ERWIN TURDZA

On an asymptotic property of solutions
of an invariant curves equation

1 It was proved in [2] a theorem ([2], Th. 3) on an
asymptotic property of continuous solutions of a fractional
iterates equation. It is the aim of this paper to prove an
analogous theorem on continuous solutions of the invariant
curves equation
CO vf2 Cxx) = GQx, LUX)) .

We shall accept the assumptions which are usually assumed
in the theory of continuous solutions of equation (1)(see
t1], ch XI1V).
(H) The continuous_function G is defined on the set

9 i= {(xy): xt [0fh], jbcx) U p }Ii
where £ : [0,b]-*- [0,b] is a continuous and strictly in-
creasing function in [0,M such that

G(x,fCx)) a ™~>(x) for x& Co,bD
and

GCx,y) <y for x «(0,b), Cx) <y <x.

Moreover G is strictly increasing with respect to both
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variables and

G(0,0) = O, G(b,b) = b, G(x,x) < x for xfe(0,b).

2. DEFINITION 1. We say that a continuous function
f: CO,b3-"R belongs! to the class IF (r > 0) of functions
if and only if there exists a continuous function
hs CO.W-*- R, such that

f(x) = h(x) x1 for xfc[0,b], hCO) > 0.

DEFINITION 2. Let a Q ¢ R2 be a domain, such that
(0,0)fcQ is a cluster point of the set Q , We say that a
continuous function GT Q -» R -belongs to the class U,w
(v,iw > 0) of functions if and only if there exists a conti-
nuous function A: Q-» R, such that

(2) G(x,y) = A(x,y) xvyw-for (x,y)e Q , A(0,0) > 0.

3. The following lemma (.see [21, Lemma 4) will be useful

in the sequel

LEMMA 1. Let be a double sequence. If

Iim yn.k!=?k and Iim yk = yO0,

n-froo K-fcoo
then there exist sequences in-*aot dn— <> of positive
integers, such that

um yx 3 =y
n-*-00 *n»"n

THEOREM. Let a function Go U*»* (v,w > 0) fulfills!
hypothesis (H) and let continuous function be a solution
of equation Cl1l) in [O,bl. If there exists a function fe \F

(r > 0), such that



(3) U>x) > f(x) for x«rCO,b3,

where

(4) r2 =wr +v
and

(5) v > 1 +w,

then 7~ e Ul. Moreover, putting

(6) U>x) = h(x) x1 for i6 LO,b],
we have
(7) [hCO)] 1+r w = d := A(P,0)

(here A(pcy) is given by (2)) -

Pr oof. First let us notice that (4) is a necessary
condition for the continuous solution Lk to belong to Ur.
For if ftUr and(6)holds, then we have 5

~2(x) = h(g>(x)) CACxA r = h(~*Cx)) Ch(xX)] r xr
On the other hand

vi2CX) a G(x, vC(X» = A(x, vf(X)) XVLVvfCX)IW =

ACx, vf(x)) Chcx)] w xv x11".
Hence r must satisfy (4) as functions h and A have
positive limits in points OeH and (O~feE2, respecti-
vely .

Now let the assumptions of theorem be fulfilled and let
us put
(8) f(x) =ax) x (q(0) > 0).
Then (3) and (6) imply
(9) lim inf hCx) > 0*

X-*0
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Let a sequence 0+ as n-*oo . We shall prove (an in-
direct proof) that the sequence bCXag) is hounded. If it
is not true, then there exists an index sequence kn, such
that hCXjg)-*<*> as n-~co . Let a function h he such
that condition (6) holds. The conditions (6) and (4) imply

L)2 (xk) = hCACXfc)) [ = h04>2k)) Ch(xk)] r x£ =
= hCrCx™) Ch(xjN] r xE+'r.

On the other hand C1), (2) and (6) imply

= «x MY (>7%)) = ACx”™, » =

- 4 ntbh<n~r3 * 4~ -

= ACs”, vVACxj™) i hiCxj"3 " x j+wr.
Hence

hCc~ACx”) EhCx”] r~w = ACXjj, j~CXjj.))
and as ever continuous solution of equation (1) has limit
zero at zero (see CIl], ch. XIV, § 3) and hy virtue of (5)

r - w>1, we have

lim hC/~CXy)) = 0,
;n-*- 00 *n

which contradicts (9)»

How we shall prove that there exists limit Ilim.hCx) =s hCO)
X-*0+
and (7) holds. Let Xj_ he a sequence chosen from arbitrary

sequence XxX~™-~ 0+. It follows from (9) that there exists

a subsequence x~ := zn chosen from the sequence x* |,

n
such that



(10) lim h(z ) =: a> 0,
-*- 00 a

and it is possible that the number a depends on the se-

. F 6), (1), (4 d (2 btai
quence XIL rom (6), (1) ()#an (2) we obtain 9

h(vA"Cx)) = ~2(x) CA(xX)I"r = G(x, "Cx))thCx)J“r x“r =
= A(x, vf(x)) xv[h(Xx)]" Xe*[h(x)3 “r x"r =
= A(x, vC(x))Ch(x)3w-r,
whence
(11) lim h(v?(zn)) = lim A(zn,~(zn)) [h(zn)]"“r = d sw-r.
11x00 M-*-00

Let us put 5 =w-r, WK :=
We shall prove, by induction, that
1-5* k
(12) lim hiw O =d1“6 s5 , K = 1,2.......

n-*-00 »

It follows from (11) that (12) holds for «k = 1. Suppose

that (12) is fulfilled for a k > 1 and consider

hCwn k+1) = hH C*n,k» *

As vP*(0) =0 for k=1,2,..., then Ilim w_v = 0 and,
n-*00 n»*

similarly as (11), we obtain from (6), (1) and (2)
R S R ) =
w-r

=n A1 ALK, A~ (Wh ,k»th(Wn k»

1+sE£ ? Kk+1 Jrk+1
= d w S

= x d’
which ends the proof of (12).

Now let us put

(13) s=p A
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where a number p, chosen to s, may depend on
Then, by virtue of (.12), we have

ar-T rk 1+r-w , K
(14) lie h(iw k) =dl1-~ p5 =d p( »

M-*- oo *

We shall prove that p = 1. If p> 1, then taking «k odd,

K = 2m + 1 and denoting

7n,k := h(wn,k)

we have, by virtue of (14)

*x LSS TH x4 cr' ) m

hence

limyk = lia Y2x+1 = O.

m > m-*-00

Now Lemma 1 implies that there exist index sequences 200

jrfe=e, for which

limy. j = 1lim h(g 0(z.) = 0,
Ti*Jn M-*-00 Jn

a contradiction with respect to (9)«
If pt-(0,1), then taking K even, K = 2m we obtain in a

similar way n

lim V' = 1im D =

k-~0o0 L K-**%

what also Implies)a contradiction with respect to (9).

In this way we have proved, that for an arbitrary se-

quence xJXw 0+ and an arbitrary subsequence hCx?) of
the sequence h(x”") it is possible to choose a subsequence
hl1*n> = bCx") of the sequence hCx~" which converges

*1
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o teilimit s (number B does not depend in fact on the

SQENCE ), It implies that the limit lim h(x ) exists
n n-*-00 n
and it is equal to s, which is equivalent to the relation
lim.h(x) = s
X*0+
which, by virtue of (13)» implies (7) and the proof is

ended.
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