
ANTONI CHRONOWSKI

Decompositions of bioperands

In  t h i s  paper we s h a ll  d escrib e  some decom positions 

o f  b ioperands. F i r s t  o f a l l  we introduce some appropriate 

d e f in i t io n s . The d e sc r ip tio n  of the n o ta tio n s as a l e f t  

[ r ig h t}  operand and a bioperand i s  based on the paper [1] ,  

v o l .  2 .

DEFINITION 1 . I f  M i s  a non-empty s e t  and S i s  a 's e ­

migroup, me say th a t U i s  a l e f t  operand over the semi­

group S i f  th ere i s  a mapping C le f t  outer product)

( s ,x )  »-*-sx from S * M  in to  И such th a t

s1 (s2x) = ( s 1s2) x  

f o r  a l l  s yj , s 2 € S  and x &M.

S im ila r ly , a non-empty s e t  M i s  a r ig h t  operand over 

a semigroup T i f  th ere i s  a mapping ( r ig h t  outer product) 

( x ,t ) » -* -x t  from M x T in to  M such th a t
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fo r  a l l  t 1 ( t 2 6 T and x e M .

I f  S and T are semigroups we say th a t a non-empty s e t  

M i s  a bioperand over the semigroups S and 7  i f  i t  i s  a 

l e f t  operand over th e semigroup S ,  a r ig h t  operand over 

th e  semigroup T and

(s  x ) t  = s (x  t )  

fo r  a l l  s e S ,  t s  T ,  x e  M.

I f  S and T are monoids we put 1 x  = x 1 = x fo r  

a rb itra ry  x eM  in  a l l  above c a s e s .

Further on we s h a ll  w rite  a l e f t  operand gM, a r ig h t 

operand and a bioperand glip.

The s e t  M i s  sa id  to  be a f ib r e  o f the bioperand glUj, 

[ l e f t  operand gMf r ig h t  operand .

N ext, we in troduce d e f in it io n s  which are m odelled on 

the s u ita b le  d e f in it io n s  o f th e semigroup theory and the 

a lg e b ra ic  o b je c t theory ( [ 1] ,  [ 33 ) *

DEFINITION 2 . L et and T^ be subsemigroups o f semi­

groups S and T f r e s p e c t iv e ly .

A non-empty su b set N o f the f ib r e  M of the bioperand gtyj, 

i s  sa id  to  be a l e f t  [ r i g h t ]  in v a ria n t subset in  the b i ­

operand gMg, r e la t iv e  to  the subsemigroup [ T ^ ] ,  i f  

S^N C N [N C N ].

A non-empty subset N of the f ib r e  M i s  sa id  to  be an in ­

v a ria n t su b le t in  the bioperand gMT r e la t iv e  to  the sub- 

semigroups and T ^ , i f  S^N C N and N T^ c  N.



I f  = S and T^ = T we simply say that N i s  an C le ft ,  

r ig h t3 invariant subset in  the bioperand g i^ .

DEFINITION 3 .  L et and ЗЦ be subsemigroups o f semi­

groups S and T , r e s p e c t iv e ly .

I f  a non-empty su b set N o f the f ib r e  M of the bioperand

s “ t  w ith  th e  l e f t  and r ig h t  outer products r e s tr ic te d  to

the subset N and the subsemigroups and T^ (r e s p e c tiv e ly )

i s  a bioperand Q Nm over the semigroups S* and T ,., then
A1 ' ' 

the bioperand « Nn i s  sa id  to  be a FS-subbioperand of the 
b1 X1

bioperand gM^.

I f  = S and = T then a FS-subbioperand i s  said  to 

be a subbioperand.

Analogously we can d efin e  a FS-suboperand and a sub­

operand.

An idea o f the symbols F S - (a b b r e v ia tio n s  f o r :  f ib r e , 

s t r u c tu r e )  has been in sp ired  by the paper [ 3] ,  p .12.

I t  i s  easy to  see a sim ple connection between notions 

o f d e f in it io n s  2 and 3 »

DEFINITION. 4 .  A fam ily  ( :  i  & I ) o f su b sets o f a 

s e t  M s a t is f y in g  the fo llo w in g  co n d ition s*

( i )  « N C M ^ i e l ) ,

( i i )  U CM± s i  € I )  = M,

( i i i )  Л  [ i  Ł о = ^ M  о  M, = ф ] ,
i . ô f e l  i  3

i s  c a lle d  a decom position of the se t  M.

The decom position receiv ed  by means o f the equiva­

len ce r e la t io n  p c M x M  w il l  be c a lle d  a ç -decom position .
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The decom position o f th e f ib r e  M o f the bioperend giUp 

i s  sa id  to  be a decom position o f th e  bioperand gBij,.

DEFINITION 5 . I f  every su b set ( f o r  i  Ы )  in  the 

decom position (M ^: i t  I )  o f the bioperand gM̂ , i s  inva­

r ia n t C ^ e la t iv e  to  the subsemigroups c  S and Ti  С  T 

fo r  i f c l ] ,  then the fam ily  i e l )  i s  c a lle d  a decom­

p o s it io n  o f the bioperand glip in to  subbioperands [F S -s u b - 

b io p era n d s].

In the s im ila r  way we d efin e  a decom position o f the 

bioperand in to  suboperands [F S -su b o p era n d s].

DEFINITION 6 . I f  th ere  e x is t s  a decom position o f  the 

bioperand gHp in to  a t le a s t  two d if fe r e n t  Cwith re sp e c t to  

the f ib r e )  subbioperands t^ S -su b b io p e ra n d s]f then we say 

th a t the bioperand gld  ̂ i s  decomposable in to  subbioperands 

[F S -su b b io p era n d s], o th erw ise , i t  i s  c a lle d  indecomposable.

Analogously we d efin e  a bioperand decomposable (jLn- 

decom posable] in to  suboperands Q PS-suboperands].

L et S be a sem igroup. Extend th e binary op eratio n  on 

S to  the s e t  S u ( l ) ,  where 1 i s  an element not contained 

in  S , p u ttin g  1 1 = 1  and 1 s  = s  1 = s  fo r  every s e S .  

C le a r ly , S u {1} i s  a monoid w ith re sn e ct to  t h i s  extended 

op eration  and 1 i s  i t s  id e n t ity  elem ent. I f  S i s  a sem i-
Л

group, then S denotes the monoid obtained by th e adjun­

c t io n  o f an id e n tity  element to  S i f  S does not co n ta in  

an id e n tity  elem ent, and = S i f  S i s  a monoid.
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The equivalence r e la t io n  on M generated by any r e la r  

t io n  р е м  4M w i l l  be denoted by ç e ( [ 2] ,  p .19) .

The symbol p (x ) denotes th a t equivalence c la s s  of the 

equivalence r e la t io n  Ç> which co n ta in s x .  An equivalence 

c la s s  o f the equivalence r e la t io n  w i l l  be a lso  c a lle d  

Ÿ - c l a s s .
ft* Ц*

In  the bioperand gM  ̂ we d efin e  r e la tio n s  £. and 3} 

by the r u le s :

x Jl y V  .  ( s  x  = y ) , 
s e  S '

x H * y  ^  V  ,  (x  t  = y ) ,
ter

f o r  a l l  x ,y  €r Ы.

The r e la t io n s  L  and Я  are r e f le x iv e  and tr a n s it iv e .
—, ft

By means o f the r e la t io n s  <L and Я  we d efin e in  the 

bioperand gM  ̂ a r e la t io n

if = (Л Я*)6.
Every D* - c l a s s  i s  an in v a ria n t subset in  the biope­

rand gMj» The decom position of the f ib r e  M by means of the 

r e la t io n  i f  i s  a decom position of the bioperand gM  ̂ in to  

the subbioperands.

THEOREM 1 . The i f  -decom position  o f any bioperand дМц, 

i s  the only decom position o f th is  bioperand in to  indecom­

posable subbioperands*

P г  о o f .  We have already n o ticed  above th a t in 

every bioperand gMg, the r e la t io n  2) * determ ines the decom­

p o s it io n  of t h is  bioperand in to  subbioperands. We s h a ll

39



preve th a t i t  i s  the only decom position o f th e b io p e - 

rand s “ t  in to  indecomposable subbioperands.

L et (N ^ : i ^ l )  be any decom position o f the bioperand 

in to  subbioperands. L et fo r  i e  I  be any c la s s  in  

t h is  decom position . Ve s h a l l  show th a t i f  x e  then 

2 f(x ) c  N^. Suppose th a t th ere  e x is t s  an element yfeM^N^ 

such th a t (x,y)fe3D* .  Then by the P ro p o sitio n  4 .2 6  o f [ 2 l , 

p .21 , th ere  e x is t s  a sequence , z2 , . . . , z n & U such th a t

z'\ ~ x * zn = **k+1 )  & u R*") и ( Г и Г )  f o r

к = 1 , 2 , . . .  ,n - 1 .  S in ce  z^ r  x e  ^  and z& =

th ere e x is t s  к ç { l , 2 , . . . , n - l }  such th a t z^fc and

zk+1 6 M4 Ni* I f  C » then e ith e r  s z^ =
Л

= or z^ t = z ^ ^  fo r  some elem ents s e S  and

tf e T 1 . As the su b set i s  in v a ria n t so Zjc+16 N^. T h is  

c o n tr a d ic ts  th e  assum ption th a t We re c e iv e

the analogous c o n tr a d ic tio n  co n sid erin g  th e case  where 

fe ( Л* и • Hence an a rb itra ry  subset o f

the decom position (N ^: i t  I )  i s  e ith e r  a 2 ) * - c l a s s  or 

a union o f D - c l a s s e s .

T h is  com pletes the p r o o f .

We d efin e  r e la t io n s  L  and л  in  the bioperand

by the ru le s

and ? Г =  ( t f ) e .

Every £ * * - c l a s s  - c la s s ]  i s  a l e f t  f r ig h t ]  in v a ria n t

su b set in  the bioperand gM<j,.



The decom position o f the s e t  M by means of the r e la ­

t io n  £ * * [ R * * ]  i s  a decom position of the bioperand gld̂ , 

in to  the l e f t  [ r i g h t ]  suboperands.

L et us observe th a t £ **  с  ЗУ* and Я * чс  3l* •

Every subbioperand o f the Ъ  -decom position  o f the 

bioperand gMj, i s  a union o f  some l e f t  [ r i g h t ]  suboperands 

o f the bioperand gM^.

THEOREM 2 . The £ * * -  decom position [  JR**- decomposition] 

o f any bioperand g l^  i s  the only decom position of t h is  b i -  

operand in to  indecomposable l e f t  [ r ig h t ]  suboperands.

The proof o f t h is  theorem i s  s im ila r  to  the proof of 

Theorem 1 .

In  a bioperand gM  ̂ we d efin e  r e la t io n s  £  ,!R , Tt by 

the r u le s  *

x  £  У «=> S1x = S1y , 

x 3? у <*=$> xT1 = yT1 ,

И  = £ п Я  »

fo r  a l l  х ,у  fe М.

The r e la tio n s  £  , ! R , X  w i l l  be c a lle d  G reen 's r e la ­

t io n s . Tnese r e la t io n s  are a g e n e ra liz a tio n  of the w e ll-  

known G reen 's  r e la t io n s  in  the semigroup theory ( [2 \ p .3 8 ) . 

The r e la tio n s  £  , R t Hi are eq u iv alen ces.

LEMMA. For a rb itra ry  elem ents x and у in  the f ib r e  M 

o f the bioperand gM  ̂ the fo llo w in g  co n d itio n s are s a t i s ­

f ie d  t
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e2x = y ) ,( i )  X X. 3« * \ /  V !  (вл e X *
S ^ S g fc  S '

(ii) xR. y«V V Л (yt- = X Ы xtp s y).
^ . t g f e T '  1

These r e s u lt s  are d ir e c t  consequences o f the d e f in i ­

t io n s  o f the r e la t io n s  £  and R  .

Let s be anj f ix e d  element in  the semigroup S .  We de­

f in e  a mapping 1 „ : M -*■ M as fo llo w s

lg  (x) = 8 X

fo r  a l l  x fc M.

The mapping 1_ i s  sa id  to  be a l e f t  tr a n s la t io n  in
О

th e bioperand s % *

For any fix e d  t  fcT we d efin e  a mapping r ^ : M —► M 

as fo llo w s

r fe(x ) = x t ,  x  M.

We c a l l  i t  a r ig h t  a n titr a n s la t io n  in  the bioperand

S^T*
In the sequel o f our co n sid e ra tio n  the fo llo w in g  two 

theorems w i l l  be u se fu l*

THEOREM Let gM  ̂ be any a rb itra ry  bioperand over 

semigroups S and T . Let x ,y  e M be elem ents such th a t 

x R  y , i . e .  x t , j  = y and y t 2 = x fo r  some elem ents

t>j , ̂ 2 ^ *

Ther. the mappings r*. | £ (x )  and r,. | £ (y )  are m utually
1 2in verse  b is e c t io n s  p reservin g  л - c l a s s e s ,  i . e .  the argu­

ments and th e ir  corresponding v alu es belong to  the same 

R  - c l a s s .
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THEOREM 4 .  L et gM̂ , be an a rb itra ry  bioperand over se­

migroups S and T . L et x ,y  & M be elements such th a t x £ y ,  

i . e .  s^x = y and s2y = x  fo r  some elem ents s , j , s 2 6 S1 .

Then the mappings l e | ft(x ) and 1_ |R(y) are mutually
S1 ®2

in v erse  b is e c t io n s  p reservin g  £  - c l a s s e s ,  i . e .  the argu­

ments and th e ir  corresponding valu es belong to  the same 

£  - c l a s s .

The p roo fs o f the Theorems 3 and 4 are q u ite  sim ila r  

to  the p roofs o f  G reen 's  Lemmas ( [ 2 ] ,  p .4 2 -4 3 ) .

THEOREM 5» G reen 's r e la t io n  3} determ ines a decompo­

s i t io n  o f the bioperand gM̂ , in to  l e f t  FS-suboperands.

P r o o f .  L et R be any fix e d  R  - c l a s s  in  the biope­

rand gMrp. Let x , y € R  and x £  y .  Therefore s x = y fo r
A

an element s e S . I t  fo llo w s immediately from Theorem 4

th a t I g l R :  R -*■ R i s  a b is e c t io n  which w i l l  be denoted

by 1 fo r  sh o r t. The s e t of a l l  l e f t  tr a n s la tio n s  1 d e -

termined in  t h is  way we denote by T-^(R) .  We s h a ll  prove

th a t T . (R)  i s  a group. Let 1_ ,1 _  e T-.CR).  For any f i -  j. s2 x

xed element z e R  we denote w = (1  1_ ) ( z ) .  Since 1
S1 s2 S1

and 1 are b is e c t io n s  p reservin g £  - c la s s e s  so w £  z .
2Moreover, w = ( l _  1_ ) ( z )  = 1_ ( z )  so ( s . s P) z  = w.

5/j s2 1
Hence 1И D e T . ( R ) ,  i . e .  1_ l c 6 T , ( R ' ) .  I t  fo llo w s from 

2 b2 x
Theorem 4 th a t fo r  every l e f t  tr a n s la t io n  l g & TqCR)

th ere  e x is t s  a l e f t  tr a n ls a t io n  l s , ê T^CR) such th a t

1 and 1 . are mutually in verse b is e c t io n s . Therefore s s*
T ^ R )  i s  a group.
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We d efin e  a subset Sg o f the semigroup Sn as fo llo w s 

Sg = [ s ê S1  *: 1s 6 T1CR)} .

I t  i s  c le a r  th a t Sg i s  the subsemigroup o f the semigroup
Л

S . I t  fo llo w s im m ed ia te ly  from th ese  co n sid e ra tio n s th a t

the $  - c l a s s  R i s  the l e f t  FS-suboperand 0 R over the sem i-
%

group Sg of the bioperand glij,.

Therefore we can co n sid er every 51 - c l a s s  in  the bioperand 

gM,p as a l e f t  FS-suboperand o f the bioperand gM^, which 

ends the p ro o f.

Using Theorem 3» in  a q u ite  s im ila r  way, we can prove 

the fo llo w in g

THEOREM 6 . G reen 's  r e la t io n  £. determ ines a decompo­

s i t io n  o f the bioperand gHp in to  r ig h t  FS-suboperands.

In a s im ila r  manner as in  the semigroup theory ( [ 1 ]  , 

v o l . l )  we can co n stru ct Sch U tzen b erger's groups over X -  

c la s s e s  in, a b ioperand.

Let H be an a rb itra ry  X  -  c la s s  in  the bioperand gM̂ , and 

l e t  x q €t H be an a rb itra ry  f ix e d  elem ent. L et y be an 

a rb itra ry  element in  X  - c l a s s  H. S in ce  xQ X  y so x Q I  y
A

and x0 !R y . Then th ere e x is t  elem ents s ^ S j b  S and 

t 1 t t 2 6 T1 such th a t s ^  = y ,  s2y = x Q, х 0^  = j ,  у =

= x0 . Hence 1S^ V  = ’*» 1s2( &  = xo» r t 1^x o)  =

r fc ( y )  = x Q. By^Theorems 3 and 4 the l e f t  tr a n s la t io n s

1 IH . 1 I H and the r ig h t  a n titr a n s la t io n s  r*. | H, г*. | H 
S1 s2 *1 Z2 

are b is e c t io n s  o f the su b set H onto i t s e l f  such th a t

1 - l s = l s  l q = id (H ) and r fc r . = r fc r fc = id (H ) .
S1 32 s2 S1 z2 Z2 C1



L et us denote by and Tr ^ x  the sefcs o f a11
о о

l e f t  tr a n s la t io n s  and r ig h t  a n t itr a n s la t io n s , r e s p e c tiv e ly ,

d efin ed  in  the above way on the X - c l a s s  H fo r  the f ix e d

element x Q and fo r  an a rb itra ry  element y t  H.

L et zQ be any f ix e d  element o f I t  - c l a s s  B . I t  i s  easy to

see th a t T ,(H )X = TX(H) and V H)x = V H)z * So ш

s h a ll  w rite  T , (H) and T (H) in stead  of T , (к) and T (H) .
\  xo ■

THEOREM 7 . L et H be any I t - c l a s s  in  the bioperand gH j. 

The s e t s  o f a l l  l e f t  tr a n s la t io n s  T^(H) and a l l  r ig h t a n ti­

tr a n s la t io n s  Tr (H) are groups.

P г о o f .  We s h a ll  prove th a t the s e t  o f a l l  l e f t

tr a n s la t io n s  T -,(E ) i s  a group. Let 1 ,1 _  6 T , CH) and x
1 s2 - 1

be any fix e d  element of I t  - c l a s s  H. Then (1 1 )(x )
S1 S2

= 10 _ (x )  6 H, i . e .  1_ 1_ 6 T-.CH). We have seen th a t every
51 s2 А

l e f t  tr a n s la t io n  from the se t  T-^(H) i s  a b is e c t io n  on the 

su b set H which has an in verse  being a l e f t  tr a n s la tio n  

from the s e t  T ^ (H ), Therefore the s e t  T^(H) i s  a group. 

Analogously we can show th a t the s e t Tr (H) i s  a group.

The groups T^(H) and Tr (H) w i l l  be c e lle d  Schlltzen- 

b e r g e r 's  groups over I t - c l a s s  E in  the bioperand дДр.

THEOREM 8 .  The G reen 's  r e la t io n  %  determ ines the de­

com position of the bioperand gM  ̂ in to  FS-subbioperands.

P г  о o f .  Let H be an a rb itra ry  f ix e d  I t - c l a s s  in
A

th e  bioperand gM^. We d efin e  the su b sets 8^ c  S and 

Tg c  T1 as fo llo w s t
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%  •  W H)} *
TH = [ t e T 1 : r t Ł T r (H)} .

Л
The s e ts  Sg and Tg are subsemigroups o f the semugroups S 

and т \  r e s p e c t iv e ly . T h erefore every ^ - c l a s s  in  th e  b i -

cons idered  as a FS-subbioperand 

over the semugroups Sg and Tg o f the bioperand gM,j.

T h is  com pletes the p ro o f.
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