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Solution of the translation equation on extensions 
of semigroup with zero-multiplication

1. L et ( S ,  *) be a semigroup w ith  z e r o -m u ltip lic a tio n  

( S .  S  = { 0 } ) ,

(G , •) a semigroup w ith  id e n t ity  element 1 , 

such th a t

S n G  = 0 and ca rd (S ) > 1 .

We introdu ce

C is S u G

and fo r  x ,y  e£L

X O y l x
* •  7 . «hen x ,y  e S  or x ,y  e G,

w0 , when x e G ,  y e S  or x & S ,  y o G .

Under above assum ptions (j E  # ° )  i s  the  id e a l ex ten sio n  of 

the  semigroup S by G° (G  w ith ad join ed  zero elem ent) 

Obtained u sin g the homomorphism q  * G -► S such, th a t 

< f(x ) -  0 fo r  x * G ( s e e  f1] , p .1 6 7 ) .

R e m a r k  1 .  The zero-homomorphism i B  the unique 

homomorphism from (G , • )  to  ( S ,  •) t  Indeed fo r  x a G  

and a homomorphism h : G — we have

117



h (x )  = h (1  • x )  = hC1) • h (x )  = 0 .

C on seq u en tly  i f  ( G ,  • )  i s  a grou p , then  (5H » • )  i s  i s o 

morphic t o  every  id e a l  e x te n s io n  o f  C S , • )  by ( G ° ,  •)  

c o n s tr u c te d  u s in g  homomorphisme from  G t o  S .

2. L e t  Г  be an a r b itr a r y  nonempty s e t  and

P: Г  x E  - ► Г

be a s o lu t io n  o f  th e  t r a n s la t i o n  e q u a tio n  

(.1) F ( F ( o . , x ) , y )  = F ( o c , x o y )  f o r  схе Г  ,  x , y e £ .

In tro d u ce  ! = P I Г  x G f 

F2 : = F  I Г х  S .

E v id e n tly  F ^ , F2 a re  s o lu t io n s  o f  th e  t r a n s la t io n  equa

t i o n  w ith  th e  f i b r e  Г  -on  (G , • )  and ( S ,  • )  r e s p e c t iv e 

ly *

M oreover th e r e  i s

(2) F 1 (F 2 ( c x ,x ) ,y )  = F2(oc , 0 ) ,  f o r  oi l  Г  , x e S ,  y e G ,

(3) F2 CP1 C^ » x ) ,y )  = F g C tx .O ') , f o r  о с е Г  ,  x l  G,  y e  S .

I t  i s  e a s i ly  s e e n :

THEOREM 1 ,  A mapping F :  Г  x Z !  ~ i s  a so lu tion  of 

the tran sla tion  equation on the semigroup (ZD * *) with the 

fib re  Г  i f f  there e x is t  so lu tion s F ^ f F2 of the t r a n s la t io n  

equation with the fib re  Г  on G and S resp ec ively , 

sa tis fy in g  ( 3 ) ,  O') and F,, = P | Г  x  G, Pg я  P | Г  x S (

3. Ve know th e  g e n e r a l s o lu t io n  o f th e  t r a n s la t io n  

e q u a tio n  on a sem igroup w ith  z e r o -m u lt ip l ic a t io n  (see [23)
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and now we s h a ll  in v e s t ig a te  i f  every s o lu tio n  F^ of th e  

tr a n s la t io n  equation  on G can be extended to  the s o lu tio n  

o f t h i s  equation  on E  and the  analogous problem fo r  so lu 

t io n s  o f the  tr a n s la t io n  equation  on S .

F i r s t  we s h a l l  prove th e  fo llo w in g :

THEOREM 2 .  For every s o lu tio n  Fg o f the  tr a n s la tio n  

equation  on S w ith  th e  f ib r e  Г  th e re  e x is t s  an exten sion  

F which i s  a s o lu tio n  o f th e  tr a n s la t io n  equation on ID , 

w ith  the  same f ib r e  Г | under a d d itio n a l co n d itio n  

F ( T x E )  = F2 ( Г  x  S ) t h i s  ex ten sio n  i s  uniquely determ i

ned.

P r o o f .  L et F2 : Г x S -► Г be a s o lu tio n  o f the 

tr a n s la t io n  e q u a tio n . Then (s e e  [ 2 ] )  th ere  are determined

^ U !  i t P î hfcI > such th a t

« .  ь Pj с  M.

ifei

fo r  i b l

[ м Л  i s  a p a r t i t io n  of Г  f where M. n Mj = 0 fo r
1 i s l  1 3

i  ^ j  and moreover •

F2 (Mi  x S') = Pi f  F2 (o<.,x ) = 0̂  

fo r  cx 6 Pi t  x & S  or c x e M ^  x  = 0 .

Suppose th a t F : Г  * E  P  s a t i s f i e s  the  tr a n s la tio n  

equation  on E  and F2 = F | Г  x  S .

For i  & I  and осеР ± we fin d fr M. and r e S  such

th a t = F2 Cf> ,x 0)  = oc .

I f  fo r  some y t G  th ere  i s  F (ос ,y )  /  then
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F(F(f> ,х 0) , у )  = £ с*.  ̂ and on tho oth er hand

F O K p . x ^ . y l )  = F(jb , x 0 . y) = PCf* , 0)  = P2 C f , 0)  = <х± .

T h is  c o n tr a d ic t io n  p ro v e s, th a t

FCPj^ x  G) = { 04}  fo r  i  6 I .

Let now i t l  and cx e I f  fo r  some x eG we have 

F ( <x , x ) f eM^ and i  ^ j ,  then

Р С Р С °< | Х ),0 ) = F2 CFCoc, x ) ,0 )  & F2 (Mj  x S )  P^

and

F ( F ( oc ,x ) ,0 )  = F 2 (<xf 0 )  = a i ^ P  у  

Whence F(M^ x 6 ) c M. f o r  i  6 I .

Assuming a d d it io n a lly  Р ( Г * ] С )  = F2 ( r  x S ) we o b ta in  

F(M^ x  G ) c M i n F 2 ( r  x . S )  = Pi . In  t h i s  case  f o r  every 

exe Mi f  x  € G th e re  i s

F ( o L , x )  = F(FC<* , 1) , x )  6 F ^  x  G) = { 0 4 } 

and con sequen tly

(4 )  , FCM± x  G) = { 04} f o r  i  e l .

I f  we denote F ^ : = F | Г  x  G , under c o n d itio n  

F2 ( Г  x  S )  = Р С Г ХЕ )  we have th u s fo r  i t  I

( 5 )  ; ? 1CMi  x  G ) = t e t j j .

The mapping F^ i s  by ( 5 )  uniquely determ ined and i t  i s  a 

s o lu t io n  o f th e  t r a n s la t io n  equ ation  on G .

In  f a c t  i f  F^ i s  d efin ed  by ( 5 ) »  i t l ,  x , y & G ,

.then P1CP1C < x ,x \ y )  = P1 C a i ,y )  = сх± = F1Co<k ,x *  y ) .

We s h a l l  examine th a t  F^ d efin ed  by ( 5 )  s a t i s f i e s  Ç2) and 

( 3 ) .  I f  i d ,  « e x t S ,  y e G  we have fo r  such F^
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№2 0 | X ) , y )  £  F.jCPi x  G ) =

so th a t

Р1СР2С«»х>»У ) = « i  = FgCotfO ).

S im ila r ly  i f  i f c l ,  ocfeMi t  x & G ,  y * S  we ob ta in

F2 (F1 Ccx , x ) ,y )  = F g C o ^ .y )  = <x± = f 2 C<x , o) .

In  r e s u lt  th e  mapping F^ determ ined by C 5 )  i s  a s o lu tio n  

o f th e  tr a n s la t io n  equation  on G extending F2 to  the  

s ó lu tio n  F o f t h i s  equation  on H  t when 

F2 С Г  x  S )  = F C r x E )  i t  i s  th e  unique mapping w ith th ese  

p r o p e r t ie s .

R e m a r k  2 .  The mapping F ^ ï Г  x  G -*■ Г  given  by 

( 5 )  i s  a t r i v i a l  s o lu tio n  o f th e  tr a n s la t io n  equation  on G 

in  the  sense th a t  F ^ (a . ,x )  = F^(oc. , 1)  = f ( c x )  when сх&Г,  

x & G and

f( fC o O )  = f ( c x )  fo r  every о<е Г  .

COROLLARY. A s o lu tio n  F^ o f th e  tr a n s la t io n  equation  

on G can be extended to  s o lu tio n  o f  t h i s  equation  on HI 

w ith  th e  same f ib r e  Г  and property F ( . r * £ )  = F СГ  x  S )  

i f f  Fn i s  t r i v i a l .

P r o o f ,  ( a ) .  I f  i s  not t r i v i a l  and F^ = F | T x  G,

F ( r  x 2 )  = F ( r  x  S )  then F2 : = F | r  x  S i s  a s o lu tio n  of

tr a n s la t io n  equation  on S which i s  extended t o  F by F ^ .

T h is  i s  in  c o n tr a d ic tio n  to  Theorem 2 | ( b ) .  L et f s  Г - ► Г  «

f f  = f ,  F ^ o t j x )  = f ( o t )  f o r  every cue Г  , x & G .  Assume

th a t F^ ( Г  x  G) =r {o ij}  , where oc  ̂ ^ fo r  i  /  d.
î  ^ I
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Next denote M^: = f ”1 ({<*}}) and ch o ice  Pi c such th a t

oCjltP^. L e t fu r th e r  f ^  be a s u r je c t iv e  mapping

t ± i Mt  x  S  -► P i w ith  c o n d itio n  f ^  C « .,x ) = °4 when

cx fe Pi f  x e S  or cx feMi t  x  = 0 .  The mapping V Г  x S -* r

g iv en  by form ula

F? : ï  U  f ,
2 i  e  I  1

i s  a s o lu t io n  o f th e  tr a n s la t io n  equ ation  on s and ( 2) ,

О )  are  o b v io u sly  f u l f i l l e d .

So

Г F,, C«x ,x ) when o(fe Г , x fc G

F Ox ,x) s Г J
[ P2 (c* ,x> when «fc Г  , xfe S

is  an e x te n sio n  o f  on E •

I t  i s  e v id e n t, th a t  t h i s  e x te n sio n  must n ot be unique in  

g e n e r a l.
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