, then
PCPC°<|X),0) =F2CFCoc,x),0) &2(Mj = S) pA

and

F(F(oc,x),0) =F2(<xf0) = ai Py
Whence F(M”~ x 6)c M for i61.
Assuming additionally P(Ir*]C) = F2(r x S) we obtain
FIMA x G)cMinF2(r x.S) = Pi. In this case for every
exe Mf x €G there is

F(oL,x) = F(FC<*,1),x) 6F ~ x G) = {04}

and consequently
4) FCMt+ x G) = {04} for i el.
If we denote F”: = F | x G, under condition
F2 (I x S) =PCIX) we have thus for it |
(5) ; ?21cMi x G) = tetjj.
The mapping F» is by (5) uniquely determined and it is a
solution of the translation equation on G.
In fact if F~ s defined by (5)» itl, X, y&G,
then PlcPlC<x,x\y) = PlcCai,y) = cxx = Flaxk,x* y).
We shall examine that F~ defined by (5) satisfies C2) and

(3). If id , «e xtS, yeG we have for such
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Ne20 ] X),y) £ F.jCPi x G) =
so that

P1cP2C«»x>»Y) = «i = FgCotfO).
Similarly if ifcl, ocfeMit x&G, y*S we obtain

F2(F1GCx ,x),y) = FgCo”™.y) = <t = f2CGx ,0).

In result the mapping F* determined by C5) is a solution
of the translation equation on G extending F2 to the
s6lution F of this equation on H t when
F2CIr x S) = FCrxE) it is the unique mapping with these
properties.

Remark 2. The mapping F~i ' x G *ml given by
(5) is a trivial solution of the translation equation on
in the sense that F~(a. ,x) = F*oc.,1l) = f(cx) when cx&r,
X &G and

f(fCoO) = f(cx) for every o<e [

COROLLARY. A solution F~ of the translation equation
on G can be extended to solution of this equation on HI
with the same fibre [ and property F(.r*£) = FCI x S)

iff Fn is trivial.

G

Proof, (a). If is not trivial and F» = F|Tx G,

F(r x2) =F(r x S) then F2: = F]Jrx S is a solution of
translation equation on S which is extended to F by F
This is in contradiction to Theorem 2] (b). Let fs I' - [

ff =f, Frotjx) = f(ot) for every cuel , x&G. Assume

N

that F~(I' x G) = {oij} , where ocM " for i / d.
T
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Next denote M~ = f”1({<*}}) and choice Pic such that
oCjltP~. Let further f~ be a surjective mapping

txi M x S -» Pi with condition f» C«.,x) = 04 when

cx fe Pif xeS or cx feMit x = 0. The mapping V M x S-*r
given by formula

F?2: v U f,
2 iel 1

is a solution of the translation equation on S and (2),

O ) are obviously fulfilled.

So
I'F,, Gx,x) when ofelr , x G
F Ox ,X)S -
[ P2(cx x> when «fcl , xfeS
is an extension of onE

It is evident, that this extension must not be unique in

general.
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