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On a homogeneous functional inequality

In  t h is  paper we s h a ll  d ea l w ith the homogeneous 

fu n c tio n a l in e q u a lity  

CD ty [f(x )] 4  g ( x ) 4>(x)

r e la te d  to  the homogeneous fu n c tio n a l equation

(2 ) = g c x ) f ( x ) ,

where f  ,g  are given  fu n ctio n s and ф , are unknown 

fu n c tio n s .

D. Brydak has given in  the paper [ 2 j  ( c f .  a lso  [1] )  

some theorems about continuous so lu tio n s  ф ,ф : {(),&)--► £ o ,M) 

o f (1) and C 2 ) ,  r e s p e c t iv e ly , van ish in g only at the o r ig in . 

In  t h i s  paper we s h a ll  prove analogous theorems fo r  c o n ti­

nuous and n on -n egative so lu tio n s  o f ( 1) and ( 2 ) which can 

take the zero value not only a t the o r ig in .
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In  the seq u el we s h e l l  assume the fo llo w in g  hypothe­

s i s  (H)

( i )  f : I  -*■ I  i s  a fu n ctio n  s t r i c t l y  in cre a sin g  and con­

tinuous in  the in te r v a l I  = [o,OC). Moreover 

0 <  f ( x )  < x fo r  x  fc I Q s  ( 0 ,cfc).

C ii) The fu n ctio n  g : I  -► E  i s  continuous in  I  and 

g (x ) >  0 fo r  z « I .

C iii)  There e x is t s  a non-void  open su b in te rv a l J  o f  I  

such th a t the sequence

(3) G (x) «TT* g[f4x)] for x e I, nwir,
i =0

where f *  denotes th e i - t h  i t e r a t e  o f  f ,  converges 

to  zero , uniform ly in  J .

1 .  I f  h y p o th e sis  (E ) i s  f u l f i l l e d ,  then  equation  ( 2 ) 

has a continuous s o lu tio n  in  I  depending on an a rb itra ry  

fu n ctio n  and every continuous s o lu tio n  o f equation  ( 2) 

in  I  s a t i s f i e s  th e co n d itio n  vf(0) -  о ( c f .  [ 4 ] ,  p .4 8 , 

Theorem 2 . 2 ) .

L et U denote th e union o f a l l  open ( r e la t iv e ly  to  I )  

su b sets  o f I  on which th e sequence l ^ n}n ь IN converges 

uniform ly to  ze ro .

The fo llo w in g  lemma has been proved in  [ 5 l *

LEMMA 1 . Under h y p o th e sis  (H) fo r  every continuous 

so lu tio n  t I  —► К o f (2 )  we have

\|>(x) я 0 fo r  x  4 I  N U .

62



E , i fFor a 6 E ,  А с  I  and an a rb itra ry  ^  г I  -*■ 

a = lim  v P | .(x ), then we s h a ll  w rite
X-*. 0 1 *

a s  (A) lim  4 > (x ). 
x-*-0

L et us denote by $  the fam ily  o f a l l  continuous, 

n on -n egative so lu tio n s  ^  o f equation C2) in  I  such th at 

th e s e t  Ntvf) = I  N i s  dense in  U.

We d efin e  the fo llo w in g  r e la t io n  ^  in  the fam ily Ф :

' ł l  *** 'Ÿ? V  a = n NC^p)) lim  .
л  a fcE  ï + 0  ' 2 ^

The fo llo w in g  lemma g iv e s  some p ro p e rtie s  o f r e la tio n  ~  t 

LEMMA 2» The r e la t io n  ~  i s  an equivalence r e la tio n  

in  the s e t  Ф . I f  fo r  ^  t 'Çg 1 ^2*- tben fcłlere

e x is t s  a e E  such th a t = s^2 *

P г  о о f .  The proof o f the f i r s t  p art of t h is  lemma 

i s  very sim ple thus i t  w i l l  be om itted .

L et <f / 1t 4 )2 f u l f i l  the assumptions of lemma 2 . Let 

xQfe N(<p,p П N(-p2) .  Then the sequence Хд = ^ ( х 0) con­

v erges to  zero and ^ ( х 0) e N C ^ ) n N(.p2) fo r  n = 1 , 2 , . . . ,  

because ^  and ^ 2 are so lu tio n s  o f equation (2 )  in  I .  

Hence

lim  
n-*-oo

B u t, in  view o f  (. 2 ) ,

= = 9

and fy C x 0 ) = a^>2 Cx0 ) .  S in ce  the s e t  n N(»p2 ) i s

- w = a.
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dense in  U, then ^Щ(х) = a vp2 ( x) fo r  x e U .  According to  

the Lemma 1 , the proof o f the lemma i s  com plete.

L et 6 Ф . We denote by ф ( ^ )  the fam ily  o f a l l  

fu n ctio n s ф such th a t ^  .

I t  i s  obvious th a t :

THEOREM 1 . Ф ( ^ )  i s  a one-param eter fam ily  o f fun­

c tio n s  ( c f .  [ 2 ]  p .2 1 ) .

I f  the s e t  N (v | )is  not dense in  U, then Theorem 1 

f a i l s  to  be tr t le . We s h a l l  show i t  by the fo llo w in g

E x a m p l e .  Consider the fu n c tio n a l equation

^  \f (x) fo r  x €r I  = C o ,l )  .

Let and ^ Q be two fu n ctio n s  d efin ed  in  th e in te r v a l

[ h i ]

=
-(x -  | ) ( x  -  V )

and

ł o P )  =

0

H . W

■ g ) fo r

• Î ) fo r

fo r xè [

fo r

and о
l<ÿ-

( c f . и з ,

м

[li]

then we g e t th e fu n ctio n s ^  ^  such th a t

(N(<f)n N(^)) lim
x-*-0

= 1.

We a lso  have th a t $  Ć â p f o r  every a& R . In  t h i s  example 

the s e t  N(0p) i s  not dense in  U = I .



2 .  In  t h is  se c tio n  of the paper we d eal with inequa­

l i t y  ( 1 ) .  We assume th a t h yp othesis (H) i s  f u l f i l l e d .  I f  

ф i s  a continuous n on -n egative so lu tio n  of (1) in  I ,  then 

th ere  e x is t s  th e lim it

where Gn (x)

lim
n-^oo ^ E T

fo r  x t l c ,

i s  d efin ed  by formula ( 3 ) » and the fu n ction

(4) v fo O ) =

fo r  x e I ,

V 0 fo r  x = 0

i s  a so lu tio n  o f equation (2 )  in  I ,  upper sem i-continuous 

in  I  and continuous a t zero ( c f .  C33» р .Ю ) .

We are going to  g iv e  the fo llo w in g  s u f f ic ie n t  condi­

t io n s  fo r  the so lu tio n  to  be continuous in  the

whole I .

THEOREM 2 .  Let hyp othesis (H) be f u l f i l l e d .  I f  ф i s  

a so lu tio n  o f in e q u a lity  (1 ) in  I  such th a t there e x is ts  

a continuous so lu tio n  o f equation (2) in  I  f u l f i l l i n g  

the co n d itio n

(5 ) = p0 f ~ 4 T 1 ((o } )) ,

—i  —1where f  denotes the i - t h  i te r a t e  o f the fu n ctio n s f  ,

and th ere e x is t s  the lim it

(6) » = ( 1 № ) ш  Щ .

then Ц»0 , defined  by ( 4 ) ,  i s  continuous in  1^

P r o o f .  I f  xeN C vf), then the sequence xn = f n(x) 

converges to  zero and xnfe N(vf) fo r  n=1f2 , . . .  . I t  im-
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p l i e s ,  by v ir tu e  o f ( 6 ) ,  th a t th ere  e x is t s  a sequence £ д 

such th a t 0 and

ф С ^ С х )] = (a + £n ) v f [ f n (x)] .

Hence, in  view o f ( 2 )  ,

ф ( Л х Й  = (a  + en)^Cx)Gn(x )  

and, con seq u en tly ,

lim  W.fe  = a v f(x ) fo r  хеН (Ц >),
n-*-oo n ' '

I f  x ^ N (v f) ,th e n (5)a n d (2}iimply th a t ф [ ^ ( х ) ]  = 0  fo r  

n& IN and

= °  * -

Consequently ф0 = avf in  I  and vfQ i s  a continuous so lu ­

t io n  o f equation (2 ) in  I .

We conclude the paper w ith two sim ple remarks.

Denote by ф у  the fam ily  of the continuous so lu tio n s  o f 

equation (2 ) in  I  such th a t f o r  the given  s o lu tio n  ф o f 

in e q u a lity  (1) in  I  co n d itio n s  ( 5 ) ,  ( 6 )  are f u l f i l l e d .

R e m a r k  1 .  I f  f o r  a c e r ta in  чрьфу the l im it  a 

d efin ed  by C6) i s  d if fe r e n t  from z e r o , then

where ^  i s  d efin ed  by ( 4 ) .

R e m a r k  2 . фу i s  a one-param eter fam ily  o f

fu n c tio n s .
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