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On the stability of some class of functional equations

There are v ario u s d e f in it io n s  o f the s t a b i l i t y  of 

fu n c tio n a l eq u atio n s. In  papers [ 7 ]  and [ 8] the authors 

con sid er the p ro p e rtie s  o f th ese  d e f in it io n s  and the pro

blems of the s t a b i l i t y  of. some c la s s e s  o f eq u ation s. In 

t h is  paper we g e n e ra liz e  those r e s u lt s  to  a p o ss ib ly  la rge  

c la s s  of eq u ation s.

I .  Consider the eq u ation :

г и ,У ,^ С х ) ^ ( У М ( Ь ( х ,у ) )  ,v f(l(x ,y )))  =

= K (x ,y ,v f (x ) ,^ (y )  ,^ (k (x ,y ) )  ,^ ( l ( x ,y ) ) )  , 

where ^  i s  an unknown fu n c tio n , k , l :  E ^ x E ^ -^ E ^ ,

P , K :  Ê J x  E ^ X  X x x -* •  are given fu n ctio n s and 

B ^ , are a rb itra ry  s e t s .
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The fo llo w in g  d e f in it io n  o f the s t a b i l i t y  o f equation 

( 1)  i s  pattern ed  a f t e r  th a t g iven  by D .H . Hyers ( c f .  СбЗ)» 

DBPINITIOH 1 . L et be a m etric in  V ^ . Equation C D  

i s  sa id  to  be s ta b le  i f f  f o r  every p o s it iv e  £  there 

e x is t s  a p o s it iv e  & such th a t f o r  a l l  fu n ctio n s  ф sE^ -► V^, 

i f

У ^К х.у.ф Сх) М у) .фкСх.У) ,К(х,7,Ф(х) Ml) ,4>l(x,j)))< S

fo r  a l l  x ,y  e E ^ ,

then th ere e x is t s  a s o lu tio n  -*> o f C D  such th a t

91(^ (зс )*Ф (х ))< £

fo r  a l l  x  я E^•

In  t h i s  d e f in it io n  n oth in g i s  assumed about th e m etric 

9V  In  the fo llo w in g  example we can see th a t th is  f a c t  may 

b rin g  about an unexpected s itu a tio n s

E x a m p l e .  Let th ere  be a m etric f ( a ,b )  s  |ea-e^ j 

in  the s e t  R o f r e a l  numbers. Consider the eq u ation s:

12) fC x) + f ( y )  -  f (x y )  = 0 ,

(3 ) f  (x ) + fCy) = f  (xy) ,

where f :  R R .  The fu n ctio n  fCx) = 0 is . the unique so

lu tio n  o f th ese  eq u atio n s.

Equation ( 3 )  i s  not s ta b le  in  the sense o f d e f in it io n  

1 , because i f  we ta ke  an £ , 0 < £  <1 and a <S > 0 , and 

then choose an n such th a t I ^  -  1 £ and | ^ (5  -  l)| <

then th e fu n ctio n

g U )
x  /  0 ,

x = 0 ,
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s a t i s f i e s  co n d itio n  Ç (g (x )+ g (y ) ,g (x y ))<5  » but

Ç fe(0 ) , 0) > £  .

Equation ( 2 ) ,  on the other hand, i s  s ta b le  in  th is  

se n se , s in ce  p u ttin g  у = О in  the in e q u a lity  

Ç (g O O + g (y )-g (x y ) » 0 )< S  , we have Ç ( g ( x ) ,0 ) < £  , the s ta 

b i l i t y  fo llo w s w ith <5 = £ .

I t  fo llo w s from t h is  example th a t the s t a b i l i t y  of 

equation (1) cannot be reduced to  the s t a b i l i t y  o f an equa

t io n  o f the form:

(4 ) F (x ,y » ^ (x )  ,Ц)(у) ,^ k (x ,y }  ,\Ç l(x ,y )) = a ,

where a i s  an a rb itra ry  element from V^. Even i f  we assume 

th a t V̂ j i s  a group w ith the u n it e^ and transform  equation

( 1)  in to  the eq u ivalen t equation :

F ( x »y»'fCx'),vÇ(y>) ,-fk (x ,y ) ,^ l ( x ,y ) )  .

• [ K ( x ,y ,^ ( x )  ,vf(y) ,^ k (x ,y )  ,v f l(x ,y ))]  

o f  type C 4 ), then i t  may happen th a t one of equations ( 1 ) 

and ( 5 ) i s  s ta b le  in  the sense o f d e f in it io n  1 w hile the 

oth er i s  n o t .

I t  i s  in te r e s t in g  to  fin d  what co n d itio n s on the me

t r i c  ÿ are s u f f ic ie n t  fo r  the s itu a t io n  from example 1 

not to  happen. The fo llo w in g  lemma says about i t :

LEMMA 1 . I f  ( V ^ , ^ )  i s  a m etric sp ace , (V ^ ,* )  i s  

a group w ith th e u n it e^ , and th e fo llo w in g  co n d itio n  i s  

f u l f i l l e d :
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(6)

Л  У  Л  Г § 1(х ,у )< < 5  
е> 0  6> 0  х . у ь У ^ * 1

А 91(х«а,у.*)<£] »
звбУ1

then equation (1 ) i s  s ta b le  i f  and only i f  equation ( 5 )  i s  

s t a b le .

P r o o f .  Let (1 ) be s t a b le .  Given an £ > 0  we take 

S1 according to  the s t a b i l i t y  o f  ( l )  and to S j  we chooser S 

according to  co n d itio n  ( 6 ) .  I f

$ ,( ? ( * ,* ,Ф(х) >Ф(7) .фк(*.7) ,ф1(х,7)) *[1(х ,? ,ф (х) ,ф(7) »фк(х,у) ,ф1(х,у))] 5

fo r  a l l  х ,у е Е „ ,  then in  view o f С б )

^(FCx.y,ф(х) ,ф(у) ,фк(х,у) ,ф1(х,у)) ,Х(х,у,ф(х) ,ф(у) ,фк(х,у) ,Ф1(х,у))) < 5 1 

th e re fo re  th ere  e x is t s  a s o lu tio n  ^  o f (1 )  such th a t 

^ ( ф ( х )  ,vf(x)) < £  fo r  a l l  x e E ^ .  T h is  proves the s u f f i 

ciency because vf i s  a lso  a s o lu tio n  of equation ( 5 ) .

The proof in  the other d ir e c t io n  i s  analogous.

I I ,  The to p o lo g ic a l d e f in it io n  of s t a b i l i t y  proposed 

in  [ 7]  does hot p resen t those d i f f i c u l t i e s :

DEFINITION 2 . L et be a to p o lo g ic a l space and Cv^»*) 

a group w ith th e u n it e ^ . Equation (1 ) i s  sa id  to  be 

s ta b le  i f f  fo r  every neighbourhood A^ of e^ there e x is t s  

a neighbourhood of e^ such th a t fo r  a l l  fu n ctio n s 

ф : E1 - >  Vv  i f

?(х,зг,ФСх) ,ф(7) ,фк(х,у) ,ф 1(х ,^[к (х ,7,ф (х) ,ф(у) ,фк(х,у) ,ф1(х ,^ )]  “1 6 Q., 

fo r  a l l  х ,у  6 Е ^ ,

Л  Г



then th ere e x is t s  a so lu tio n  of ( 1 ) such that

Ф(х) C ^ C x )] ” 1 e Д 1 fo r  a l l  x ê E ^

I t  i s  obvious th a t in  gen eral d e f in it io n s  1 and 2 can

not be e q u iv a le n t. In  C73 i t  i s  shown th a t even i f  the to 

p o lo g ic a l space V,j i s  m etrizab le  by a m etric then d e f i 

n it io n s  1 and 2 are not n e c e ssa r ily  e q u iv a len t. I t  i s  a lso  

proved there th a t in  the case o f Cauchy type equation 

чрк(х,у) = K (^ (x ) ,^ (y ) )  th ese d e f in it io n s  are equivalent 

i f  the m etric s a t i s f i e s  co n d itio n  ( 6 ) .  An analogous 

argument shows th a t th is  r e s u lt  i s  v a lid  a lso  fo r  equations 

o f type ( 1) .

In  connection  w ith co n d itio n  ( 6 ) ,  we s h a ll  prove the 

fo llo w in g  lemma. (The method of the proof fo llo w s the p at

te rn  in  [1] ,  p p .2 9 9 -3 0 1 ).

LEMMA 2 .  I f  a to p o lo g ic a l group (G ,* )  i s  m etrizable 

by the m etric Ç , then there e x is t s  a m etric ç equivalent 

to  the m etric ç  and such th a t ç (x ,ÿ )  = ç (x » z ,y * z ) fo r  

a l l  x ,y , z e G ,  and thus f u l f i l l i n g  ( 6 ) with 6 = £ .

P r o o f .  I f  G i s  m e tr iza b le , then i t  has a countable 

b a s is  o f neighbourhoods of the u nit e such th a t i t s  in te r 

s e c tio n  i s  the s e t  {_ e} (fo r example , we may take the fa 

m ily the b a l l s  [ x e G i  Ç (x ,e )  <  j ] ) .  Take a se t  B c  G.

L et B“1 = { x l G* x ” ^€ b } and le t  В* = В n B~1 . Note 

th a t i f  x e B * ,  then x“16 В*”, and th a t i f  ^  = £вд : n e n] 

i s  a neighbourhood b a s is  o f the u n it , then £,*= [В * : Bnfe^J 

i s  a neighbourhood b a s is  o f the u n it , to o . Thus we can
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assume th a t in  G th ere e x is t s  a cou n tab le b a s is  ГBn s n e N }  

o f neighbourhoods o f the u n it such th a t fo r  each s e t  В 

from t h is  b a s is ,  i f  x e B  then x 6 В and, moreover, 

p u ttin g  B0 = G , we may assume th a t the co n d itio n

(7) ®n • ®n * ®n ®n—1 ^or n = 1 *2t3* • • • 
i s  f u l f i l l e d .  Hence we have a ls o  BQ c  BQ_ ^ . Now put

f  2~n fo r  xfeB  л \  В , n = 1 , 2 , 3 , . . . ,
f ( x )  = j

V 0 fo r  x = e ,

and

p (x) = in f^ C x ^ )  + . . . +  f ( x Q) î x ^ » . . .* * ^  = x ,  n a  n} ,  x a G .

We s h a ll  prove th a t the fu n ctio n

9 (x ,y ) = p (xy~1 )

i s  the m etric which we are loo k in g  f o r .

F i r s t ,  we s h a l l  prove by in d u ctio n  the in eq u a lity *  

f ( x 1 « . . . * x Q) 4  2 ( f ( x 1) + . . . + f < x n>) .

I t  i s  evident i f  n = 1 . Assume i t  v a l id  fo r  an n 1 . 

S in ce  fo r  a l l  x a  G f ( x )  4  we need con sid er only the 

c a s e , where- s  = f ( x 1>+ . . .  + f C x ^ )  <  I f  f(x>,) £  § ,  

then th ere  e x is t s  а к , I 4 k 4 n , such th a t

f ( x , , ) + . . . + f  (xk) <  fCx,,) + . . . + f ( x k+1) >  | ,

f ( x k+2) + . . . +f (X n +1) 4  f .

Hence f ( x ^ . , . . * x k) 4  2 ( f  (x^) + . .  .+ f  (xj^)) 4 2 » |  = s ,

f ( x k+1^ 3 » and f ( xk+2 *****xn+1^  2 f̂ ^atk+2^ + , **+ f ^3ca+1^ ^
4 2 • !}• = 3 * Take m such th a t 2“ m4  3 < 2” m+1. Then

f ( x 1 . . . . *xk) , f ( x k+1) , f ( x k+2 * . . . *хп+1) < 2-m+1, Whence by
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the d e fin itio n  of f  we get x1 « . . . a ^ , a ^ +1 ,xk<|2 » . . . * x n+1€ Bm_ f  

In view of (7 )  V . . .  ’ xn+1 £ Bm-2  and hence 

f ( x ^ » . . . * x nVj) 4  2“ m+̂  2 s .  I f ,  on the other hand,

f ( x 1) >  | ,  then f (x 2) + . . . + f ( x n+1) 4  I  and 

f ( x 2 * . . . » x n+1) <  2 (f(x 2) + . . . + f ( x n+1)) 4  2 • I  = s .  Since, 

of course, also f(x^) 4 s ,  by a similar argument we get 

again f C x , , » . . . * * ^ )  4  2s .

In  v ir tu e  of the in e q u a lity  Ju s t  proved we have

p (x ) 4 f  (x) 4  2 p ( x ) .

Prom t h is  in e q u a lity  i t  r e s u lt s  th a t p (x) = 0 i f f

f ( x )  в 0 . Thus we have Ç (x ,y )  = 0<=& pCx.y” "1) = 0 <=&

< = ^ f(x » y  ) = 0 -3 ^  x»y = е -Ф ^ х  = у . Prom the proper-

t i e s  o f the elem ents o f the b a s is  we g e t f ( x )  = f ( x  ) ,
—ith e re fo re  p (x ) = p (x  ) ,  and hence

$>(x,y) = P (x *y "1) = p ( ( x .y - 1 ) ” 1) = p ( y x _1 ) = ç ( y ,x ) .  

S in c e , moreover, p(x»y) 4  p (x ) + p ( y ) ,  we have

Ç (x ,y ) = p (x jy _ 1 ) = p ((x z ~ 1)( zy~1 )) 4 p (xz“ 1 ) +

+ P (zy “ 1 ) в Ç (x ,z )  + 9 ( z ,y).

In  t h is  way we have proved th a t the fu n ctio n  9 i s  r e a lly  

a m e tr ic . In  v ir tu e  o f the in e q u a lit ie s  p (x ) 4 f ( x )4  2p(x) 

we have moreover

Bn = {x, £ W < ^ , ) c ( n  { * ' Ç C e .z K j b î ]

= { x !  2 P C x U ^ } c [ x :  « x U ^ }  = V l ,  

which proves th a t t h is  m etric induces the o r ig in a l to p olo 

gy in  G .
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Ve have a lso

ç ( x * z ,y z )  = р (п * (у О " 1 ) = Р (х * у "1) = ç ( x ,y ) ,  

which com pletes the p ro o f.

I t  a r is e s  from the lemma proved th a t i f  i s  a me- 

tr iz a b le  to p o lo g ic a l group i t  can be m etrized in  such a 

way th a t the s t a b i l i t y  o f an equation o f type ( 1)  in  the 

sense o f d e f in it io n  2 i s  eq u iv alen t to  the s t a b i l i t y  o f 

th is  equation in  the sense o f d e f in it io n  1 w ith re sp e c t to  

th is  m e tr ic .

I t  should be observed th a t in  g en era l i t  i s  im possible  

to  rep la ce  the equivalence o f m etrics <p and in  lemma 2 

by the uniform ly equivalence o f th ese m etrics (se e  [53 

p .321 ) i . e .  by the fo llo w in g  two co n d itio n s

A
L>0

A
£>0

S 1 > o

-V
o 2 > 0

A [ р(х,у) < (рсх.ун e] ,
x ,y

A C Ç (x ,y  < 0 ( x ,y X  £] .
x .y t V , ,  1 d 1

I t  i s  known ( c f .  [7 3 )  th a t i f  the m etric in  d e f in it io n  1 

i s  changed in to  a uniform ly eq u ivalen t one, then s t a b i l i 

t i e s  o f fu n c tio n a l equation ( 1 ) in  the sense of t h is  d e f f  

n it io n  w ith re sp e ct to  both  th ese  m etrics are e q u iv a le n t. 

( In  [73 i t  i s  proved, fo r  equation o f the type ^ (k (x ,y ))

= К Ц (х ) ,vf(y)) , but the p roof i s  e x a c tly  the same fo r  

equation of type ( 1 ) ) .  I f  in  G we would co n stru ct a 

m etric <j uniform ly eq u ivalen t to  ç and f u l f i l l i n g  the 

co n d itio n  Ç (x ,y )  = ç> (x » z ,y .z ) fo r  x ,y ,z e G  then the
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s t a b i l i t y  o f  equation ( 1 ) in  the sense of d e f in it io n  1
*

w ith re sp e ct to  the m etric $ would be equivalent to  the 

s t a b i l i t y  of t h is  equation in  the sense of d e f in it io n  1 

w ith  resp ect to  the m etric p , and hence a ls o , to  the 

s t a b i l i t y  in  the sense o f d e f in it io n  2 (w ith  resp ect to  

th e topology generated by e ith e r  o f th ese m e tr ics) . On the 

ground o f lemma 1 the s t a b i l i t y  o f equation ( 1 ) in  the 

sense o f d e f in it io n  1 w ith resp ect to  the m etric p i s  

eq u ivalen t to  the s t a b i l i t y  o f th is  equation in  the sense 

o f d e f in it io n  2 w ith the topology induced by p . Thus the 

s t a b i l i t y  of equation ( 1) in  the sense of d e f in it io n  1 

w ith re sp e ct to  the m etric p would be equivalent to  the 

s t a b i l i t y  of t h is  equation in  the sense o f d e f in it io n  2 

w ith re sp e ct to  the topology induced by the m etric p » In 

gen eral t h is  cannot be achived because the m etric p i s  

a r b itr a r y , and thus d e f in it io n s  1 and 2 are not eq u iv alen t, 

as we know a lso  from paper C7D.

I I I .  Consider now another equation of type (1 ) :

G (a ,b , y(a) ,ф (Ь) ,vj>g(a,b) ,tph(.a,b)) =
(8)

= L (a ,b ,4 > (a ) ,ф (Ь ) ,y g ( .a ,b ) ,ч »Ь (а ,Ь )), 

where ф : Eg -► V2 i s  an unknown fu n c tio n ; g ,h :  E2’

G ,L : E2 x E2 x V2 x V2 x V2 -►  V2 are g iv e n  fu n c t io n s , 

and E2 , Vg are a r b itr a r y  s e t s .

Before we form ulate the main theorems of th is  paper 

we prove the fo llo w in g :
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LEMMA 3 . L et OC s —► Eg be a b is e c t io n , l e t

-► У2 be a fu n c tio n , and l e t  the fo llo w in g  condi

t io n s  be f u l f i l l e d :

c c k (x ,y ) = g(oc(x) ,of(y)) ,

< * l ( x ,y )  = h(OC(x) t°c(y)) ,

^ 1F ( x ,y ,z ,u ,w ,v )  =

= G ^ o c (x ) ,a (y ) ,f1( z ^ ,^ 1 C u ) ,f 1 (w ),jS1 (v »  , 

|>>jK(x,y,Z,U,W ,v) =

= L(oc(x) ,oc(y) ,|>1 Cz),| .1 (u ),| ,1 (w ),^ 1 (v)) , 

and z ^ jW .v e V ^ ,

I f  a fu n ctio n  vf s a t i s f i e s  equation ( 1 ) ,  then the fu n ctio n  

iy = s a t i s f i e s  equation ( 8 ) .

P r o o f ,  Put oc(x) = a and cC(y) = b . We have

G (a ,b ,f>1^cC1C a ) , ^ « ” 1(b ) * f y f ^ g U . b )  »^f?a ~1b U .»b » = 

^ * ( х ,у ,^ ( х )  ,\f (y )  ,^ k (x ,y )  ,^ l ( x ,y ) )  =

Щ К (х ,у ,^ (х )  ,v|(y) , f k ( x ,y )  .vflCx.y)) =

L ( a , b , ^ o r 1 (a ) Cb) ł f ^ f ł ^ s U . b )  . ^ a ^ h C a . b ) )  ,

T h is  proves the lemma.

THEOREM 1 . Let (V ^ , ) and (V 2 » Ç 2 )  ^e теЬг*-с

sp a ce s . L e t , moreover, C<: E^ —► Eg be a b is e c t io n  and 

l e t  |э  ̂ V2 , £2  1 V2 V1 ^e continuous

fu n c t io n s . Assume th a t the co n d itio n s (9 )  -  (12) and:

(13) > 2G ( a ,b ,c ,d ,e , f )  =

= F (K "1C a ) ,a “ 1( b ) ,^ 2( c ) , ^ 2 ( d ) ,^ 2 (e ) ,f» 2 ( f ) )  ,
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(14) 9>2̂ j (в *c »d i e , f )  в

= № ” 1 (a ),C 3r 1( b ) , j i2C c ) ,^ 2 Cd),jb2(e),p>2( f ) )  , 

f o r  a l l  a ,b€rE2 and c , d , e , f  e V 2 ,

(15) = id  V2 * 

are f u l f i l l e d .

I f  equation CD  i s  s ta b le  in  the sense of d e f in it io n  1 , 

then equation C8) i s  s ta b le  in  the 6ense of the same d e f i 

n i t io n , to o .

P r o o f .  F ix  £ >  0 .  Choose, ste p  by steps £^ to  £ 

by the uniform co n tin u ity  of to  by the s ta b i

l i t y  o f equation ( 1 ) ,  5 to  5^ by the uniform co n tin u ity  

o f  р г .

Assume th a t

Ç2(G (a ,b ,H K a) ,Ф(Ь) ,v|Jg(.a,b) ,ф Ь (а ,Ь )) ,

L (а ,Ь ,ф (а ) ,ф (Ь) ,фвСа,Ъ) ,фЬ(а,Ъ))) < 5 

fo r  a l l  а ,Ъ £ Е 2 .

By the uniform co n tin u ity  o f £ 2 we have

Ç 1(^ 2G(a,b,4»Ca) ,Ф(Ъ) ,^ g (a ,b )  ,ф М а ,Ь )) ,

£ 2Ь (а ,Ъ ,ф (а )  ,ф (Ь ) ^ g ( a ,b )  ,ф Ь (а ,Ь )))  <  <5^.

P u ttin g  сх(х) = а , ОС(у) = b , applying ( 9 ) ,  (1 0 ) , ( 1 3 ) ,

(14) and 0С 10С = id™ we g e t
*1

91 ( Е ( х ,у ,> 2фо<(х) ,р,2фОк(х,у) ,£ ^ о Ч (х ,у ) )  ,

К (х ,у  ,^ 2фсс(х) ,£ 2ф0С(у) ,f>2y b k (х ,у ) ,р>2фоа(х,у))) < 6 1 .

Put now ф  = In view of the s t a b i l i t y  of eq u a tio n (l)

th ere  e x is t s  a fu n ctio n  vf s E^ —► s a t is f y in g  eq u ation (2)
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,ф (хЙ ’ <  £ 1 fo r  a l l  x a E 1 .

By the uniform c o n tin u ity  o f we have

9 2( M < * >  * M ^ < £
i « 6«

,92( ^ о Г 1 ( а) , ^ Ф оГ 1 ( а)) <  i

and f i n a l ly  in  view oi o c a ”  ̂ = id g

92(>1f5T1Ca),vpCa))< L .

By lemma 3 the fu n ctio n  s a t i s f i e s  equation Св)

which com pletes the p ro o f.

В e m a 'r  k . In the above proof the assumption th a t 

Ot i s  a b is e c t io n  was e s s e n t ia l  only when transform ing 

the f i r s t  two v a r ia b le s  o f the fu n ctio n s G and Ł . B esid es 

i t  i s  s u f f ic ie n t  to  know th a t (XoC^ = id  Therefore in  

the case where th e fu n ctio n s  F and К do not depend on the 

f i r s t  two v a r ia b le s  (th e n  the fu n ctio n s G and- L s a t is f y in g

(11)  -  (1 4 ) do not depend on the f i r s t  two v a r ia b le s , 

e i t h e r ) i t  i s - s u f f i c i e n t  to  assume th a t th ere e x is t  func

tio n s  —*■ Eg and CC2 s Eg —► Ê j such th a t

(16) Ô OCg = idEg,

conditions (9) -  (14) are fu lf i l le d  with the function (X̂  

instead of CX and function CĈ  instead of (X f and 

<*2gCa,b) = k(oc2 (a),<Xg(b)) , 

a 2h(a,b) = l(o^Ca),c^Cb)> .

In  the. case o f the Cauchy equation the fu n ctio n s F and E

and such that
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do not depend on th e  f i r s t  two v a r ia b le s , so in  paper [8 3 , 

where a theorem analogous to  theorem 1 i s  proved fo r  the 

Cauchy eq u a tio n , only co n d itio n  16 i s  assumed, n ot th e 

b id a c t iv i t y  o f  a  .

For con ven ien ce, me s h a l l  use th e  fo llo w in g  sh o rt n o ta tio n : 

* ( x ,y ,< ? ( x ) , . . . )  «  * ( x ,y ,i f ( x )  #vf(y) ,v fk(x ,y) ,^ l ( x ,y ) )

(and a n a lo g ic a lly  f o r  fu n c tio n s  K , G , L ) .

An analogue o f  theorem 1 f o r  th e  to p o lo g ic a l  d e f in it io n  o f 

th e  s t a b i l i t y  can be form ulated as fo llo w s :

THEOREM 2 .  L et and V2 be to p o lo g ic a l  spaces and 

CV^, • ) *  (V2 , ©) groups w ith  u n its  e^ and e2 ,  r e s p e c t iv e ly . 

M oreover, l e t  continuous homomorphisme £ 2 and a b i 

s e c t io n  oc s a t i s f y  c o n d itio n s  ( 9 )  -  (1 5 )»

I f  eq u ation  (1 ) i s  s ta b le  in  th e  sense o f  d e f in it io n  2 , 

then equation  ( 8 ) i s  s ta b le  in  the sense o f  th e same d e f i 

n i t io n ,  to o .

P r o o f .  L e t & 2 be a neighbourhood o f  e2 * As in  

th e p reced in g theorem , choose: a neighbourhood Д ^  o f  e^ 

such th a t  ^ ( Д ^ З  с  Д 2 by the c o n tin u ity  o f £ 1t Q 1 to  

Д^ by th e s t a b i l i t y  o f equation  0 3 ,  S 2 such th a t 

? 2 ( Q 2) c Q 1 by th e  c o n tin u ity  o f £ 2 a t  e2 . L et

& ( а ,Ь ,ф ( а ) , . .  .3 ® [ b ( a ,b ,4i ( a ) , . . « ) ]   ̂ *  ® 2 *

£2 i s  a homomorphism, so

£ 2G(a,b,lf>(a3 , • .* 3  *^^2Ь (а ,Ь ,ф (а З , •  • 0 3  ^ ® i*

In  v ir tu e  o f  (153 and (1 4 3 , p u ttin g  a = 0 C (x 3 , b = ос(уЗ»
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we have

У(*»У»^2 Ф°^с) , . . . ) * [ к ( х , у , р 2фос(х) , . . . ) ] “ '1 « Q 1 .

From the s t a b i l i t y  o f ( 1 ) ,  p u ttin g  l ik e  in  the proof o f 

theorem l  ф = ^ ф С к , we get

* [ ^ ( x ) ] “ 1 & A1f

whence by the ch oice  of

^ Ф С х )  С  Д 2 .

—iS in ce  x =cc ( a ) ,  we ob tain

> 1фсх“ 1 Ca) ® [ а д с Г 1и ) ] " 1 & Д 2 

and t h i s ,  to g e th e r w ith lemma 3 » com pletes the p ro o f.

IV . Throughout the r e s t  o f  t h is  paper we assume th a t 

(V i , ^ )  and (V2 , ç 2)  are m etric sp a ces.

The fo llo w in g  d e f in it io n  o f the s t a b i l i t y  i s  a lso  

considered ( c f .  [ 6l ,  C83):

DEFINITION 3 .jE q u a tio n  (.1) i s  3aid  to  be s ta b le  i f f  

th ere  e x is t s  a p o s it iv e  such th a t fo r  every p o s it iv e  £ 

and fo r  a l l  fu n ctio n s  ф : -w  V ^ , i f

^ (Р С х .у .ф С х )  , . . . ) ,  K (x , у ,ф ( х ) , . . . ) ) < £  fo r  a l l  x ,y fc E 1

then th ere  e x is t s  a s o lu tio n  ^  s -*■ V^ o f ( 1 ) such 

th a t

Ç1 (vf(x) t<K*)) <  fo r  a l l  x f c E ^

The fo llo w in g  theorem r e fe r s  w ith t h is  d e f in it io n !

THEOBEM 3 . L et cC : E^ E2 be a b is e c t io n  and l e t  

fu n ctio n s V,, —► V2 , ^ 2 s V2 — s at i s f y  a L ip s c h itz

c o n d itio n . L e t ,  moreover, co n d itio n s C8)-<15) be f u l f i l l e d .
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I f  equation (1) i s  s ta b le  then equation ( 8 ) i s  s ta b le , to o . 

P r o o f ,  L et equation (1 ) be, s ta b le . Assume th a t 

Ç gC® Ce fb , Ф (а ), » • •) ,L  (a ,b , ф(а) , . . . ) ) < £  •

S in ce  >̂2 s a t i s f i e s  a L ip s c h itz  co n d itio n  there e x is ts  an 

^2  such th a t

$ 1($ 26 ( a »b » ^Ce) » • • •) Ce ,b , ф (a) , « « о )) ^

4 C®»bt ф(.а) , . . . )  ,L ( a ,b ,  ф(а) , . . . ) )  <

< ti2 £ .

Applying co n d itio n s (9 )»  (1 0 ) ,  (1 3 ) , (14-) and p u ttin g  

ф = ^ 2^ ос end OCx) = a , Oi(y) = b we get analogously as 

in  theorem 1

§1 ( * ( х ,У ,ф С х ) , . . . ) Д 0 с ,у ,ф ( х ) |. . . )  < *

I t  fo llo w s from the s t a b i l i t y  o f (1) th a t there e x is ts  a 

ip such th a t

2 1(ф (х ) ,^ (x j)  <  fo r  a l l  X 6 B1 .

From L ip s c b itz  co n d itio n  (w ith  a constant ^  )  fo r  

we g e t

92(.ЬФ С х ) , М ( х ))  <  4 i § i ( ^ ^ C ^ ) ) <

whence

92( ^ 1фоГ1(е )  , ^ o f 1 (a )) f

which, in  view o f lemma 3 , com pletes the p ro o f.

V . The fo llo w in g  d e f in it io n  o f the s t a b i l i t y  i s  a lso  

considered ( c f .  СзЗ)*

DEFINITION 4 .  Equation (1) i s  sa id  to  be s ta b le  i f  

fo r  a l l  : E^ -* • , i f  there e x is ts  a p o s it iv e  S  such
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^ ( F t x . y . ^ C x ) , . . . )  ,K (x ,y ,q > (x ), . . . ) )  < S  f o r  a l l  x .y & E ,, 

then vf i s  a sb lu tio n  o f (1) or vÿ i s  bounded.

The corresponding theorem has now the form ( R + =

= (x f e R î  x 0 } ){

THEOREM 4 .  L et OC : —*- E2 be a b is e c t io n , l e t

s V1 —*>V2 be bounded on bounded s e t s ,  and l e t  there 

e x is t s  an in cre a sin g  fu n ctio n  h^s R+ R+ such th a t the

fo llo w in g  co n d itio n  i s  f u l f i l l e d :

(17) ^ (| > 2 (х ) ,f>2 Cy)) 4  b2( ç 2 (x ,y )) fo r  a l l  x , j 6 V2 .

L e t , moreover, co n d itio n s (9V (15) be f u l f i l l e d .  I f  equa

t io n  C1) i s  s ta b le  then equation  (8) i s  s ta b le , to o . 

P r o o f .  L et

^2 ( g (а ,Ь ,Ф (в ) , .  . . )  ,* ь (а ,Ь ,ф (a) , . .  » ))^5 fo r  a ,b  & E2 . 

The fu n ctio n  i s  in c r e a s in g , whence

h^92 (® (efb »vp (s) , . . . )  ,L ( a ,b ,  ф(а) , . » • ) )  ^  h ^ S )  .

By co n d itio n  (17) we get

y (̂j?>2G (a »b ,ф (а ) , ♦ » •) (® »b « ф (s) , . . . ) )  ^  1̂ ( 5 ) .

whence analogously as in  theorems 1 and 3

f t  (P (х ,7 ,^ 2фС«:х) , . . . )  ,К ( х ,у ,^ 2фес(Х) , . . . ) ) <  hgCS) , 

so £ 2 фС*. i s  a solu tion  of (1) or £ 2 фОС is  bounded.

In  the former c a s e , in  view o f lemma 3» £ 2ф°С i f  a so lu 

t io n  o f equation ( 8 ) .  I f  the fu n ctio n  £ 2Ф<Х i s  bounded, 

then the fu n ctio n  ф = jS^j^tycXOC^ i s  bounded, to o , b e -  

ceuse j-Ц i s  bounded on bounded s e t s .  T h is  com pletes the 

p ro o f.

that
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R e m a r k s

1 . The fu n ctio n  —► Vg maps bounded s e ts  onto

bounded s e t s  i f f  th ere  e x is t s  an in cre a sin g  fu n ctio n  

h^: R+ —► R+ and a p oin t a such th a t the fo llo w in g

co n d itio n  i s  f u l f i l l e d :

(18) . ^ ( a ) )  <. h ^ ( ^ C x f a)) fo r  a l l  x fcV ,,.

In  f a c t ,  l e t  h^ and a s a t i s f y  the above in e q u a lity  and le t  

Z C  be a bounded s e t .  Then there e x is t s  an r > 0 

such th a t

ç ^ C x ^ )  4  r  fo r  a l l  x fc Z .

Hence, in  view o f (1 8 ) ,  we have f o r  xfeZ

and thus the s e t  £ ^ ( Z )  i s  bounded.

Conversely l e t  a t  be an a rb itra ry  p oin t and le t

In  view o f the property o f the fu n ctio n  h  ̂ i s  w ell de

f in e d . F u rth er , f i x  an x e V ^  and put r  = $ Ц( х , а ) .  Then 

x e K (r) and

Ç2(|>1 W  *̂ >i (a)) 4  V r) = (£ ,(? > •))  ,

i . e .  co n d itio n  (18) i s  f u l f i l l e d .  I t  i s  a lso  evident th a t 

h^ i s  in c r e a s in g .

2 .  Note th a t the above co n d itio n  regarding the func

t io n  i s  eq u ivalen t to  the fo llo w in g  one: fo r  every 

p o in t a th ere  e x is t s  an in crea sin g  fu n ctio n  h^:R +-^ R +

such th a t the co n d itio n

ÿ2( > l ( x )  ,£ i ( a ) )  4  Ц С ^ С х .а ) )  4  Ц С г ) ,
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Ç g C ^ C x ) ,]Ц Са)) <  h ^ C ^ C x .a ))  fo r  a l l  x €-V <1 

i s  f u l f i l l e d .

3 .  Note th a t i f  a fu n c tio n  J >2 s a t i s f i e s  the L ip s c h itz  

co n d itio n  w ith a con stan t then i t  a ls o  f u l f i l s  the

assum ptions o f theorem 4 w ith hgCt) •  •

V I . In  paper M  the suthor con sid er a d e f in it io n  of 

the s t a b i l i t y  which i s  e s s e n t ia l ly  more gen eral than d e f i 

n it io n  1 .

DEFINITION Equation CD i s  sa id  to  be i t e r a t iv e ly  

s ta b le  r e la t iv e ly  to  fu n ctio n  к i f f  fo r  every p o s it iv e  £ 

there e x is t s  a p o s it iv e  <S such th a t fo r  a l l  fu n ctio n s

Ф : E1 -►  V1f i f

S l^ Pn (x *7 ,<W»Kn^x »3' ,(^  < ^  fo r  a11 x *y fc’ :s'i and a11 n e N
then th ere  e x is t s  a s o lu tio n  ф s E^ —► o f ( 1) such th a t

^ (ф С х )  ,ф (х ))< £  fo r  a l l  х б Е 1(

where fo r  a rb itra ry  ф ; the sequence Fn (and

analogously Kn ) i s  d efin ed  as fo llo w s :

? 1 ( х ,у ,ф )  = F ( x ,y ,ф (х ) ,Ф (у ) ,ф к (х ,у ) ,ф 1 (х ,у )) , 

Еп+1 (х ,у ,ф )  =

= F (k n (x ,y )  ,у ,Р п(х ,у ,ф ),ф (у ),ф к п+1 Сх,у) ,ф 1 (х ,у »  ,n e  N, 

and the sequence кд i s  d efin ed  in  the fo llo w in g  way: 

k ^ x .y )  = k ( x ,y ) ,  

kn+1 (x ,y )  = k C k ^ C x .y ) ,y ) , nfe N.

I t  i s  easy to  prove in d u c tiv e ly  th a t ф s a t i s f i e s  equa

t io n  ( D  i f f  i t  s a t i s f i e s  the equation Еа ( х ,у ,ф )  = Кп(х ,у ,ф )  

fo r  a l l  n e N .



An i t e r a t iv e  analogue o f d e f in it io n  3 reads as 

fo llo w s :

DEFINITION 6 . Equation (1 ) i s  sa id  to  be i te r a t iv e ly  

s ta b le  r e la t iv e ly  to  fu n ctio n  к i f f  there e x is ts  a p o si

t iv e  such th a t fo r  every p o s it iv e  £ and a l l  fu n ctio n s

Ф* B1 V1 ,  i f

§1(? п С х ,у ,ф ) ,К п (х ,у ,ф ))< £ . fo r  a l l  x .y t E , ,  and a l l  ne N, 

then th ere e x is ts  a so lu tio n  : E^ —► o f CD such

th a t

51(ф (х) ,\f(x )) < fo r  a l l  x e E 1f

where Fn and K„ are d efin ed  as in  d e f in it io n  5»

B efore form ulating other theorems we prove the 

fo llo w in g :

LEMMA 4 .  L et a b is e c t io n  oC and fu n ctio n  

s a t i s f y  co n d itio n s (9)» ( 1 0 ) ,  (1 1 ) ,  (13) • L e t , moreover, 

fu n ctio n s Fn , Gn , kQ, gQ be defined  as in  d e f in it io n  5 .  

The fo llo w in g  e q u a lit ie s  h old :

(19) O C k ^ x .y ) = gn(0C(x) ,a (y )) ,

(20) j b ^ C x . y ^ )  = оп( а ( х ) ,а ( у ) ,> 1фос"1 ) ,

(21) ^ 2Gn Ca,b ,4i) = Fn( o r 1 ( a ) ,c T 1 (b) ,£ 2фСХ).

P r o o f .  The proof w i l l  be by in d u ctio n . For n = 1

r e la t io n s  (19)-(21) are e v id e n t. Assume th a t they hold fo r  

an n e N . In  view o f (9 )  we have

a k n+1 (x ,y > = оСк( кпСх»У) »?) =

= g(0tkn (x ,y )  ,« (y )) =
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« вСвцСкСх) ,ос(у)) ,а(у» ж 

* *
Thus (19) is  fu lf ille d .

Similarly by (11) we get
b Fn+1 (Х*7»Ф) = »У»*П(*»*:Ф ).Ф (У) »4*n<*.y> »4*(x,y3>

= G(cxkn(z,y) ,ос(у) ,Gn(a(x) ,ct(y) .^ф сГ 1) ,^ф (у ) . ^ ^ ( х . у )  ,^ф1(х,у))

= G tg ^ ttU ) ,ос(у)) ,а (у ) ,Gn(ot(x) ,а (у ) ,^ ,ф а“ 1) , 

^1ФсГ1«(у>^ф<х'|вп( « ( ^  .а(У» .^ Ф «  1h(oc(г) ,<х(у»)
* Gn+1(« (x ) ,a (j) ,s ^ o r 1).

Tbus (20) is  fu lf i l le d , too.

The proof of (21) is  analogous.

From lemma 4 , taking in the proofs of theorems & end 

3 functions Fn, Gn, Кд, Lq instead of functions F , G, K, L, 

respectively, we get two theorems:

THEOREM 3* bet cC be a bisection, le t  and ^  be 

uniformly continuous functions and le t  conditions (9) -  

(15) be fu lf ille d . I f  equation (1) is  iteratively  stable 

relatively to the function к in the sense of definition 5* 

then equation (8) is  iteratively  stable relatively to 

function g in the sense of the same defin ition , too.
t

THEOREM 6 . Let cC be a bisection, le t j?>  ̂ and sa

tis fy  Lipschitz condition and le t conditions (9) -  (15) be 

fu lf ille d . I f  equation (1) is  iteratively  stable r e la ti

vely to function к in the sense of definition 6 , then 

equation (8) is  iteratively  stable relatively  to function 

g in the sense of the same defin ition , too.
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R e m a r k s

1 . A l l  the theorems o f t h is  paper can be proved ana

lo g o u sly  fo r  the equation

2 .  In  the case «here equations ("О and ( 8 ) have the

form

they are equations o f homomorphisme and of groupoid

E^ w ith the op eration  k (x ,y )  in to  groupoid with the

op eration  K (u ,v ) and of groupoid E2 with the operation 

g (a ,b )  in to  groupoid V2 w ith the op eration  L (w ,z ) , respe

c t i v e l y .  So the r e s u lt s  o f t h is  paper extend those of 

papers [73  and [ 83 ,

N o tice  th a t i f  equation (1) i s  o f form ( 22) and co n d ition s 

(11) « (12) and (15) are f u l f i l l e d  then equation ( 8) must 

be o f form ( 23) •

З . Equation (1) co n ta in s as a p a r tic u la r  case the 

equation

whose s t a b i l i t y  was considered by D. Brydak ( c f .  [4 ])  and 

E . Turdza ( c f . C 93), Equation (1 )  co n ta in s a lso  the cosine 

equation whose s t a b i l i t y  was stu d ied  by J .A .  Baker ( c f . ( 2l).

(22)

(23)

^ (k (x ,y ))  = КЦ>(х) ,^ (y )) ,

4>(g(a,b)) = L(44a) ,  41(b)) ,

ЦЧк(х)) = K(x,vf(x))
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