STANISLAW WOLODZKO

A modification of a construction of Z. Moszner

Let (S ,0 denote an arbitrary group and let X be an
arbitrary non-empty set. We are going to look for a function
f: X*S *m X fulfilling the condition
CD = f(f(x,0<) ,£)
for xtX.oijfib$s . Equation (1) is called the equation of
translation. Equation (1) has been solved by Z.Moszner C1].
In the present paper we shall give a modification of that

construction describing the set of all solutions of equation
(1).

A. Construction'of Z. Moszner. Every solution f of
equation CD » and only solutions of (1), can be obtained in
the following way:

1° Let us take an arbitrary function g: X -» X such
that g* g = g.
2° In the set g¢g(X) let us choose an arbitrary family

of subsets ix,.} having the following properties:
K kfe K
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a) Xk ~0 for K*K;
b) Xj*n X~ =0 for k» ™ k2}

c) gCX) = U X,
kiK K

and
d) for every kfeK there exists a subgroup Sk
of the group 5 such that
(02) card Xk =card(S/SKk),
where f
s/4 ={RN * | e
3° Let us take an arbitrary one-to-one map gk of the
set Xk onto the set $/9k (kfeK).
We define the function f by the following formula
(3) f(z,cx) :=gkl[ gk(gW)oc]
for xfcx, oftS , where KfcK is such that g(x) e Xk«

B. The modification of the construction of Z. Moszner

Let denote an arbitrary family of subgroups 0fS .
s stS

we do not assume tjiat the mgp S3st— o IS one-to-one,

thus the map S»s i—»S/Sg is also not necessarily one-

to-one. We shall introduce the so called indexed quotient

structure (S/9sis) := {(Qgot,s): <xfcC} for stS.

In this way we shall obtain a one-to-one map Ss s **(S/5S,5s).
Further on we introduce a function 'X ascribing to

an arbitrary right-hand coset the same coset provided with

the index s. Here is the definition of Xg:



9/9s* CsAMN-sNs@ 1= @QB«-»s)e (9/9gts) 0*fc9, sbs).
The multiplication of indexed cosets by elements of the

group 9 is defined in the natural ways

W CSs * » sH s=
for

ex, e9 , S bS.
THEOREM, The following construction is equivalent to
the construction of Z.Moszner.
We choose

1) an arbitrary family js~I of subgroups of 9
S
such that > o0

cord U C9/9S s) £ codX e

2) an arbitrary one-to-one. mep U (S/9e,5) *a X
s«rS 8
and

3) an arbitrary function g¢g: 2 -» X such that ge+g =g

and

-f(U XS/Ssls))-9(X).

We define the function f by the formula
f(x<pf [f_1(s(i))oc]
for X feX, C4c9

Pr oo f,l.Leta solution f of equation Cl) be obtained

by the construction of Z.Moszner. Then there exists: a

function gs X -*m X, ad decomposition (X-4 of the set
N kwkK
g(X), a family {.9d of subgroups of the group 9 and

k(r K



a family (g™ of bisections fulfilling conditions 1°,
ktK

2° and 3° of that construction, whereas the function f s
defined by formula (3). We are going to prove that the
function f can be obtained from the construction presented
in the theorem that we are proving now.

To this end let us put S = K and let us take the same

function g and the same family of subgroups as
s st S

in the construction of Z.Moszner. We define the function

a U (C/ICi ,s)-*X by the formula (3 (g“loX ~1).
stS stS

Hence and from the definitions of the maps VS and 9g
it follows that the map ™ is an injection and

\PrU C9 / 9a,s)l = dX)C X. Therefore card U (8/$cis)®
' s«S 3 s fc S s

~ card X, thus conditions 1), 2) and 3) are fulfilled. To
prove (5) let us choose an arbitrary xfe X .and an arbitrary
ext,9 . It follows from, 1° and 2° that there exists exactly
one stS such that g(x)fexs. Hence and from the defini-

tion of the functions gg we obtain the existence of fife9

such that gs(gOO) 9s B # thus [gs(g(x))]lecx = 9sbBx ,

whence gs (f(x,00) Qs f>cx by virtue of (3). It follows
from the last equality, the definition of the functions
iand (4) that

(\* g 8)CFCx,0h)) = \C 9 8p*)= [Xs(Ssf»)]«= [(\» Ss) (g(x)]«.

therefore

fCx,a) = (s;10*X;1) ([C'Xg Ogg) (9Cx))oQ)
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whence we obtain (5) by virtue of definition of ~ .

2. Let us assume that f is defined by formula (5).
We are going to prove that the function f can be obtained
from the construction of Z.Moszner. To this end let us
assume that K = S and let us choose the same function g

and the same family of subgroups as in the con-
K kfe K

struction occurring in the theorem that we are proving now.
Futting Xk =~((S /9 k,k)) and gk = 'X”™o | S/Sk,k))~1
for kfc K we can easily check that conditions 1°, 2° and
3° of the construction of Z.Moszner and formula (3) are

fulfilled.
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