KAROL BARON

A remark on the stability of the Cauchy equation

Following the famous problem of S. Ulam regarding
the stability of the Cauchy equation (cf. [4]) many
authors were and are interested in deducing suitable
properties of a given function f from properties of its
Cauchy difference

f(x+y) - f(x> - f(y)

(as a function of two variables). While solving a functional
equation, R. Ger C21 came to the following algebraic case
of such a stability problem. What can be said about the
function fs E-**fi for which its Cauchy difference takes
values in a subgroup Z of the additive group of all real
numbers E. He conjectured that f must be of the form g+h,
where g is an additive function and h takes values in the

subgroup Z only. It is so in the case where Z is a linear
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space over the rationale. In general it is not true. In-
deed, K. Nikodem observed that an example of 6. Godini
([3, Sxample 2]) shows it is not true in the case where Z
is the group of all integers* In this example the function
considered is not measurable. It t'urns out that in any
such type counter-example a suitable function cannot be
measurable as we have the following theorem.

TEEQBEM. If fi IB IE then the Cauchy difference of
the function f is Lebesgue measurable and takes.integer
values only iff there exists an additive function g: K-**B
such that f-g is Lebesgue measurable and takes integer
values only.

Proof. Suppose that the Cauchy difference of the
function f is Lebesgue measurable and takes integer values
only. Taking into account the measurability of this Cauchy
difference and making use of a theorem of M. Lacakovich
([5, Theorem 53) we can represent the function f as a sum
of an additive function at K-*03 and a Lebesgue measu-
rable function uw K -“mEs

f sa+m
Of course Cauchy differences of the functions f and m are
equal.

Now we are going to show that if Uc(R is an open set
then so is also the set

[xfeEt (m(x)+Z)nU / 0],
Ve will present two proofs of this fact. The second proof,
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supposed to be more direct, will be given at the end of
the paper.

Let us define the function Ms R-» R/Z by putting

M(x) = m(x) + Z.
In other words
U =T°m,
where TT't R-*-R/Z is the canonical mapt
TT(X)= x + Z.
Then
I\ = r1c-Lw) Vlice/z.

Hence and from the continuity of the function T and measu-
rability of the function mit follows that the function M
is measurable (i.e ., the counter-image under the function
M of every open set in the space R/Z is Lebesgue measu-
rable) . Moreover, since the Cauchy difference of the func-
tion mtakes integer values only, blis an additive func-
tion. Applying a theorem of P. Fischer and Z. Stodkowski
CC1, Theorem in fact this theorem is stated for addi-
tive functions mapping an Abelian Polish group into an
Abelian Polish group but the proof given there works for
additive functions mapping an Abelian Polish group into
a LindelBf topological group) we infer that Mis a conti-
nuous function.

Now let us consider M as a multi-valued function
which transforms a real number x into the set m(x)+Z.

Since



[xfcBt H(X)OU i 0} = [xfc B: (mCx)+Z)nJJ0O} »

m1(u+7) « wuf1(r[Tr (U))) Viuc B
we see that for every open aet UcB the set
(xeoat M(xX)n W )
is also an open set. In other words, the fonction U consi-
dered as a multi-valued function is lower semicontinuous.
Consequently, as it results from a theorem of G. Godini
(C3, Theorem 23), there exists an additive and continuous
function 1E-*B such that
M(x) = {i(x)+Z VxfcR.
Putting
g=at
we see that g is an additive function and
f(x)- g(x) = mX)-y.(x)e Z Y-xeB.

It is clear that if there exists an additive function
gs fi-*-E such that f-g is Lebesgue measurable and takes
integer values only then the Cauchy difference of the
function f is Lebesgue measurable and takes integer values
only.

The theorem is proved.

Now we w ill present the above promised second proof
of this crucial fact that the set

{xXxbE: (m(x)+Z)n D5}
is open provided so is the set UcE. At first let us
assume that UcB is an open neighbourhood of zero and

choose an open neighbourhood Wof zero such that
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W- WC wn.
Since tadkW)=R and the function mis Lebesgue
measurable» there exists a positive integer k such that
the set n¥1(kw) has a positive Lebesgue measure* Hence

and from the fact that
' 1(kW)c km“1(W + Ji) = UJNe2 km~1(W + £)

me infer that there exists a (rational) number r such that
the set n¥1(W+r) has a positive Lebesgue measure. Apply-
ing now Steinhaus theorem (C7t Théoreme V IIIIl; cf. also
£6, Theorem 4.8]) we get that
0€ Int(m“~AW+r) - nTL(W +r)).
But
m'L(W+r) - m¥1(W+r) ¢ nf1(W-W)+2T) ¢ nfl(U+I)=
=(xe E* (m (x)+3)nu"lj
and so
0f Int{xfeET ( m(x)+Z) NTje#}
(provided U is an open neighbourhood of zero).
Suppose now that UCE is an open set» let Xq be a
real number such that (b(Xq)+2)flUE0 and fix a
ub (T(X)+2r) nuU. It follows from the previous part of this
proof that
0€ Int{xeE: (m(x)+l)n (U-u)”0}.
Moreover,
T(X+XP)+2 = mM(X)+m(x0)+7T « (Mm(x)+u)+(m(xQ) - u+2f)=
s m(x)+u+2r V x6E
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which shows that

(b(x+Xq) +ANn U s C(m(x)+Dn Cu-uil+u V xeE,
Consequently

Xg € XQ+Int{xfe Et Cm(x)+ar)n (U-u)"#} =

= XQ+Ilht{x6 E: (di(x+Xq) +X)n =

INt(xQ+{x€E: (T(x+Xd)+1)n UJE0Y s

Int[xe E: (m(x)+J) n UM}

which we wanted to show.
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