
A N T O N I C H R O N O W S K I

On the equivalence of definitions of a semidirect
product of loops

T h is paper i s  a kind of sequel to  the paper [ 2 ] .

In  the paper we s h a ll  con sid er the equivalence of 

three d e f in it io n s  o f a sem id irect product of lo o p s .

D e fin it io n s  o f lo o p , subloop, normal subloop w il l  be 

used according to  C i l .

In  the sequel we s h a ll  id e n tify  isomorphic a lgeb ra ic 

s tr u c tu r e s . According to  C2] we may form ulate the follow ing 

two d e f in i t io n s .

DEFINITION 1 . A loop T i s  c a lle d  a sem idirect product 

o f a loop L on a loop  К i f  and only i f  the fo llo w in g  con

d it io n s  are f u l f i l l e d ;

1°  there e x is t  subloops L* and K* of the loop T isomor

phic to  the loop s L i  K , r e s p e c t iv e ly ,

2 ° K* i s  a normal subloop o f the loop T ,



4 °  L* П К* = {1} .

DEFINITION 2 .  L et L and К be loo p s and l e t  

Ц>: L x K x L x K  —► К be any mapping f u l f i l l i n g  th e condi

t io n s :

(a ^ ^■(1 , 1 , l , k )  = ^ ( 1 , 1 , 1 tk ) = 4> ( l , k , l , l )  = k ,

(a2) = ^ k 2 ,

(a^1) 'fCl^ ,1 fig»*!) = 1 ,

(a^) the mapping v f C l ^ j k ^ j l g , » )  : K —► К i s  a b is e c t io n ,

(a53 the mapping v f(l1 t * , l 2 ,k 2) s К -*• К i s  a b is e c t io n ,

fo r any l , l 1 f l 2 feL and k , k ^ , k 2 € K .

C o n sid e r  an a lg e b r a ic  s tr u c tu r e  [ L * K , ® ] ^  w ith  a b i 

nary o p e ra tio n  о d e fin e d  by

< l 1 ,k 1 > о < l 2 ,k 2> = < l 1l 2 , ^ ( l 1 ,k 1 , l 2 ,k 2 ) >  

fo r  any < l 1 ,k 1> ,  < l 2 ,k 2> fcLx к .

The a lg e b ra ic  s tru c tu re  [ L * K , ° 3 ^  i s  a loop  w ith the 

id e n t ity  element

The loop  [ L * K ,  «0^ i s  sa id  to  be a sem id irect pro

duct o f the loop  L on the loop K .

The th ir d  d e f in it io n  w i l l  be c lo s e ly  modelled on the 

d e f in it io n s  of a sem id irect product o f groups ( Î 33) and 

semigroups C M )  .

F i r s t ,  we s h a ll  d efin e  a s tru ctu re  ( L X K , 0 )^ and we 

s h a ll  g iv e  the necessary and s u f f ic ie n t  co n d itio n s under 

which t h is  s tru ctu re  i s  a lo o p .
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Let L and К be any lo o p s , l e t  FCK) be a se t of 

a l l  mappings o f К in to  K . Let oc : L —► F(K) be any map

p in g . I f  l € L  and k e  К then k^ denotes the image o f к 

under the mapping cc ( l )  .

Consider an a lg e b ra ic  s tru ctu re  ( L x K , * » ) ^  where о 

b inary op eration  о i s  d efin ed  by
10

< l 1 ,k 1 > о < l 2 ,k 2 > =<1^ 2 * ^  2k2 > 

fo r  any O ^ j k ^ ,  < l 2 ,k2> f c L * K .

THEOREM 1 . The a lg e b ra ic  s tru ctu re  (L  e)K i s  a 

loop  i f  and only i f  the fo llo w in g  co n d itio n s are f u l f i l l e d :  

Ci) fo r  any fix e d  1 e L the mapping к »—► к1 i s  a 

b is e c t io n  from К onto K,

Cii) V  
V K

P r o o f ,  

p a ir s  < l , k > , < l  

o f  the equation

A  A  U j  = 1 л k V  = k ) .
l f c L  к 6 К °  0

1 . Let (L  x K , o ) K be a lo o p . For any 

/Jfk1> € r L x K  there e x is t s  a unique so lu tio n

< x , y >  о < i , k >  = < l 1 ,k 1> .

According to  the d e f in it io n  o f the operation  о t h is  equa

t io n  may be rew ritten  as < x l , y 1k >  = <1^ , Ц > . So the equa

t io n  y^k = k^ has a unique so lu tio n  and fo r  any fix e d  

l e L  the mapping у -► у1 i s  a b is e c t io n  from К onto K. 

The co n d itio n  ( i )  i s  f u l f i l l e d .

S in ce  ( L * K ,  i s  a loop  thus there e x is ts  a p air 

< l 0 ,k o> f c L * K  such th a t < l 0 ,k Q> « < l , k >  = < l , k >  o< l Q,k 0> 

= < l , k > ,
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fo r  an a rb itra ry  < l , k > f c L * K .

T h is means that
, l ft

< 101 ,к ‘ к> = < l,k >  and < l l 0 , k  °k Q> = < l , k > .
1 лHence 1Q = 1 , k* = 1 , к kQ = k , and thus the co n d itio n

( i i )  i s  f u l f i l l e d .

2 .  I t  i s  a ro u tin e  m atter to  v e r ify  th a t i f  the con

d it io n s  ( i )  and ( i i )  h o ld , then ( L * K , o ) w i s  a loop  w ith 

the id e n tity  element < 1 ,k Q> .

We g i ve  an example o f a s tru c tu re  ( L x K j o ) ^  in  which 

the id e n tity  element has the form < 1 ,k 0> ,  where kQ6 К 

and k Q ^ 1 .

E x a m p l e  1 .

C onsider th e  group = { 1 , 2 }  g iven  by the ta b le :

D efine the mapping h : L2 —► as fo llo w s : h (1 ) = 2,

h(2) = 1. Let OC : -►  FC l^) and oc(1) = oc(2) = h . The

binary operation  in  the s tru c tu re  ( L g X L g , ® ) ^  i s  given  

by the ta b le :

о <1 , 1> <1 , 2> < 2 , 1> <2 , 2 >

<1 , 1> < 1 , 2> < 1 , 1> <2 , 2> < 2 , 1 >

<1 »2> < 1 , 1> < 1 , 2> < 2 »1> < 2,2  >

< 2 , 1> <2 , 2> <2 , 1> <1 , 2> < 1 , 1 >

< 2 , 2> <2 , 1> < 2 , 2> <1 , 1> <1 »2 >
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I t  i s  c le a r  th a t ( L g X L g , © ) ^  a 8rouP with the id e n ti

ty  element < 1 , 2> .

DEFINITION 3» The loop ( L x K ,  i s  sa id  to  be a 

sem id irect product of the loop L on the loop K.

In  the sequal the symbol ( L * K ,  °>oc w i l l  denote a se

m id irect product in  the sense o f d e f in it io n  3 of the loop 

L on the loop K .

The q u estio n  a r is e s  whether these three d e f in it io n s  

are eq u iv a le n t.

I t  has been proved in  Г21 th a t d e f in it io n s  1 and 2 are 

e q u iv a le n t. We s h a ll  prove th a t d e f in it io n  3 im p lies d e f i 

n it io n s  1 and 2 , but not co n v erse ly .

THEOREM 2 . Every loop i s  a sem idirect

p rod u ct, in  the sense of d e f in it io n  1 , of the loop L on 

the loop K.

F г о o f .  Let < 1 , k 0>,  kQ& К be the id e n tity  element 

o f the loop ( L x K , o ^  . i t  i s  easy to  v e r ify  th a t L* =

= [ < l , k 0> :  1 & l } and K* = [< 1 ,k > : kfc K j are subloops of 

the loop ( L x - K , © ) ^  isomorphic to  the loops L and K, re

s p e c t iv e ly .

Thus co n d itio n  1°  h o ld s .

To prove co n d itio n  2 ° we must show the fo llo w in g  

e q u a li t ie s :

(a) < l , k >  © К* = К* © < 1 , к > ,

СМ <Ц ,к^> о [<12,к2>© К*] = [<11,к1> о<12,к2>] « К*, 
(с) [к*о < ^ ,^ > 1  о <12,к2> = К’1'© [<11,к1> о <12,к2>],
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fo r any pairs < 1 ,к > ( €Ц  ,к^> ,<12 ,к2 > & L х к .

(a) Let < 1 ^ ,к^> t < l , k >  о К* and so < 1 ^ ,к ^>  *

= < l , k >  « <1 ,k 2 > e < l , k \ 2 > where k2 & K . There e x is t s  an
Л I

element k^fc К such th a t к 'kg = k^k and so we have 

< l 1 ,k 1 > = < l ,k * k >  = < 1 ,k ? >  o < l , k > 6 K* о < l,k > .H e n c e  

< 1 ,к >  с к * с  К * о < l ,k > .

We can eq u ally  w e ll obcain the converse in c lu s io n .

(b )  L et < l , k >  e < l1 ,k 1> о [ < 1 2 ,к 2>  о к * ] .  Then 

< l , k >  = < l 1 ,k 1> о [ < l2 ,k 2 > o < i , k 3>]  = < l 1l 2 , k 12 (k^k5) > ,  

k , f K .  There e x is t s  k ,.6 К such th a t k 2 (k ~ k ,)  =
■> i  4 i  d ■>

= (k<,2k2) 1k4 . Hence < l , k >  = C l ^ ,  ( k ^ k g ) 1^  = С<11 Д 1> °  

c < l 2 ,k 2> ] o < l , k 4> t [ < l 1 ,k 1> o < l 2 , k2 > ] o K * .

A s im ila r  argument e s ta b lis h e s  the converse in c lu s io n .

(c )  A c lo s e ly  analogous argument lea d s to  the equa

l i t y  ( .c) .

Let us observe th a t < l , k > =  < l , k 0> o < 1 , k >  fo r  any 

p a ir  < l , k > f c L * K .  Hence co n d itio n  3° o f d e f in it io n  1 holds. 

E v id e n tly , co n d itio n  4 °  i s  a lso  f u l f i l l e d .

T h is com pletes the p ro o f.

L et the loop T be a sem id irect product in  the sense 

o f d e f in it io n  1 of the loop L on the loop K . The loop s L* 

and K* have the same sense as in  d e f in it io n  1 . Consider 

a sem id irect product (Lx- К . о ) ^  w ith the id e n tity  element 

< 1 ,k Q>.  Denote by L* = [ < l , k Q>:  I t ! ]  and K *  = [<1 ,k>:k^K ] 

the subloops of the loop ( L ^ K , 0 K .
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In  the seq uel we s h a ll  use the fo llo w in g  

PROPOSITION. L et the loop T he a sem id irect product 

in  th e sense o f d e f in it io n  1 o f the loop L on the loop K. 

Let X  t T - * - ( L * K ,  he an isomorphism such th a t 

M L * )  = L* and M K * )  = K* .

Then

l ^ l g k )  = C i v i l e  

fo r  any l ^ j l g C  L and k a K .

P г  о о f .  Let 11 = Х 1С<1^,к0» ,  12 = Л “ 1 (<12.^ 0>). 

к = /С 1 (<1 ,k ‘>) , where < 1̂ ,k 0> ,< l ^ ,k 0> a L *  and 

<1 ,k '>  a- K * .

Then, 1,, Clgk) = X 1 (< lî, ,k 0> ) [ X 1 ( < l2 ,k 0> ) X 1 (<1 ,k  » ]  =

= r 1 « i ! , , k 0>  X 1( < l 2 , k ' »  = х ' Ч а ^ . к ' Я  =

ш Х ^ ( а \  i 2 ,k 0> )x * 1( < i ,k ^  = [ x 1 < a 1' , k (} > 'x -1« i 2 ,k o» ]

X 1 « 1 , k ' » =  ( l ^ k .

We s h a ll  g iv e  an example o f a loop [ l * K , o]^  fo r  

which th ere i s  no a mapping CC s L —*• РСК) such th a t the. 

loo p s ( L x K ,  °^oc and Cl x £ , o3^ are isom orphic. 

E x a m p l e  2 .

Consider th e loop К = { 1 , 2 , 3 , ^ , 5 }  given hy the table.

1 2 3 4 5

1 1 2 3 4 5

2 2 1 5 3 4

3 3 4 1 5 2

4 4 5 2 1 3

5 5 3 4 2 1
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D efine a mapping vf : К x К x К * К К as fo llo w s

2 )(2  k2) fo r  1 ^ 1  and 12^1 , 

jk2 fo r  1^=1 о г Д 2=1 .

The mapping ^  s a t i s f i e s  the co n d itio n s Ca^) -  ( a ^ )  of de

f i n i t i o n  2 .

q>(lv k1 f l 2 ,k 2 ) = ^  ^

By means o f th e mapping vf we co n stru ct the sem id irect 

product [ K * K , c Q ^  oi the loop  К on the loop K.

Suppose th a t there e x is t s  a mapping oC s К —*■ F(K) 

such th a t the loop s [ K ' x K , 0! ^  and ( K ^ K ,  are is o 

morphic, i . e *  th ere  e x is t s  an isomorphism 

X :  [К  * к , о З ^ - * ( к х к ,  % .

The subloops L* = ^ < 1 , 1 > :  I f e K }  and K*  = ^<1 , k > t k & kJ  

o f the loop  C k x K»°3 ^  s a t i s f y  co n d itio n s 1°  -  4 °  o f  d e - 

f i n i t i o n  1 .  As the loop  К i s  isom orphic to  the loops L and 

K*" so the loop С К х К , ° 3 ,р i s  a sem id irect product in  the 

sense of d e f in it io n  1 o f the loop К on the loop K . Let 

< 1 ,k 0 > be the id e n tity  element o f the loop  ( K ^ K ,  °){<,

The s e ts  L* = { < l , k Q> :  1 & k ]  and K * = f < 1 , k > :  kfeK]  

are subloops o f the loop ( К а К , о)й ,

The fo llo w in g  ca se s  can take p la c e :

(a ) X (L * )  = L *  and X (K *> = K *  ,

Cb) X (L * )  4 1 *  or A (K * )  4 K* .

We s h a ll  show th a t the case  Cb) does not h o ld .

As L* i s  not a normal subloop o f the loop [ £ * £ , < > 3 ^  so 

ACL*) * K* .
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I t  i s  s u f f ic ie n t  to  prove th a t the loop Ck * K , c] has no
vt ÿr

fiv e -e le m e n t subloop d if fe r e n t  from L and К .

Let P be a subloop of the loop L et X j ( P )  =

= {1  fc К: V  < l , k > f e P )  and Х >( Р ) = ( к ь К :  V < l ,k > f e p ) .

The s e t  ТЦСР) i s  a subloop o f the loop K. The loop К has 

the fo llo w in g  subloopss ( l } , ,2 ]  ,{1  »3} , ,4} ,  , 5} ,

{1 ,2 ,3 ,4 ,5 }  ♦ A l l  su b sets o f the loop К con tain in g at le a s t  

two elem ents d if fe r e n t  from 1 generate the loop K . Let us 

d e fin e  on the s e t  К = { 1 , 2 , 3 , 4 , 5 }  a binary operation  

as fo llo w s

Ьц • k2 = (k 12)C 2k2)

fo r  any k ^ k g fc  K.

On the r ig h t  s id e  o f the e q u a lity  i s  the binary operation  

in  the loop K .

The binary operation  • has the fo llo w in g  ta b le :

• 1 2 3 4 5

1 1 2 4 5 3

2 2 1 5 3 4

3 5 4 3 2 1

4 3 5 1 4 2

5 4 3 2 1 5

The se t  К w ith the binary operation  • i s  a quasigroup 

which w i l l  be denote by Kg.

The quasigroup Kg has the fo llo w in g  subquasigroupss { l i ,  

{3 } , W  Д5 1 »  ( l , 2 i ,  { 1 ,2 ,3 ,4 ,5 ) .  Each subset o f Kg d iffe r e n t



from { l , 2j  w ith  two or more elem ents generate the q u a s i- 

group Kg.

Consider the fo llo w in g  c a se s :

1) I f  ТЦ СГ) = { l }  and ^ ( P )  = { 1 ,2 ,3 ,4 ,5 }  then P * K *.

2 ) I f  TL j(P ) i s  a tw o-elem ent subloop then the subset 

*Iig(P) have to  have a t le a s t  th ree elem en ts. Because each 

three-elem en t su b set o f th e s e t  К gen erates the loop  К and 

th e quasigroup Kg, so th ere  does not e x is t  a fiv e -e le m e n t 

sublcop P s a t is f y in g  above assum ptions.

3) I f  T T ^ P ) = [ 1 , 2 , 3 , 4 , 5 }  then p u ttin g  T ig(P) = ( 1> we 

g e t the subloop Ł . The subloop Ł i s  a unique f i v e - e l e 

ment subloop P fo r  which TCgCP) i s  a one-elem ent su b se t.

I t  i s  easy to  see th a t p u ttin g  TTgCP) = {1*2}  we do not 

re c e iv e  a fiv e -e le m e n t subloop P . I t  i s  a ro u tin e  m atter 

to  check th a t ta k in g  fo r  ^ ( F )  other su b set co n ta in in g  

at le a s t  two elem ents we do not o b ta in  a fiv e -e le m e n t sub

loop P because th ese  su b se ts  generate th e loop £ or the 

quasigroup Kg.
* *

T h e refo re , the subloops L and К are th e unique f i v e - e l e 

ment subloops of the loop  C K x K ,

Then only case (,a) i s  p o s s ib le .

L et < 2 ,1 > ,< 3 » 1 >  6 L* and <1 , 4> ^ k* .  Then 

[ < 2 , 1 > о < 3 , 1 > ] о < 1 , 4>  = < 5 , 1 > « < 1 , 4 >  = < 5 , 4 >  and < 2 , 1> o  

° [ <  3 » 1 > o < 1 » 4 > ] = < 2 , 1>° < 3 , 4 >  = < 5 . 5>  which c o n tr a d ic ts  

the P ro p o sitio n .
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There e x is t s  no a mapping oc s к -*■ F(K) fo r  which 

the loops СкчК,<>3 )̂ and ( К ^ К , © ) ^  are isom orphic.

I t  fo llo w s  from the above example th a t d e f in it io n  3 

i s  not eq u ivalen t to  d e f in it io n s  1 and 2 .

In  the seq uel o f the paper we assume th a t loops L and 

and К are groups.

In  order to  g e t d e f in it io n s  o f a sem id irect product of a 

group L on a group К corresponding to  d e f in it io n s  1 , 2 , 

and 3 fo r  lo o p s , some n a tu ra l a d d itio n a l requirement are 

imposed. For example, we s h a ll  use n otion s a group, a nor

mal subgroup, in stead  of a lo o p , a normal subloop, respe

c t i v e l y .

In  d e f in it io n  3 we s h a ll  assume th a t the mapping cC i s  a 

homomorphism and the se t F(K) i s  a group of a l l  automor

phisms Aut(K) of the group K.

These assumptions are eq u ivalen t to  the fo llo w in g  co n d i- 

t  io n s :

C1) fo r  any f ix e d  element 16  L the mapping k -*■ k1 i s  

a b is e c t io n  on K,

( 2) (k^l^ ) 1 = 'k *k |  and (k  2 = k 1 2 fo r  a l l

l , l 1t l 2 & L and k , k 1 tk2 feK.

In  monography [ 3 J  th ere i s  proved the equivalence of 

d e f in it io n s  1 and 3 o f a sem id irect product of groups.

L et [ L x K ,  be an a lg e b ra ic  stru ctu re  constructed 

according to  d e f in it io n  2 ,  where L and К are groups.

57



Now, we s h a ll  prove th a t every group [ L  * ^ ,* 0 ^  has the 

form ( L x K , o ) K and co n v erse ly , every group ( L x K , » ) ^  

can he considered as a group in  the form [ L x K,  ô]^ ,

THEOBEM 3 . L et L and К be a rb itra ry  groups. Then 

[ L * K , ® ] ^  i s  a group i f  and only i f  ,k ,, , l 2 ,k 2) = k ^ k g

fo r  a l l  l 1 f l 2 t  L,  к ^ ,к 2 & К and co n d itio n s (1) and ( 2 )  

are f u l f i l l e d .

P r o o f ,  ( i )  Suppose th a t £ L x K , o] ^  i s  a group.

For a rb itra ry  p a ir s  <  1 ^ , k ^ , < 12 »k2> fc L x К we have 

< l 1 ,k 1> o <  l 2 ,k 2 > = < 1^ 12 , vf ( l ^ k ^ l ^ k ^ .  On the other 

hand, < l 1 ,k 1> o < : i 2 ,k 2>  = ( < 11 , 1> о < 1 ,к 1> )  o ( < l 2 f1> o < i ,k 2»  = 

= « 11 , 1> о < 12 , 1> ) о [ ( <  l 21 , 1> o < l , k 1>e<ri2 , 1> ) o < i fk2^ . 

N otice  th a t

(3) < ^ 1 , i > c < i , k 1>o<ri2 , i >  =

Then < l 1 ,k 1> o < l 2 ,k 2>  = < l 1l 2 , 1> o  [ < i ,^ C l^ 1 ,k 1 , l 2 , l ) > o

0 »^2 >] = ^ °  ^  *^2 * ^ ^ 2^  ~

= О /jI 2 »'K ^2  ̂ »^2 * ^ ^ 2^*

Hence

<̂ l^|i2 ,vf ^ 1 »^j *^2 ł ^2^  = ^ 1^2 * ̂ ^ 2^ , ^1 , ^2 * ^  ^2 ^

and so ( l ^ tk ^ , 12 ,k 2 ) » »^2 » ^ ^2 *

P u ttin g  k^2 = vp(l21 ,k 1 f l 2 , l )  we have f  ( Ц fk ^ , l 2 ,k 2 ) =

-  kl2 k-  k2 .

I t fo llo w s from the co n d itio n  (a ,-)  th a t fo r  any fix e d
U  5

element 12 the mapping k^ i s  a b is e c t io n  on K.
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We s h a ll  show th a t (k^kg) 1 = k*k2 and (k  1) 2 =

= к 1 2 fo r  a l l  L , k jk^j.kgfeK .

Applying (3 ) we g e t

^1,^(1   ̂^k-^kg, 1,1)> = < 1   ̂ ,к^к23°^  1,1^ =

= < Г 1 , 1 > < 1 , к 1К 1 , к 2 >о<1,1>  = (<1“1,1> « < 1,к1>о

o < l , i > ) o « i “ \ 1 > o < i łk2 >o < i , i »  = < i fvp(i” 1 tk1 t i t i)>o

o < i,v Ç (l-1 ,k 2 , l , l ) >  = <1 , ^ ( l " 1 ,k 1 t l , i ) ^ ( l - 1 ,h2 , l t i ) > .  

Then 4>(1“ 1 , k ^ . l . l )  = «?(1- 1',к1 ,1 И )^ (1 * '1 ,к2 .1 " 1 , 1 > ,

i . e .  ( ^ k g ) 1 = к* k j .

Furtherm ore, < 1 , ^ (Ц 112) “ 1 , к , 1 112 ,1 )>  = < (1 112) " 1 ,1 > *

о<1,к>о<1112 , 1> = <121 ,1>о(<1-'1 ,1> о < 1 ,к > о < 1 1 ,1>).  

o d 2 , 1>  = < l 2\ l > o  <1 , ^ ( l “ 1 , k , l 1 , D > c <  12 , 1> =

= O  »*0 •

Hence, f ( ( l 1l 2) - 1 , k , l 1l 2 , l )  = v f ( l21 , ^ ( i ; 1 . к . Ц ,1)  ,1 2 ,1 )  , 

i « 6|

к1*  = (к 1-1) 1 2 .
1~

( i i )  Let v f C ^ ^ . l g . k g )  = ^ ^ 2  f o r  a l l  l ^ l g S L ,  

k^pkgfcK and l e t  be co n d itio n s ( 1) and ( 2 ) f u l f i l l e d .

We s h a l l  prove th a t the mapping ^  s a t i s f i e s  the con d ition s 

(a^) -  ta^)  o f d e f in it io n  2 .

I t  i s  a ro u tin e  m atter to  v e r ify  that the co n d itio n s (a^)

-  (a 3) h o ld .
t . **0

N o tice  th a t th e mapping g (x ) *  v ju l^ .k ^ lg .x )  = k^Lx i s

a b is e c t io n  o f the group К onto i t s e l f .  The fu c tio n  h (x )= -
1?

s  ц>СЦ, x , l 2 ,k 2) = x k2 i s  a lso  a b is e c t io n  o f the group 

К onto i t s e l f .
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Therefore co n d itio n s (a ^ ) and (a ^ )  are f u l f i l l e d .

T h is  com pletes the p ro o f.

In  view o f Theorem 3 the d e f in it io n s  o f  a sem id irect 

product o f groups corresponding to  d e f in it io n s  2 and 3 fo r  

loop s are e q u iv a le n t.
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