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A modification of a construction of Z. Moszner

Let (S  , 0  denote an a rb itra ry  group and l e t  X be an 

a r b itra r y  non-empty s e t .  We are going to  look fo r  a fu n ctio n  

f :  X * S  -*■ X f u l f i l l i n g  the co n d itio n  

CD = f ( f ( x ,o < )  , £,)

fo r  x t X . o i j f i b S  .  Equation (1) i s  c a lle d  the equation of 

tr a n s la t io n . Equation (1 )  has been solved  by Z.Moszner C 1]. 

In the p resen t paper we s h a l l  g iv e  a m o d ifica tio n  o f th a t 

c o n stru c tio n  d e sc r ib in g  th e  s e t  o f a l l  s o lu tio n s  of equation 

(1).

A. Construction'of Z . Moszner. Every s o lu tio n  f  o f 

equ ation  CD » and only s o lu tio n s  o f ( 1 ) ,  can be obtained in  

the fo llo w in g  way:

1° Let us take an a rb itra r y  fu n ctio n  g : X -► X such

th a t  g *  g = g .

2 °  In  the  s e t  g (X ) l e t  us choose an a rb itra ry  fam ily

o f su b sets  ix ,.}  having th e  fo llo w in g  p r o p e r tie s :
K kfe К
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a) Xk ^ 0 fo r  к * K;

b) X j^ n  X ^  = 0 fo r  k^ ^ k2 }

c) gCX) = U X,
k i K  K

and

d) for every kfeK there exists a subgroup Sk 

of the group 5 such that

C2) card Xk = ca rd (S /S k) ,

where f

s /4  = {SkW! °“ sl •
3 ° Let us ta k e  an a r b itra r y  o n e-to -o n e  map gk of the 

s e t  Xk onto the  s e t  $ / 9 k (k f e K ) .

We d efin e  th e  fu n c tio n  f  by the  following formula

(3) f(z,cx) := gk1 [ gk(gW)oc]

for x fc X , cxfc S , where kfcK i s  such that g(x) e Xk«

B. The modification of the construction of Z. Moszner

L e t denote an arbitrary family of subgroups ofS .
s  s t S

We do not assume tjiat the map S э s t— i s o n e -to -o n e ,s
thu s the map S » s i— ► S/Sg i s  a ls o  not n e c e s s a r ily  one- 

to -o n e . We s h a ll  in trod u ce the  so c a lle d  indexed q u o tien t 

s tru c tu re  ( S / 9 s i s )  :=  { (Q go t , s ) :  <xfcÇ} f o r  s t S .

In  t h i s  way we s h a l l  o b ta in  a o n e-to -o n e  map S s s *-*• (S  /5 S , s).

F u rth er on we in trod u ce a fu n c tio n  'X a sc r ib in g  to  

an a r b itra r y  r ig h t-h a n d  c o s e t the  same c o se t provided w ith 

the index s .  Here i s  th e  d e f in i t io n  o f X e :
S



9/9s * Ç s^ ^ ^ -s^ s01̂  î= CQs«-»s)e (9 /9 gts) 0*fc9 , s b S ) .

The m u lt ip lic a tio n  o f indexed c o s e ts  by elem ents of the 

group 9 i s  d efin ed  in  th e  n a tu ra l ways

W  CSs * » s H  s =

f o r

ex, e 9  , s ь- s .

THEOREM, The fo llo w in g  c o n stru c tio n  i s  equ ivalen t to  

the co n stru c tio n  o f Z.M oszner.

We choose

1) an arbitrary family js~l of subgroups of 9
s  s  o S

such th a t

cord U C 9/9 s) £ cord X • 
s *

2) an arbitrary one-to-one. map : U (S /9 e,s) -*■ X
s«rS  8

and

3) an a rb itra r y  fu n c tio n  g :  2  -► X such th a t g • g = g

and

-f(U XS/Ss l s ) ) -9 (X ) .

We d efin e  th e  fu n ctio n  f  by the formula

f  (х,<ф f  [ f_1 (s (i)) oc]
fo r  X feX, CXfc 9 .

P г  о о f ,1 .L e t a  s o lu tio n  f  o f equation  C1) be obtained

by the co n stru c tio n  o f Z .M oszner. Then th ere  e x is t s :  a

fu n c tio n  gs X -*■ X , a decom position  (Х-Д o f the s e t
^  kw K

g(X ) , a fam ily  {_9d o f subgroups o f the group 9 and
. k(r К



a fam ily  (g^ J o f b is e c t io n s  f u l f i l l i n g  c o n d itio n s  1°,
k t K

2 °  and 3 °  o f th a t c o n str u c tio n , whereas the fu n c tio n  f  i s

d efin ed  by form ula ( 3 ) .  We are going to  prove th a t the

fu n c tio n  f  can be obtained from the c o n str u c tio n  presented

in  the theorem th a t we are proving now.

To t h i s  end l e t  us put S = К and l e t  us take the same

fu n c tio n  g and th e  same fa m ily  o f subgroups as
s s t  S

in  the  c o n stru c tio n  o f Z .M oszner. We d efin e  the fu n c tio n

4  : U (Ç /Ç i , s ) - * X  by the form ula ( J  (g “ 1 о X  ~1) .
s t S  s t S

Hence and from the d e f in i t io n s  o f the  maps V  and g cs s

i t  f o l l o w s  th a t the  map ^  i s  an in je c t io n  and

vP Г U  C9 /  9 a , s ) l  = g(x) С X .  Th erefore card U  ( § / $ c i s) ^
' s «, S 3 s f c S s
^  card X , thus c o n d itio n s  1 ) ,  2) and 3) are f u l f i l l e d .  To

prove (5 )  l e t  us choose an a rb itra r y  xfe X .and an a rb itra ry

ext, 9 .  I t  fo llo w s  from, 1 ° and 2 ° th a t th ere  e x is t s  e x a ctly

one s t S  such th a t g ( x ) f e X _ .  Hence and from the d e f i n i -s
t io n  o f the fu n c tio n s  g g we obtain  the  e x is te n c e  of fife 9 

such th a t g s (gOO) = 9 s f> # thus [ g s (g(x ))]cx  = 9 s f>cx , 

whence gs (f(x ,o O ) = Qs f>cx by v ir tu e  o f ( 3 ) .  I t  fo llo w s  

from the l a s t  e q u a li ty , the d e f in i t io n  o f the fu n c tio n s  

and (4 ) th a t
t

( \ * g 8 )CfC x ,0 ł)) = \ C 9 8p *)=  ['Xs (S s f»)]«= [ ( \ » S s)  (g (x ))]« . , 

th e re fo re

f  C x ,a )  = ( s ; 1 o*X ;1)  ([C'Xg О gg') (gCx))oQ)
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whence we obtain  (5 )  Ъу v ir tu e  o f d e f in it io n  of ^  .

2 .  Let us assume th a t f  i s  defined by formula ( 5 ) .

We are going to  prove th a t the fu n ctio n  f  can be obtained

from the co n stru ctio n  of Z.M oszner. To t h is  end l e t  us

assume th a t К = S and l e t  us choose the same fu n ctio n  g

and the same fam ily  o f subgroups as in  the con-
K kfe К

s t r u c t i o n  occurrin g in  the theorem th a t we are proving now. 

F u ttin g  Xk = ^ ( ( S  / 9 k ,k))  and gk = 'X ^ o  | S / S k , k ) ) ~ 1 

f o r  kfc К we can e a s ily  check th a t co n d itio n s 1 ° ,  2 °  and 

3 ° of the c o n stru c tio n  of Z.Moszner and formula (3) are 

f u l f i l l e d .
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