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A remark on the stability of the Cauchy equation

Follow in g th e famous problem o f S .  Ulam regarding 

th e s t a b i l i t y  of the Cauchy equation ( c f .  [ 4 ] )  many 

authors were and are in te r e s te d  in  deducing s u ita b le  

p r o p e r tie s  o f a g iven  fu n ctio n  f  from p ro p e rtie s  o f i t s  

Cauchy d iffe r e n c e

f(x + y )  -  f(x >  -  f ( y )

(a s  a fu n ctio n  of two v a r ia b le s ) .  While so lv in g  a fu n ction al 

eq u atio n , R . Ger C 21 came to  the fo llo w in g  a lg e b ra ic  case 

o f such a s t a b i l i t y  problem. What can be sa id  about the 

fu n c tio n  f s  E -* * fi fo r  which i t s  Cauchy d iffe r e n c e  ta k es 

v a lu e s  in  a subgroup Z o f the a d d itiv e  group o f a l l  r e a l 

numbers E .  He con jectu red  th a t f  must be o f  th e form g+h, 

where g i s  an a d d itiv e  fu n ctio n  and h ta k es v a lu es in  the 

subgroup Z o n ly . I t  i s  so in  the case where Z i s  a lin e a r
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space over th e r a t io n a le . In  g en era l i t  i s  not tr u e . In 

deed, K . Nikodem observed th a t an example o f 6 .  G odini 

( [ 3 ,  Sxample 2 ] )  shows i t  i s  not tru e  in  th e case where Z 

i s  th e group o f a l l  in te g e rs*  In  t h i s  example th e fu n ctio n  

considered i s  not m easurable. I t  t'urns out th a t in  any 

such type counter-exam ple a s u ita b le  fu n ctio n  cannot be 

measurable as we have the fo llo w in g  theorem.

TEEQBEM. I f  f  i IB IE then th e Cauchy d iffe r e n c e  o f 

the fu n ctio n  f  i s  Lebesgue measurable and ta k e s .in te g e r  

v a lu es only i f f  th ere  e x is t s  an a d d itiv e  fu n ctio n  g : K -*“ B  

such th a t f - g  i s  Lebesgue measurable and ta k e s  in te g e r  

v a lu e s  o n ly .

P r o o f .  Suppose th a t th e  Cauchy d iffe r e n c e  o f th e 

fu n ctio n  f  i s  Lebesgue measurable and ta k e s  in te g e r  v a lu es 

o n ly . Taking in to  account th e m ea su ra b ility  o f t h i s  Cauchy 

d iffe r e n c e  and making use o f a theorem o f M. Lacakovich 

( [ 5 ,  Theorem 53) we can rep resen t the fu n c tio n  f  as a sum 

o f an a d d itiv e  fu n ctio n  at К -*-03 and a Lebesgue measu

ra b le  fu n ctio n  ш: К -*■ Es

f  s  a + m.

Of course Cauchy d if fe r e n c e s  o f the fu n c tio n s  f  and m are 

e q u a l.

Now we are goin g to  show th a t  i f  Uc(R i s  an open s e t  

then so i s  a ls o  the s e t

[x fe E t  (m (x )+ Z )n U  /  0] ,

Ve w i l l  p resen t two p roo fs o f t h i s  f a c t .  The second p ro o f,
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supposed to  be more d ir e c t ,  w i l l  be given a t the end of 

th e paper.

L et us d e fin e  the fu n ctio n  Ms R -► R /Z  by p u ttin g  

M(x) = m(x) + Z .

In  oth er words

U = ТГ ° m,

where ТГ t R -* -R /Z  i s  the can on ical mapt

TT(x)= x  + Z .

Then

1г\}к) = т"\Т С -1(Ш ) V lice /z .

Hence and from the co n tin u ity  of the fu n ctio n  ТГ and measu

r a b i l i t y  o f the fu n ctio n  m i t  fo llo w s th a t the fu n ctio n  M 

i s  measurable ( i . e . ,  the counter-im age under the fu n ctio n  

M o f every open s e t  in  the space R /Z  i s  Lebesgue measu

ra b le ) .  Moreover, s in ce  the Cauchy d iffe r e n c e  of the func

t io n  m ta k es in te g e r  v a lu es o n ly , Ы i s  an a d d itiv e  func

t io n .  Applying a theorem o f P . F isch er and Z . Słodkowski 

CC1, Theorem in  f a c t  t h is  theorem i s  s ta te d  fo r  addi

t iv e  fu n ctio n s mapping an Abelian P o lish  group in to  an 

A b elian  P o lish  group but the proof given there works fo r  

a d d itiv e  fu n ctio n s mapping an A belian  P o lish  group in to  

a L in d elB f to p o lo g ic a l group) we in fe r  th a t M i s  a c o n ti

nuous fu n c tio n .

Now l e t  us con sid er M as a m u lti-v a lu ed  fu n ction  

which transform s a r e a l number x  in to  the s e t  m(x) +Z.

S in ce
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[x fc B t  H(x) O U i  0 }  = [xfc В : ( mCx) +Z) n J J 0 } »

= m“ 1(ü + ï)  « ш“ 1(1Г1[ТГ (U))) V ü c  В 

we see th a t fo r  every open aet U c B  th e  s e t

(x e o a t M (x)n W )

i s  a ls o  an open s e t .  In  oth er words, th e fo n c tio n  U co n si

dered as a m u lti-v a lu ed  fu n c tio n  i s  lower sem icontinuous. 

Consequently , as i t  r e s u lt s  from a theorem o f G . G odini 

(С З , Theorem 2 3 ) ,  th ere e x is t s  an a d d itiv e  and continuous 

fu n ctio n  1 E - * B  such th a t

M(x) = {jl(x )+ Z  V x f c R .

P u ttin g

g = a +

we see th a t g i s  an a d d itiv e  fu n ctio n  and

f ( x ) -  g (x ) = m (x )-y .(x )e  Z Y - x e B .

I t  i s  c le a r  th a t i f  th ere  e x is t s  an a d d itiv e  fu n ctio n  

gs f i -* -E  such th a t f - g  i s  Lebesgue measurable and ta k es 

in te g e r  v a lu es only then th e Cauchy d iffe r e n c e  o f th e 

fu n ctio n  f  i s  Lebesgue measurable and ta k e s  in te g e r  v a lu es 

o n ly .

The theorem i s  proved.

Now we w i l l  p resen t the above promised second proof 

o f t h i s  c r u c ia l  f a c t  th a t th e s e t

{ x b E :  (m (x )+Z)n  D^J5}

i s  open provided so i s  the s e t  Uc E .  At f i r s t  l e t  us 

assume th a t U c B  i s  an open neighbourhood o f zero and 

choose an open neighbourhood W o f zero such th a t
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Sin ce  ta4kW )=R  and the fu n ctio n  m i s  Lebesgue

measurable» th ere e x is t s  a p o s it iv e  in te g e r  к such th a t 

the s e t  m” 1(kW) has a p o s it iv e  Lebesgue measure* Hence 

and from the f a c t  th a t

m” 1(kW )c km“ 1(W + J ï )  = U Jfe2 km~1(W + £ )

me in fe r  th a t there e x is t s  a (r a t io n a l)  number r such th a t 

the s e t  m” 1(W+r) has a p o s it iv e  Lebesgue measure. Apply

in g now Steinhaus theorem (C 7 t Théorème V I I l l ; c f .  a lso  

£б , Theorem 4 .8 ] )  we get th a t

0€ Int(m “ ^(W+r) -  nT1(W + r)).

But

m"1(W+r) -  m“ 1 (W+r) c  m” 1 ((W-W)+2T) c  n f1(U + l)=

= (x e  E* (m ( x ) + 3 ) n ü ^ l j

and so

0£ In t{x fe E î ( m(x) +Z) П TJjé# }

(provided U i s  an open neighbourhood of z e r o ) .

Suppose now th a t U C E  i s  an open se t»  l e t  Xq be a 

r e a l number such th a t ( b (Xq) +2 ) fl Uj£0 and f i x  a 

u 6 (т(Хф)+2Г) n U. I t  fo llo w s from the previous p art of th is  

p roof th a t

0 €  I n t { x e E :  (m (x )+ l)n  (U -u )^ 0 } .

Moreover,

т(х+Хф)+2 = m(x)+m(x0) + ï  « (m(x)+u)+(m(xQ) -  u+2f) = 

s  m(x)+u+2T V x 6 E

W -  W C и .
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which shows th a t

( b (x +Xq) +2)n  U s C(m(x)+2)n C ü -u ïl+u V  x e E ,

Consequently

Xq € XQ+Int{xfe Et Cm(x)+ar)n (U-u)^#} =

=  X Q + I h t { x 6  E :  (  di( x + X q )  +Ж ) л  =

= In t(x Q + { x € E : (т (х + Х ф )+ 1 )п  U|É0}) s 

= In t[x e  E :  (m (x )+ J )  n U^#} 

which we wanted to  show.
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