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On the solvability
of the Riquier type boundary value problem 

in the half-space

1. L et Q  = \ x  e Bn+1 j x Q+<j > o j ; В -  l in e a r  e l l i p t i c  

d i f f e r e n t i a l  operator o f order 2 *k w ith  complex c o e f f i ­

c ie n t s .  We s h a ll  con sid er th e  boundary va lu e  problem:

{Epu (x ) = 0  ; x t  Q ,

E^utx) = f .j( .x )  j t j  = 0 , 1 , 2 , . . . , p - 1 ,

where E ° = I  ( i d e n t i t y  o p e r a to r ), E** = E^“1 о E ,

0 = 1 »2 , • • • , p .

In  [ 1] Agmon, D o u g lis , Nirenberg have considered the so 

c a lle d  complementing c o n d itio n s . I f  th ese  co n d itio n s are 

f u l f i l l e d  we are ab le  to  use some e stim a te s  (n ear the 

boundary) fo r  a s o lu tio n  o f th e  considered boundary value 

problem and to  so lv e  the problem w ith  some a d d itio n a l assum­

p tio n s  on f  j  .

In  our paper we s h a l l  prove th a t w ith some' assum ptions 

on the operator E the complementing co n d itio n s are s a t i s ­

f i e d .  With some a d d itio n a l c o n d itio n s  on th e  fu n c tio n s  f_.
%)

we s h a l l  g iv e  a ls o  the  s o lu tio n  o f problem ( 1 ) .  Next we

123



M oreover, we s h a l l  show th a t the  complementing con di­

t io n s  may n ot h old  fo r  th e  problems 

|"Epu tx )  = 0  ; x t 3 ,

shall give an example of the operator!! for which the comple­

menting conditions do not hold.

CO
when

F ^ u  x  =  f . j  x  5 x t ' c l Q

F Ł E CF° = I ,  F^ = F^“1

? d = 0 * 1 * 2 , • • * , p—1,  

о F ,  Ô = d»2 , • « . , p—1) »

2. Complementing c o n d itio n s  are connected w ith  the  

system  o f o p e ra to rs  appearing in  th e  boundary v a lu e  problem , 

so we s h a l l  use th e  phrases! complementing c o n d itio n s  fo r  the 

system  o f o p e r a to r s .

L et Q c E n+  ̂ be a domain w ith  boundary Г o f C^ c la s s ,

-  ( —  -  \ 7 Щ
.  П .У . -  • * • 

'b x ^ ;)•
Suppose th a t  L = L (x ,D ) i s  a l in e a r  d i f f e r e n t i a l  operator

«ь
wi th complex c o e f f i c i e n t s  o f order 2ш\ x e Q , .

L '  = L * (x ,D )  i s  th e  le a d in g  p a rt o f L ( t h e  p a rt o f h ig h e s t

o r d e r ) .

L e t = В^(х',1>) (d  = 1 , 2 , . . . , m )  be l in e a r  d i f f e r e n t i a l  

o p e ra to rs  w ith  complex c o e f f i c i e n t s ,  d e fin e d  f o r  x e  Г ; 

l e t  B ^ ' = B ^ '(x ,D )  be th e  le a d in g  p a r t o f B^ ( d =1, 2 , .  .,m ).

For every p o in t x  in  th e  c lo s u r e  Q we assume the 

fo llo w in g  c o n d itio n  on L î

f o r  every p a ir  o f l in e a r ly  independent r e a l  v e c to r s  

u,w «. En+1 th e  polynom ial in  th e  v a r ia b le  T : L*Cx, u  + fPw)
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has e x a c tly  m r o o ts  w ith  p o s it iv e  imaginary p a r ts .

At any p oin t x o f Г  l e t  n denote the  normal to  P

and u jÉ 0 any r e a l  v e c to r  p a r a l le l  to  th e  boundary.

DEFINITION. We req u ire  th a t  th e  p olyn om ials, in

T , B ^ (x ,u  + T n ) , 3 = 1 , 2 , . . . , m ,  be l in e a r ly  independent 
" m

modulo th e  polynom ial ЧГ (?  -  (u)) ,  where T^Cu) are
k=1 K K

th e  r o o ts  o f L #( x , u  + Tn) w ith  p o s it iv e  imaginary p a r ts .

Then, by d e f in i t io n , the  system s o f op erators Ь , В .0
( j  = 1 , 2 , . , . , m )  f u l f i l e s  th e  complementing c o n d itio n s .

3. We s h a ll  form ulate and prove th e  theorem on f u l f i l ­

l in g  complementing c o n d itio n s  by a system  o f operators fo r  

th e  problem (1) .

THEOREM.

1)  I f  Q = Q  = [ x o K 11̂ ,  xn+1> 0 ) ,

2) E i s  a l in e a r  e l l i p t i c  operator w ith complex co e f­

f i c i e n t s  o f order 2k t

3) fo r  every p a ir  o f l in e a r ly  independent r e a l v e c to rs  

u .w t R 114̂  th e  polynom ial in  the  v a r ia b le  :T Е*^х,и  + w T) 

has e x a c tly  к r o o ts  w ith  p o s it iv e  im aginarylparts (  fo r  

any x  e Q  ) ,

4) V 3  „ E #( x , ( &  ,T))|has as a polynom ial in
х в Г  3

T a t le a s t  one ro o t o f 1 -o rd e r  o f a ro o t o f  к-o rd e r  w ith a 

p o s it iv e  imaginary p a rt

then the  system of operators fo r  the  problem (1) f u l f i l s
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P г  о o f .  F o r  s im p l ic i t y  assume th a t  Б i s  eq u al to  

i t s  le a d in g  p a r t  E #.

Then L '  = CBp ) #= E * .

Order o f  L = i P  i s  2pk and 2 )  and 3 )  im ply th a t  th e  

p o ly n o m ia l ( i n  T )  L ' ( x , u  + Tw) h as e x a c t ly  pk r o o ts  

w ith  p o s i t iv e  im agin ary p a r ts  ( f o r  any x t Q  and every 

p a ir  o f  l in e a r ly  independent u,w t  Rn+1) .

F ix  х ь Г  • F o r s im p l ic i t y  we s h a l l  n o t w r ite  x  in  

th e  o p e r a to r s .

In  our ca se  Г  = £x e R n +1: xQ+1 = o } .  I f  n i s  normal 

t o  Г  a t  p o in t  x  and O £  u £ B n+\  u i  n th en : 

u + T « n  = ( 5 , 0 )  + T * ( 0 ,1 )  = ( 5 , T )  where Ô j i l t R 11,

(We use th e  n o ta t io n  x  = ( x ,x n+/j)  f o r  x e rRn + 1 : x  t R n ,

For p o ly n o m ia ls  U , W (W 0 )  by s h a l l  denote

th e  r e s t  o f

L e t T* a re  th e  r o o ts  o f  E ( (û ,T ) )  w ith  p o s i t iv e  im . 

p a r ts  and

T“  are th e  r o o t s  o f  Б  ((u ,T )) w ith  n e g a tiv e  im.

p a r t s .

Assume f o r  exam ple, t h a t  i s  a s in g le  zero  o f polynom ial

В ((5 ,1 9 ) .

In  th e  c a s e  o f  T^ zero  o f  к-o r d e r  th e  p ro o f i s  s im ila r  to
ł

th e  above one.

t h e  c o m p le m e n t i n g  c o n d i t i o n s .
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L et

(2)

L et

х = т - т ; ,  ^  = i î  -

HjW =aX3'1 (X ♦ f'*;3"1 T  (x ♦ f  *)3-1 (X * f " ) 3- 1,
t  = 1 , 2 , . , p ,

= x p T  cx  + f . ;> p ,
n=2

| 5 Ą
l * ( x > /

B ^ X )  = rl

P u ttin g  X  = T -  T* in to  the  polynom ials 

c* ( T  (T -  T+)(T -  T“ ^ " 1

and CT “  ® J)P we have MLj(X) and M CX) a cc o rd in g ly .

The lin e a r  s u b s t itu t io n  X  = T -  t | has no in flu e n ce  

on lin e a r ly  independent i so me have only to  shorn, th a t p oly ­

nom ials , 1*2 »• . .  ,Rp are l in e a r ly  independent.

Because deg M >  deg f o r  j  4 ^  + 1 , then

( 3 )  B -jC *) = Hd ( X )  =

<* + Й ) ’ " T  < » ■ ♦ » ; > ' ■ *  u *  ? : > ' • ' . к » , , .
n=2

For ô >  I  + 1 the polynom ials M.. and H have the  common 

d iv is o r

Q = X 3’ 1 T  ( X +  O ’5" 1 *
n=2

For any polynom ials W ,V,Q: i f  7 ^ 0 ,  then me have
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< н м ? ь
then

М  * i

+ lu  + plV_l
n=2 ' к

J  |U  + ) ł “ U - 1)y

h  > f  + 1 .

ix'_i TT (x + ft.V*1
n=2

k =2

Let

EjJ ( X )  = ^

By form ulas ( 3 )  (Л )  me g e t

o i i <  J -  1
кJ i- г  r 

a
а и 1Ч

й - T  i
n=2

* k.

» 1 = 3 - 1  ; 3 <  ~  + "> ?

к

V n=2 n» 2
i . ? -  I  n  u H  < i  -  s - - . .  i

We have assumed, th a t  T^ i s  th e  r o o t o f 1 -o rd e r  hence:

^ О (n  = 2 , 3 , . . . , k )  moreover f > "  ^ О (n  = 1 , 2 , . . . , k ) j  

cx ^ 0 .  Then aj.^ = 0 f o r  1 < 3 -1  and a ^  0 fo r  

1 = 3 - 1 ,  1 = 0 , 1 , 2 , . . .  and th e  determ inant o f  m atrix

Д  = [ а ^ З  i s  d if f e r e r ^ l from  z e r o , b ecause A i s  a 

t r ia n g u la r  m atrix  w ith o u t ze ro s  on th e  d ia g o n a l. Hence the 

p olyn om ials H<J,E 2 , . . . , R p  are l in e a r ly  independent ( [1] 

P .6 3 3 ) .

Because x  was f ix e d  th e  p ro o f i s  com pleted .
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are

4. Assume now, th a t the fu n ction s f^  in  problem (1)  

of th e  c la s s  сЫ1) w ith compact supports.

L et the assumptions of theorem be f u l f i l l e d .
i

Moreover, assume th a t E = E # and E i s  the operator with 

constant c o e f f ic ie n ts .

Then T h .2 .1  C13 im p lies the ex isten ce o f a so lu tio n  C1) and

u (x ,t )  = i  KjCx -  y , t ) >  f ^ ( y )  dy r r E x ^ f ^ ,

3=1 R"
when х £ 1 Г ,  t £ R ;  Kj  are th e Poisson  k ern e ls :

Kd( x ,t )  =

j = 1 , 2 , . . , m

j l  f  a.
2 7 t i  U I = 1  U  m+ ( Ç , t )

. га • -  n
tT )  ’ x

=
2 ,1 1  U I - 1
; fo r  r i j > n  ,

lo g

2* i

V-

. 1  +tT—  "J*
Г  Г  r  Л

J dw J I -----------------------------------------—  dT I ,{orO «m .<n.

ięt=i Lr M+(g,ff)(;. % + tT)n~“' J

Here the p r in c ip a l branch of the logarithm  in  the complex
»

plane s l i t  along the n egative r e a l a x is  i s  taken, dw f  i s  

the area element on the u nit sphere |^| = 1 ,  and the

are absolute constans g ive by:

h -
' ( 2 T i ) a  ( B j  -  n )!

C - D n**y (n -  mj  ~  1) 1
Ł ; (2Ti)n

j- i s  a Jordan contour in  Im T > 0

i f  m̂j £  n , 

i f  0 4 nij < n , 

en closin g a l l  the
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ro o ts  of M+ (§  ,T ) .  TT (T  -  T j(§ ))  fo r  a l l  IÇI = 1

where t£ ( § )  are the ro o ts  of L '( x ,|  + Tn) = L ((§ ,T )) =

= Ep (C| tT)) w ith p o s it iv e  imaginary p a r ts , M+( ^  ,T )  =

= T  CT -  *JC$D = ^  *p(§) Tm"p, BdC§ ,T) = Bd($ ,TXmod 

= i  bjkC§) T*” 1 where = E*5” 1 (;} = 1 , 2 , . . . , p ) ,
It—1 J

■Jc§ ,т) = т3"р .

V S  • «  -  g :  b1* ^ )  C§ ,T> where Lb**k C§)3 i s  the

m-order of , 2m-

order o f L = Ep .

In  our case m = p • k , m̂  = (.d -  1 )k  (d = 1 , 2 , . . . , p ) .

5. Take in  problem (1 -)  E = Д (the Laplace operator)

F = •̂(t ü x  ъу) * P = 3» n = 1 .

The system o f operators in  th e problem i s  now the fo llo w in g : 

A^t F2 » F , I  ( I  -  id e n tity  o p e ra to r).

For t h is  system o f operators the complementing con d ition s 

do not h o ld .

Indeed:

in verse m atrix fo r  C b ^ C ^ )] » f in a l ly

Bd c§ ’ T )  = & !  “  T) 2 i  J  = 2 »1 *0 »

0 f d * 2,
4 — 2*— A -  l » S  -  t ) 2 !

v ( t  - 1 § ) 3/  L  (
i d = i» 

d = о
and th ese  remaiders are lin e a r ly  dependent.
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