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On an asymptotic property of solutions 
of an invariant curves equation

1. I t  was proved in  [2 ] a theorem ([2] , Th. 3 ) on an 

asym ptotic property o f continuous s o lu tio n s  o f a f r a c t io n a l  

i t e r a t e s  e q u a tio n . I t  i s  the  aim o f t h i s  paper to  prove an 

analogous theorem on continuous s o lu tio n s  o f  the  in v a ria n t 

curves equation

CO vf2 Сзс) = GQx, ЦЧХ)) .

We s h a ll  accept th e  assum ptions which are u su a lly  assumed 

in  th e  theory o f continuous s o lu tio n s  o f  equation (1 ) (s e e  

t 1 ] ,  ch X IV ) .

(H) The continuous fu n c tio n  G i s  d efin ed  on the s e t
*

Я  i = {(x ,y ) : x t  [ 0 fh ] ,  jbCx) U  p } i  . 

where £> : [ 0 ,b ] -* -  [0 ,b ]  i s  a continuous and s t r i c t l y  in ­

cre a sin g  fu n c tio n  in  [ 0 ,M  such th a t

G (x ,fC x )) a ^>(x) f o r  x& Co,bD 

and

GCx,y) < у fo r  x  «• ( 0 ,b ) , f>Cx) < у < x .

Moreover G i s  s t r i c t l y  in c re a s in g  w ith  re sp e c t to  both
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v a r i a b l e s  a n d

G (0 ,0 )  = O, G (b ,b ) = b ,  G (x ,x )  < x  fo r  x f e ( 0 ,b ) .

2. DEFINITION 1 .  We say th a t  a con tin u ou s fu n c tio n  

f :  C O ,b 3 -^ R  belongs! to  th e  c la s s  lF  (. r  > 0 )  o f fu n c tio n s  

i f  and only i f  th e re  e x i s t s  a con tin u ou s fu n c tio n  

hs CO .W -*- R , such th a t

f ( x )  = h (x ) x1 f o r  x  fc [0 ,b ] , hCO) >  0 .

DEFINITION 2 .  L et a Q  c  R2 be a domain, such th a t  

( 0 ,0 ) f c Q  i s  a c lu s t e r  p o in t o f th e  s e t  Q  ,  We say th a t a 

con tin u ou s fu n c tio n  Gî Q  -► R -b elo n gs to  the c la s s  Uv,w 

(v,w  > 0 )  o f  fu n c tio n s  i f  and only i f  th e re  e x is t s  a c o n ti ­

nuous fu n c tio n  A : Q - ► R ,  such th a t  

(2 ) G (x ,y )  = A (x ,y )  xvyw - f o r  (x ,y )e  Q  , A (0 ,0 )  >  0 .

3. The fo llo w in g  lemma (.see [2 1 , Lemma 4 ) w i l l  be u se fu l 

in  th e  seq u el

LEMMA 1 . L e t be a double sequen ce. I f

lim  y n .k ! = ? k  and lim  yk = y 0 ,
n-froo K-fcoo

then  th e re  e x is t  sequences i n-*-ao t dn— <*> o f  p o s i t iv e

in t e g e r s ,  such th a t

ü m  y ± 3 = у  .
n-*-oo *n»"n

THEOREM. L e t a fu n c tio n  Go U*»* (v ,w  > 0 )  f u l f i l l s !  

h y p o th e sis  (H ) and l e t  con tin u ou s fu n c tio n  be a s o lu tio n  

o f eq u ation  C1) in  [ 0 , b l .  I f  th e re  e x i s t s  a fu n c tio n  f e  \F 

(r  > 0 ) ,  such th a t



(3 ) Ц>(х) >, f ( x )  fo r  х«гСО ,ЬЗ , 

where

(4) г 2 = w r  + v

and

(5 ) v  > 1 + w, 

then ^  e U1 .  Moreover, p u ttin g

(6 ) Ц>(х) = h (x ) x1 fo r  i 6  L0,b] , 

we have

(7) [hCO)] 1+r_w = d :=  A (P ,0 )

(here A (pc,y) i s  given  by (2 ))  •

P г  о o f .  F i r s t  l e t  us n o tic e  th a t (4 ) i s  a necessary 

co n d itio n  fo r  the continuous s o lu tio n  Ц> to  belong to  Ur . 

For i f  fc Ur  and( 6 ) h o ld s , then we have
2

^ 2 (x) = h (q >(x )) С^СхД  r  = h (^ C x ))  Ch(x)] r  xr  .

On the  other hand

vf2 CX) a G (x , vÇ(X» = A (x , vf(X)) XV LvfCX)lW =

= ACx, vf(x)) Chcx)] w xv x11" .

Hence г  must s a t is f y  (4 ) as fu n c tio n s  h and A have 

p o s it iv e  l im it s  in  p o in ts  Ofe H and ( O ^ f e E 2 , r e s p e c t i ­

v e ly  .

Now l e t  th e  assum ptions o f theorem be f u l f i l l e d  and l e t  

us put

(8) f  (x) = q (x ) Xх  (q (0 )  > 0 ) .

Then (3 )  and (6 )  imply

(9 )  lim  in f  hCx) > 0*
x -* 0
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L e t a sequence 0+ as n -*  oo .  We s h a l l  prove ( an in ­

d ir e c t  p ro o f) th a t  th e  sequence ЬСХд) i s  hounded. I f  i t  

i s  n o t t r u e , then  th e re  e x is t s  an index sequence kn , such 

th a t hCXjç)-*•<*> a s  n -^ c o  .  L e t a fu n c tio n  h he such

th a t  c o n d itio n  ( 6 )  h o ld s . The c o n d itio n s  (6 )  and ( 4 )  imply 

Ц)2 (хк ) = hC^CXfc)) Г  = h 04>(2:k )) C h (x k) ]  r  x£ =

= hC^Cx^) C h(xj^] r x£+"r.

On th e  o th er hand C 1),  ( 2 )  and ( 6 )  imply

= « х ^ . Ч  (> * ) )  = A C x ^ , »  =

-  4 n t b < ^ 3  *  4 ^  -

= A C s ^ ,  v^Cxj^) i  hiCxj^3 "  x j +wr.

Hence

h C ^ C x ^ )  E h C x ^ ]  r ~w = ACXjj, j^CXjj.))

and as ever continuous s o lu t io n  o f equ ation  (1 ) has l im it  

zero a t  zero (se e  C l ] ,  c h . X IV , § 3 ) and hy v ir tu e  o f ( 5 )  

r -  w > 1 ,  we have

lim  h C ^ C X y )) = 0 ,
;n-*- oo *n

which c o n tr a d ic ts  (9 )»

How we s h a l l  prove th a t  th e re  e x i s t s  l i m i t  lim .h C x) =s hCO)
x -* 0 +

and ( 7 )  h o ld s . L e t Xj_ he a sequence chosen from a rb itra r y

seq u en ce  x ^ -^  0+ .  I t  fo llo w s  from ( 9 )  th a t  th e re  e x is t s

a subsequence x^  :=  zn  chosen from th e  sequence x^ ,
n

such th a t
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(10) lim  h (z  ) = : a >  0 ,
П-*- oO a

and i t  i s  p o s s ib le  th a t  the  number a depends on the se­

quence x _ .  From ( 6 ) ,  ( 1 ) ,  (4 )  and (2 )  we obtain
11 # 2 

h(v^Cx)) = ^ 2 (x) C ^ ( x ) l " r  = G (x , ^ C x ) ) th C x ) J “ r x“ r =

= A (x , vf(x)) xv [h ( x ) ] "  Xe* [h(x)3 “ r  x " r =

= A (x , v Ç (x ))C h (x )3w -r ,

whence

(11) lim  h(v?(zn)) = lim  A (zn ,^ ( z n)) [h (z n) ] " “ r  = d sw -r .
11-*“ °° П -*-о о

L et us put 5 := w -  r ,  wQ k̂ : =

We s h a ll  prove, by in d u ctio n , th a t

1-5* k
(12) lim  h(w О  = d1“ 6 s5 ,  к = 1 ,2 ..............

n -*-oo  »

I t  fo llo w s  from (1 1 ) th a t (1 2 ) h olds fo r  к = 1 . Suppose 

th a t (1 2 ) i s  f u l f i l l e d  fo r  a к >, 1 and con sider

hCwn ,k +1) = h H C*n , k »  *

As vP*(0) = 0 fo r  к = 1 , 2 , . . . ,  th e n  lim  w_ v = 0 and,
n-*oo n »*

s im ila r ly  as ( 1 1 ) ,  wę ob ta in  from ( 6 ) ,  (1 )  and ( 2 )

lim  h(w k .* )  x lim  h (^ (w  k )) =n-fc-oo n,x+i n_*.oo

=л ^ 1 А ( " П. к , ^ (Wn ,k » th(Wn ,k ^

1+s£ ?  Kk+1 Jr k+1

w-r

=: d  w S

which ends th e  p roof o f  ( 1 2 ) .  

Now l e t  us put

x d '

(13) s = p dA
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where a number p , chosen to s ,  may depend on 

Then, by v ir tu e  o f  ( .1 2 ), we have

тг-т rk  1+r-w  , к
(14) l i e  h(w k) = d1 -^  p5 = d p ( ^  .

П -*- oo *

We s h a l l  prove th a t  p = 1 . I f  p >  1 ,  then ta k in g  к odd, 

к = 2m + 1 and d en otin g

7n ,k  :=  h(wn ,k )

we have, by v ir tu e  o f  (14)
k , _ ' _ 4k

* *  ' - „ S S 7* . * - 4 cr" ) ■

hence

lim yk = lia У2ж+1 = 0.
m-*■<*> m-*-oo

Now Lemma 1 im p lie s  th a t  th e re  e x is t  index sequences i ^ o o  , 

j r-fc-<x> , fo r  which

lim  y . j  = lim  h (q> û ( z .))  = 0 ,
T i* J n П-*-оо J n

a c o n tr a d ic t io n  w ith  r e s p e c t to  (9 )«

I f  p t - ( 0 , 1 ) ,  then ta k in g  к even, к = 2m we o b ta in  in  a

s im ila r  way ^

lim  V = lim  p = о
k-^oo Ł к-**»

what a ls o  Im plies)a c o n tr a d ic t io n  w ith  r e sp e c t to  ( 9 ) .

In  t h i s  way we have proved, th a t  f o r  an a rb itr a r y  se ­

quence x JX-w 0+ and an a r b itr a r y  subsequence hCx^) o f

th e  sequence h(x^) i t  i s  p o s s ib le  to  choose a subsequence

h l* n> = Ь Сх^) o f  th e  sequence h C x ^  which converges 
*1
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to the l im it  s (number в does not depend in  fa c t  on the

sequence эс ) ,  I t  im p lies th a t th e  l im it  lim  h (x  ) e x is ts  
11 n-*-oo n

and i t  i s  equal to  s ,  which i s  equ ivalen t to  the r e la tio n

lim .h (x )  = s 
x * 0 +

w hich, by v ir tu e  o f (13)»  im p lies ( 7 )  and the proof i s  

ended.
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