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On n-homomorphisms in Brandt groupoids

In tro d u c tio n . In  the note [1 ]  has been proved th a t i f  

( G ,* ) ,  (К » * ) are groups, B B C  R , S u  = G and 

h i E —*• К i s  a homomorphism then there e x is t s  e x a c tly  one 

homomorphism Es G —► К b ein g an exten sion  o f h , and the 

form o f E  has been g iv e n . In  the note [2 3  the authors ge­

n e ra liz e d  the r e s u lt s  o f the note Cl3 co n sid erin g  the 

Ehresmann groupoids in stea d  o f groups (G ,* )»  ( £ , • ) •  In 

t h is  note «e examine n-homomorphisms defined  on E and 

th e ir  exten sio n s co n sid erin g  the Brandt groupoid ( B , 0  

in ste a d  o f the group ( G ,« )  and the semigroup ( M ,0  in ­

stead  o f the group ( £ , * ) •

D e fin it io n s  and n o ta t io n s . In  [33 W.Waliszewski gave 

th e fo llo w in g  d e f in it io n  o f Ehresmann groupoids The p air  

( E ,* ) ,  where E i s  a nonempty s e t  and • i s  a binary ope-
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r a tio n  d efin ed  fo r  some p a ir s  ( x ,y ) e  E * E  w i l l  be c a lle d  

the Ehresmann groupoid i f  the fo llo w in g  co n d itio n s are sa­

t i s f i e d

a) I f  in  equation x « (y » z ) = (x«y) *2 one of i t s  

s id e s  or both o f the p roducts y >2, x*y are d e fin e d , then 

both s id e s  i f  t h i s  equation are d efin ed  and the e q u a lity  

h o ld s ,

b) For every element x e E  th ere  e x is t s  e x a c tly  one 

l e f t  u n it f  and e x a c tly  one r ig h t  u n it ex  such th a t

fx.X = X s x*ex*

c) I f  the product x»y i s  d e fin e d , then ex  = f ^ ,

d) For every element x  fc E th ere e x is t s  e x a c tly  one
A A

element x 1 ( in v e r s e  to  x )  such th a t x*x = f x and 
-1x »x = ex .

An Ehresmann groupoid ( E , 0  i s  c a lle d  a Brandt 

groupoid i f  the fo llo w in g  co n d itio n  i s  s a t i s f i e d

ej For every elem ents x ,y  6 E th ere  e x is t s  an element 

2 & E such th a t the p roducts x * z , s«y are d e fin e d . Every 

group i s  a Brandt grou p oid , o f  co u rse .

I f  ( E ,* )  i s  an Ehresmann groupoid and Л , В are sub­

s e t s  o f E then we s h a l l  use th e fo llo w in g  n o ta tio n s

A B t= { x y : x fc A , y & В and the product xy is  d e fin e d } , 

A” 1 :=  £ x : x fe E , x ” 1 6 -a} ,

1 ^ :=  (efe-E : ex = x  or xe = x  f o r  some z e i ] ,

1*2 I g •
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Below we g iv e  some p ro p e rtie s  o f Ehresmann groupoid 

( E , 0  which w i l l  be used in  the sequel ( they can be e a s ily  

v e r if ie d  by the r e a d e r ).

a) (x ” 1) ” 1 *  x  fo r x  fe E ,

b) f  s f
X1 X1 * * • • xn 

d e fin e d ,

fo r  x1 , . . . , x n e E , V ” - exn

c) f x = ex _1 * ex = f x - l  fo r  x e  E ,

d) (A” 1)**1 = A fo r A C E ,

a) i f  the product x .y  i s  defined  then 

x ,y  e E ,

e_ = f „  fo r

f ) ex = f x = x * X" 1 fo r  X€l,

8 ) (A n B ) .( C  n D) c AC n AD П BC n BD- fo r  A ,B ,C ,D C  E

h) (A u B ) ' ( C  U D) = AC u AD и ВС u BD fo r  A ,B ,C ,D C E

i ) Cab) - 1 = в- 1 . a-1 fo r  A ,B C  E ,

d ) (А П B )“ 1 = A-1  n 

CA ч B )“ 1 = A“ 1 \

B "1 , ( A u  B )" 1 

B” 1 fo r  A ,B  C E .

= A"1 и B"1 ,

Moreover i t  i s  w ell known th a t every Ehresmann

groupoid i s  a sum o f d is jo in t  Brandt groupoids* By th is  

property the r e s u lt s  o f t h i s  paper can be used fo r  Ehres­

mann grou p oid s.

D^ w i l l  denote the domain o f the fu n ctio n  f  and f “ 1(x )  

th e  element in v erse  to  f ( x ) •

I f  ( Z , 0 ,  ( L ,0  are m u ltip lic a tiv e  systems then a 

fu n ctio n  g the domain o f which i s  contained in  К and the 

range o f which i s  contained in  Ł w i l l  be c a lle d  an n-homo-
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morphism i f f  the e q u a lity  gCx*« . . .  = g(x,j) • . . .  «gCx^)

h o ld s whenever x ^ , . . . ,x n 6 К and the product x ^ • . . . »xn 

i s  d e fin e d .

In  the case  n = 2 we say homomorphism in ste a d  o f 2-homo- 

morphism.

The fu n ctio n  g : x —► -x 2 , x t  tR N { o } ,  i s  a sim ple example 

o f 3-homomorpfaism o f vIR in to  (RN. ( 0 } , 0 .

A fu n ctio n  g w i l l  be c a lle d  an ex ten sio n  of the fun­

c t io n  f  i f  f  c  g .  In  t h i s  case  we say a ls o  th a t g i s  an 

exten sion  o f f  onto the s e t  D .
D

In t h i s  note R w i l l  denote a subset o f a Brandt 

groupoid В such th a t the fo llo w in g  co n d itio n  i s  s a t i s f ie d  

RR C  R| R u R   ̂ = B . ^ ^

I t  i s  easy to  v e r ify  th a t the fo llo w in g  co n d itio n  i s  f u l ­

f i l l e d

I  = I R , I  c  R n R“ 1 , R“ 1 • R” 1 C R "1 . (2)

( K ,0  w i l l  denote a semigroup such th a t M = H и { 0 } ,  

where ( H , 0  i s  a group and x»0 = 0»x = 0 fo r  xfcM . 

F in a l ly ,  fo r  a fu n ctio n  g  the range o f which i s  contained 

in  the s e t  M we put

Ng -.= (x s  x & D g , g (x ) Ł 0 ] .

Homomorphisms. In  t h i s  s e c tio n  we co n sid er homomor- 

phisms o f ( R f>0  in to  (M ,* ) and th e ir  e x te n sio n s .

LEMMA 1 .  I f  ( E , •) i s  an Ehresmann groupoid being 

a subgroupoid o f C B ,«) and N:= E n E , then the fo llo w in g  

co n d itio n s are f u l f i l l e d
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a) NN C N, N“ 1 . N~1 C IT 1 , C3)
b) N о  IT 1 = E , (4)

Cc) R N N = R N E , (5)
Cd) R N N U CR N N)~1 U E = B , (6)

e) R N N . N C R N N , (7)
f ) N . R N N C R N N . (8)

Moreover, i f  the fo llo w in g  co n d itio n

R N N . R 4 N C R N N (9)
h o ld s , then th e fo llo w in g  co n d itio n s are f u l f i l l e d

g) R N E . E C R N E , (10)

h) E . R N E C R N E , (11)

i ) C R U E ) .  ( R и E)  C R и E. C12)

P г  о о f .  We have

N .  N =CR n E ) . ( R  n E ) C ER n EE C R n E = N,

N-1  .  N“ 1 = (N * N)” 1 C IT 1 ,

N U IT 1 r (R  П E ) o ( R n  E )” 1 = (R f i E ) u  (R“ 1 n E“ 1 ) = 

= (R n E) u (R “ 1 E ) = ( Е и Е ' 1 ) П Е : Ь П Е  = Е,  

R \ N  = R \  ( R r ł E )  = R N R u R N E = R N E ,

R ч N U CE N N)“ 1 U E = R \  E U  CRN E ) " 1 U E =

c R N E U R” 1 \  E U E = R U R“ 1 VJ E = В u E = B,

thus co n d itio n s СЗ) -  Сб) h o ld . Suppose now th a t 

R \ N . n £ r \ N .  Sin ce R \ N  • K C R R C R ,  there e x is t  

elem ents x R N N, у € N euch th a t th e ir  product xy i s

defined  and r y e  N, Then x y , y e E  and, sin ce  E i s  an

Ehresmann groupoid, a lso  x e E .  Hence x t R  г» E = N, 

which i s  a c o n tr a d ic tio n . Thus co n d itio n  ( 7 )  i s  s a t i s f i e d .
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Analogously one cen prove th a t (8 ) h o ld s .

Now l e t  us assume th a t co n d itio n  ( 9 )  i s  f u l f i l l e d .  Suppose

th a t (10) i s  not s a t i s f i e d .  Then th ere e x is t  elem ents

x t R N E ,  у б E such th a t th e product xy i s  d efin ed  and

x y jfR N E . By ( 5 )  and ( 6 )  th ere are p o ss ib le  two cases

a) xye (R \E )* " 1 or Ъ / x y s E .

In  the case a) у *x 1 f r R \ E ,  whence, by ( 5 ) ,  ( 9 )  and b e -
—1cause x f c - R \ E ,  we g e t y 6 -R 4 E , which i s  a co n tra d ictio n , 

to o . Thus co n d itio n  (10) i s  f u l f i l l e d .  Analogously one can 

prove th a t (11) h o ld s . F in a lly  we have

( R u E ) « ( R o E )  = RR u RE u  ER u E E C R u R E u E R u E c  

c R u  ( R s E u E ) .  E U E  • (  R v E u E) о E =

= R u R \ E  • E u E ü E  • R \ E C  R u R s e u E = R  U E , 

which com pletes the p ro o f.

LEMMA 2 .  Let h : R -*-M be a homomorphism and 

Ehî=  Nh u Nh*"/1* Tllen ^he fo llo w in g  c o n d itio n s  are f u l f i l l e d

a) E^ i s  an Ehresmann groupoid u n less E^ = 0 ,

b) \  = R n E h,

c) R \ N h * R 4 N h c  RN Nh*

d ) the fu n ctio n  E  d efin ed  as fo llo w s

0 f o r X6 R 4 E h ,

h (x ) fo r X ‘ \ ,

f o r x frN j1 4 R h

i s  the only ex ten sio n  of the homomorphism h onto the s e t  

R и Eh .
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Р г  o o f .  We s h a ll  w rite  N, E in stea d  of N^, E ^ . Let 

E be nonempty, l e t  x ,y  belong to  E and l e t  the product xy 

be defined* The fo llo w in g  ca ses are p o ss ib le

a ' )  x .y fc N , b ')  x€-N*"1 , y & lT 1 , c ' )  XfeN, J 6 N " 1 , 

d ')  x 6  IT 1 , y e  N.

In  the case  a ')  we have x e N ,  y e N, N e  R , x y e R , h (x )^

4 0 4 h ( y ) . S in ce  h i s  a homomorphism, we have hCxy) ^ 0 , 

which im p lies xy t  N. Thus N .  N C N, whence N"1 «N"1 c  N"1. 

L et now xtr N, y feN "^ . Then the fo llo w in g  two ca ses are 

p o s s ib le

c jj) xyfc R , C g) xye-R ” 1 .

In  the case c j j ) ,  s in ce  h i s  a homomorphism defined on R , 

we have h(xy) • h(.y“ 1) = hCx) 0 . Thus xy(«N , In the case 

c ^ )  у“ 1 *х"1 бН  and we have M y ” 1 * !” 1 )» h(x> = h (y” 1) ^

4 0 ,  which g iv e s  y " ^ x " 1 & N , Hence xy e N“ 1 , Thus N.N“ 1 c ;e; 

Analogously one can show, th a t N~1 »N С E . From the above 

co n sid e ra tio n s i t  fo llo w s th a t E»E С E .

L et now x fc E . Then x t N  or x fe lT 1 and hCx) 0 or
•тЛ *

h(,x ) ^ 0 . S in ce  ex , f x &R and h i s  a homomorphism de­

fin e d  on R we ob tain  h ( f x ) *h(x) »h(ex) = h (x ) ^ 0 or 

0 ^ hCx- 1 ) = hCex)'hCx*"1 ) »h (fx ) , whence ex *f x feE* By the 

d e f in it io n  of the s e t  E we ob tain  E = E~1 . Thus we have 

shown th a t C E ,* )  i s  an Ehresmann groupoid » Now we s h a ll  

show th a t N = R n E . N i s  contained in  R n E , o f  cou rse . 

L et us suppose R n E £  N. Then th ere e x is t s  an element 

x e R  n E such th a t x ^ N. Thus x t R  r\ N~1 , whence x~^ b N,
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f x &Nt h (x  ')  ^ O. S in ce  h i s  a homomorphism we have 

h (x V h (x _<1) = h ( f x) ^ 0 ,  which i s  a c o n tr a d ic tio n . Thus 

the e q u a lity  b) h o ld s . Now we s h a ll  prove th a t co n d itio n  

c ) i s  f u l f i l l e d .  Of co u rse , R \ N  • R \ N  C R .  L et us sup­

pose th a t th ere  e x is t  elem ents x j t R v N  such th a t the 

product xy i s  d efin ed  and xy € N. Then h(xy) ^ 0 , 

whence, because h i s  a homomorphism, h (x) £ 0 . T h is con­

tr a d ic t s  the f a c t  th a t x t R N N  and th e re fo re  co n d itio n  

c) i s  s a t i s f i e d .

The fu n ctio n  E i s  w e ll d efin ed  on th e s e t  R и E , because

( E N E ) u  N u ( f \  N) = R u E and th e s e ts  R \ E ,  N, N~1vN

are d i s jo i n t .  Moreover, by the d e f in it io n  of E we conclude 

th a t h с E. From th e e q u a lity

(.R U E) • CR о E ) = (RN N и N u lT 1 ) * ( R \  N и N и IT 1 ) =

= ( R \ N ) . ( R N  N) U ( R n N V  N u ( R S  N)o(N~1 > N) U

N « (R s  N) U N .  N u N *(N“ 1 \  N) U (N“ 1 % N ) * ^  N) u 

u (N“ 1 n N) .  N ü (N "1 s N) . ( I T 1 ч N) 

and from lemma 1 we conclude th a t fo r  x , y t R  u E such 

th a t the product xy i s  d efin ed  the fo llo w in g  ca ses are 

p o ss ib le

1) x fc R ч N, у eR N  N, x y t R s N

2) x t R s N , J f c N, xy fc R s  N

3) x t R ^ N , y& I T 1 N N, xyfc R v N

'+) x fc N, y e R \  N, xy fe R n N

5) x e N, J b N , X J 4  N,

6) x t  N, у N"1 \  N, xy fr N,

76



7) X N, У feN“ 1 ч N, xy t 1 Г1 ч N,

8) X N"1 4 N, У kr R ч Nf x y t R n N,

9) X fcI T 1 N N, У fcN, xy t N,

10) X fcIT 1 \ N, У feN, xy t I T 1 N N,

11) X feI T 1 N И , У &N"1 n N, xy fe N~1 n N.

The e q u a lity  E (x )»  E (y ) = E txy) holds in  the ca ses 1 ) ,  

2 ) ,  4-)» 5) because o f the in c lu s io n  h c  E . We s h a ll  show 

th a t t h i s  e q u a lity  holds in  ca ses 7 ) and 9 ) •  In other ca­

se s  p ro o fs are a n a lo g ic a l . In  case 7) we have x t-N , 

y” ^ é N, y” 1 .x ” 1 fc N. Hence from the d e f in it io n  of E and 

because h i s  a homomorphism we get 

h (y ” 1 »x“ 1 ) ‘ hex') -  h (y“ 1) ,  

h (y _/|.x " 1 ) = h (y “ 1 ) • b“ 1 ( x ) ,  

h "1 C(xy)_ 1 ) = h ( x ) .  h "1( y " 1) t

E(xy) e E(x)• E(y).
—'IIn case  9) we g e t x , y , x y e N .  Analogously as above we 

have

h (x” 1) • h(xy) = hCy) , 

h(xy) = h” 1(x “ 1 )» h ( y ) ,

E(xy) = E(x)• E(y).
Thus we showed th a t E i s  a homomorphism.

F in a lly  l e t  E ^ , E2 be ex ten sio n s o f h onto the s e t  R и E .

For х ^ Г Ч  К we have х“ Ч к  and- E ^ (x _ l ) = h (x“ ' )  = 

= EgCx” ^ ) .  Hence, because E i s  an Ehresmann groupoid, 

x ,x “ 1 , f x 6 E and E ^ , Eg are homomorphisms, we get 

E<1(x ) = E1“ 1 (x“ 1) = E 2**1 ( x - 1) = E g(x) ,

-1 . -1
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which to geth er w ith h c  h c  E j  means th a t E d efin ed

in  lemma 2 i s  the only ex ten sio n  of h onto the s e t  R и E

and com pletes the proof*

THEOREM 1 . L et h : R -*-M be a fu n ctio n  and 
—*1

Bh != Nh u Nh • Tiien b i s  a homomorphism i f  and only i f  

the fo llo w in g  co n d itio n s are f u l f i l l e d

a) E^ i s  an Ehresmann groupoid u n less = 0 ,

b) R n Eh = Nh ,

c) R ч E^ • R N E^ C R ч E^»

d) th ere e x is t s  a homomorphism E i E^ —► H such th a t 

E (x ) = h (x ) fo r  x e  N^.

P r o o f .  In  v ir tu e  o f lemma 2 one can conclude th a t 

co n d itio n s  a) -  d ) are f u l f i l l e d  when h i s  a homomorphism. 

L et now co n d itio n s a) -  d) be s a t i s f i e d ,  x , y t R  and l e t  

the product xy be d e fin e d . Then x y fc R . By a ) ,  c) we can 

use lemma 1 . Prom the e q u a lity  R = R \ N  u N and condi­

t io n s  b ) , d ) , (3 )»  (5 )»  ( 7 ) *  (8 )  i t  fo llo w s th a t there are 

p o s s ib le  the fo llo w in g  ca ses

1) xfc R S N , J t R N N , xy t  B n N,

2) x t B \ N , y t N , xy e R ' o  N,

3) x fe N, y t  R 4 N, x y fr R ^ N ,

4) x t  N, У frN, xy N,

where II••
S

3 I t  i s  easy to  v e r ify  th a t in  each o f the

above ca ses the e q u a lity  hCx) • h (y ) = h(.xy) h o ld s , which 

com pletes the p ro o f.
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LEMMA 3 .  L et hi R —► M be a homomorphism and l e t  15 

be a subset o f Б such th a t R c E and 5  . 5  c  1 ,  Let 

E : 5  —► M be a homomorphism being an extension  of h . Then 

Eh = Ee  , where Eh :=  Nfa и Hj1 ,  Ee i = %  и Ne  .

P r o o f .  Sin ce h c  E ,  we have C Njj and Eh c  Ej j . 

L et xtrEjg. F i r s t  l e t  us con sid er the c a s e , where x fc R . 

Then x & R n E j j  C 5 n E E and, by lemma 2 , x e  Njj and 

ECx) ^ 0 . Sin ce h с  E and x t R ,  the eq u a lity  h C x ^  E (x) 

h o ld s . Thus x & R  and hCx) 0 0 , which means th at 

x  6 NE c  E ^ . In  the case x“ 1 e R we get x“ 1 e Б  n = Nę

and E (x “ yl) 0 0 .  Hence and by the e q u a lity  h (x“ 1)=  ECx- "1) 

we have h (x  ) 0 O. Therefore x & N^, whence x & c  

C Ee , which com pletes the p ro o f.

THEOREM 2 .  Let h: R -*■ M be a homomorphism. Then 

th ere  e x is t s  a homomorphism E t В -*• M being an extension  

o f h i f  and only i f  E^ = В or = 0 , where Eh t=Nb u N£ .

P r o o f .  I t  i s  easy to  see th a t co n d itio n s h = 0 

and = 0 are e q u iv a le n t. Now l e t  h /  0 .  Let Et В -► M 

be a homomorphism which i s  an exten sion  of h , and suppose 

th a t В <£ Ee  = Ee  ( c f .  Lemma 3 ) .  Then there e x is t  elements 

a ,b e  В such th a t E (a ) 0 0 and ECb) = О, В i s  a Brandt 

groupoid , th e re fo re  there e x is t s  an element с е  В such 

th a t the products be and ca are d e fin e d . By the e q u a lity  

c “ ^•b“ 1 *bca s  a and because E  i s  a homomorphism defined 

on В we ob tain  the co n tr a d ic tio n t 0 0 ECa) = E (c “ 1b“ 1 )» 

*E(b) *E(ca) = 0 , thus the eq u a lity  В = E^ h o ld s . I f  the
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e q u a lity  Е^ = В holds then = R n Eh = R П В = ,R. 

Thus h (x ) /  0 fo r  x fc R . From lemma 2 i t  fo llo w s  th a t 

th ere e x is t s  an ex ten sio n  o f h onto the s e t  R и E^ =

= R о В = В , which com pletes the p ro o f.

n-homomorphisms. In  t h i s  s e c tio n  we assume th a t n i s  

an in te g e r  and , n > 2 .

THEOREM 3 . A fu n ctio n  gs R —► M i s  an n-homomorphism 

i f  and only i f  th ere e x is t  fu n ctio n s  к : I  H and 

h : R M such th a t th e fo llo w in g  c o n s itio n s  are f u l f i l l e d

a) [k (e ) l  n = k (e ) fo r e e l , ' (13)

b) k t f x)*  h (x ) = h (x )«  kCex ) fo r x e R , (14)

c) h i s  a homomorphism, (15)

d) g (x ) = k ( f x ) • h (x ) fo r x t  R . (16)

Moreover, i f  f o r  th e t r i p l e t s  o f fu n ctio n s  ( g ,k ^ ,h ^ ) f 

( g , ^ , ^ ) ,  -where g : R -*> M, k1 tk2 : I  —♦■H, h ^ h g îR  —► M, 

co n d itio n s (13) -  (16) h o ld , then h,j = i ^ .

P r o o f .  L et gt R —► M be an n-homomorphism. L et 

us put

'g C e ) fo r ew I and g (e ) *  o .
к Ce} s =

J fo r e fr I and g (e) = 0 ,
(17)

h  lx) î = к
■ 1 < v

gCx) fo r X  tr R , (18)

1 i s the u n it o f the group H.

easy to see th a t к ( I ) C  H and l^ C e) = к Ce) fo r

e t I ,  whence

kn“ 2 (e) = k”  ̂ (e) fo r  e 6 I . (19)
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(20)

By the d e f in it io n  o f the fu n ctio n  h we get

h (x) = 0 i f f  g (x) s  0 fo r  x c .R ,

From th e  e q u a lit ie s

g“~1 • g(x) = g(fj“1*x) = g(x) = g(x»e£“1) =

= g ( x ) ‘ g11"*1^ )  fo r  x t R  (21)

we conclude th a t the fo llo w in g  co n d itio n

g (x ) ± 0  im p lies g ( f x) £ 0 and y (e x ) Ł 0 (22)

h old s fo r  x 6 B .

L et x g R.  In  the case h (x ) = 0 eq u a lity  (14) h o ld s , of 

co u rse . I f  h (x ) |É 0 ,  then in  v ir tu e  of ( 2 0 ) ,  (1 8 ), ( 2 2 ) ,

(17) we ob tain

k < fx > = g ( f x) and k (e x ) = g (e x ) ,  (23)

whence

k ( f x)*  h (x ) = g (x ) = gn“ 2 ( f x )» g (x )*  g (e x ) =

= k” "1 ( f x ) • g (x )*  k (e x ) = h ( x ) • k (e x ) .

Thus co n d itio n  (14) i s  s a t i s f i e d .

L et now x , y e R  and l e t  the product xy be d efin e d . Then 

х уь -R , f x  * f ^ ,  ex x f y . I f  g (x )  x 0 or g (y ) = 0 

then  0 x g ( x ) • gn~2 (ex ) ‘ g (y ) = g (x y ) , whence, by (2 0 ) ,  

h(xy) x 0 . Thus th e e q u a lity  h (x )»  h (y ) x h(xy) in  th is  

case  h o ld s . I f  g (x ) ^ 0 and g (y ) ^ 0 then g ( f x ) ^ 0 , 

g (e x ) ^ 0 and we have h (x )*  h (y ) = k” 1 ( f x )* g (x ) *k“ 1 ( f y)» 

g (y ) = k“ 1( f x )*  g ( x ) • gn“ 2 ( f y) ‘ g (yX  = k " 1 ( f x )*g (x y ) = h(xy) 

Thus co n d itio n  (15) i s  s a t i s f i e d .  The e q u a lity  (16) follow s 

from (18) •
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Let пои fo r  fu n ctio n s g : R —♦  M, ks I  —► H, hj H -+ -M

co n d itio n s (13) -  (16) be f u l f i l l e d  and l e t  x1 , . . . , x n t R

be such th a t the product x1 » . . . » x n i s  d e fin e d . Then

f_ s f_ ,T t e s f for i — 1, « • *,n—1. We getx1 x1 . . .  xn xL x i+1

by (13>-(16)

gCx^) • . . . • g ( x n) = k ( f x ) ‘ hCx^,) • . . . • k ( f x^*h(xn) =

= k ( f x ) .k n~1( f x ) .h (x 1) . . . . « h ( x û) =

= kn( f x ) •b (x 1 * . . . * x n) =

= k ( f x )*h (x1 « . . . » x n) = 5 (Х1- . . . . х п) ,  

which means th a t g i s  an n-homomorphism.

I f  fo r  the t r i p l e t s  o f fu n ctio n s  ( g .k j jh g )

co n d itio n s (13)-tl6) are f u l f i l l e d ,  then

gCx-) = k^ ( f x ) •h.jCx) = k2 ( fx ) «h^Cx) fo r  x  e R . (24) 

I f  x & R and g (x) = 0  then h^ (x ) = 0 = h2 ( x ) .

I f  x t R  and g (x ) ^ 0  then h ^ (fx ) = 1 = b2 ( f x) , where

1 i s  the u n it o f the group H, and by (24) we g e t g ( f x ) =

= k„j(fx ) = ( f x ) . Hence, by (2 4 )  we have t^Cx) = h gC x ), 

which com pletes the p ro o f.

THEOREM 4 . Let fu n ctio n s  g : R —► M, к : I  -► H, 

hs R — be such th a t co n d itio n s (13)-(15) are s a t i s f ie d  

and l e t

g (x) = k ( f x ) * b (x ) fo r  x  6-R. (25)

Moreover l e t  5  c B  be such th a t E e l  and I  • I  e  I ,  

Then the fo llo w in g  co n d itio n s

a) there e x is t s  a homomorphism ïïs H -► M being an ex­

ten sio n  o f h ,
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b ) there e x is t s  an n-homoroorphism g: R —*-M being an 

ex ten sio n  o f g 

are e q u iv a le n t.

Moreover, i f  an exten sion  of the homomorphism g onto the 

s e t  5  e x i s t s ,  then i t  i s  unique.

P г  о o f .  Let g : E —*- К be an n-homomorphism which 

i s  an exten sion  o f  the n-homomorphism g : R —** M, Then 

th ere  e x is t s  a fu n ctio n  E : I  —*• H and a homomorphism 

E : 5 —*» M such th a t

g(x) = E(fx) • E(x) for xtS. (26)

We shall show that E is an extension of h. Let xfcR. I f  

g (x ) -  0 then g(x) = 0, and by ( 25) and (26) h(x) = 0 =

= E ( x ) . Thus in  t h is  case the e q u a lity  h(x) = E (x ) h o ld s. 

I f  g (x ) ^ 0 then g(fx) Ć 0, g ( f x ) t  0 and h ( f x ) =

= 1 = E ( f x ) .

Hence and from (25) and (26) be ob tain  k ( f x ) = g ( f x ) =

= g(fx) = E(fx), whence by (25) and (26) we have E(x) =

= k“ " 4 f x)»  g 0 0  = h“ 1 ( f x) • g (x ) = h ( x ) .  Thus co n d ition  b) 

im p lie s  co n d itio n  a ) .  To prove th a t co n d itio n  a) im p lies 

co n d itio n  b) i t  i s  enough to  show ( i n  v ir tu e  of theorem 3) 

the co n d itio n

k ( f x) • E (x ) = E (x )«  k (e x) fo r  x c - E \ R  (27) 

h o ld s . L et x t ï s H ,  I f  E (x ) = 0 , then e q u a lity  (2 7 ) 

h o ld s . Now l e t  E (x ) Ł 0 . Then we have x“ 1 t  R с  E and 

f x & E. Hence and by the f a c t ,  th a t E i s  a homomorphism 

we conclude th a t h (x“ /*) = h” 1( x ) .  For fu n ctio n s k , h
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co n d itio n  (14) i s  f u l f i l l e d ,  whence

k ( f  * ) •  h (x“ 1) = h (x “ 1 ) •  k (e  л) , 
x x 1

к (ex ) • h“ 1 (x) = h "1 (x) • k ( f x> , 

ïï (x) • к (ex ) e  к ( fx) • H ( x ) .

Thus co n d itio n  (27) i s  f u l f i l l e d .  By theorem 3 we conclude 

th a t i f  g :5  -*■ M i s  an n-homomorphism which i s  an exten­

sio n  of g , then i t  i s  the only such e x te n sio n . I f  the 

Brandt groupoid ( B , * )  i s  a group, then f x = ex = 1 fo r  

x e B ,  where 1 i s  the u n it o f the group ( B , * ) ,  and th ere ­

fo re  from theorems 1 , 2 and lemma 2 we ob ta in  the fo llo w in g  

COROLLARY. I f  the Brandt groupoid (B ,* )  i s  a group 

w ith the u nit 1 , then the fu n ctio n  gs R —► M i s  an n -h o - 

momorphism i f  and only i f  there e x is t  an element a & H 

and a homomorphism h : R —► M such th a t the fo llo w in g  

co n d itio n s are f u l f i l l e d

a) a11 = a ,

b) a • h (x ) = h(x) • a fo r  x & R ,

c) g (x )  = a • h (x ) fo r  x & R .
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