ANDRZEJ GRZASLEWICZ

On the solution of the equation
[n(x+y)-n(x-y)]2= 16n(x)n(y)

81. In this paper X denotes an abelian group and K
denotes a commutative field subjected to the following

conditions

a) if 2 =0 then x =0 for xs K, (1)
b) if 5x =0 then x =0 for XL K, (2)
c) to each X &E rhere exists y6 K such that

* =2, (3)

We shall consider the functional equation

[n(x+y) - n(x-y)] 2 = 16 n(x)n(y) . for x,y &X, (4)
where n is a function mapping X into K. In the case when
the values of function n are real numbers equation (A) was
examined in [2] and [3]»

LEMMA 1. Let n: X —» K be a function satisfying (4)
and let bl: X*X —»K be a function defined as follows
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M(x,y) := n(x+y) - n(x-y) for x,y&X. (5)

Then the following conditions are satisfied

a) n(0) =0, (6)
b) n(x) = n(-x) for xtx, (7)
c) n(2x) = 4n(x) for xG X, (8)
d) [N(X) - ncy)]2 = n(x+y)n(x-y) for x,y eX, (9)
e) n(x+y) + n(x-y) = 2n(x) + 2n(y) for x,y feX, (10)
f) M is a function symmetric and additive with

respect to each variable. (11)

Proof. If in (4) we set 0 instead of x, y then by

(1) we obtain (6). If in (4) we set 0 instead of x then by
(s) We obtain (7). Now let us put in (4) x inxtead of X
and y. Using (6) we get

(n(2x)J 2 = 16[n(x)]2 for Xtr X, (12)
whence

n(2x) = 4n(x) or n(2x) = -4n(x) for xeX. (13)
If n(x) = 0O, then by (12) n(2x) = O and conclude that
in this case (8) holds. Let us suppose now that for some
xfcX the following condition is fulfilled

nx) ~ O and n(2x) = -4n(x). (14)
By (14) and (13) we get

n(4x) = 16n(x) or n(4x) s -16n(x). (15)
If in (4) we set 2x instead of x and x instead of y then,
using (14) we obtain

Cn(3x) - n(x)]2 = -64[n(x)] S (16)
If in (4) we replace x by 3x and y by x then, using (14),
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C15™ and (1) we have

[n(4x) + 4n(x)]2 * 16n(3x)n(x),

16n (33™Cx) = [2Qn(x)]2 or 16n(3x)n(x) = [-12n(x)]2,
whence

n(3x) « 25n(x) or n(3x) = 9nCx).
Hence and from (16) we get

2~ * 5[n(x))2 =0 or 2~[ncx)]2 = O,

which by (1) and (2) gives n(x) = 0 what contradicts to
(14). From the above considerations and (13) we conclude
that condition (8) is satisfied.
Putting in (4) x+y instead of x and x-y instead of y
and using (8) and (1) we obtain

[n(2x) - n(2y)3 2

16 n(x+y)n(x-y),
16[n(x) - nty)] 2
[n(x) - nCy)] n(x+y)n(x-y),

thus condition (9) is fulfilled.

16 n(x+y)n(x-y),

New we shall prove condition (10). In virtue of (4) and
(9) as have

Cn(x+y) + n(x-y)] 2

[n(x+y) - n(x-y)3 2+4n(x+y)n(x-y)=
16n(x)n(y) + 4[n(x) - n(y)] 2 =
[2n(x) + 2ncy)3 2

whence

n(x+y) ¢ n(x-y) = 2n(x) + 2n(y)

Or

n(x+y) + n(x-y) -2n(x) - 2n(y) for x,ytXx. CI7)
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Let us suppose that there exist x,y Xe such that
n(x+y) + n(x-y) C -2n(x) - 2n(y). (18)
Let a,b6 K be such that

a2 = n(x), b2 = n(y). (19)
Using (4), (18) and (19) we get

Cn(x+y) - n(x-y)]2 = 16 a2b2 (20)
and

n(x+y) + n(x-y) = m2a2 - 2b2, (21)
whence

n(x+y) = -(a-b)? and  n(x-y) = -(a+b)2 (22

or

2
n(x+y) = - (atb) and n(x-y) -(a-b)2. (23)
Assume (22) (in the case (23) the proof is analogous and

therefore is omitted),. If b = O then using (19)* (8) we

have

4a4 = L-a2-a2]2 = (nIlx+y) - n(x)]2 = n(2x+y)n(y) = 0.
Hence, in virtue of (1) we get a = 0 and (10) holds.
If a =0 then using (22), (19)» (8) we obtain

4b4 = (-b2-b2)2 = [n(xty - n(y)] 2 = n(x+2y)n(x) = 0,

whence now b = 0 and (10) again holds.
Now let us consider the case a <« b ~ 0. By (19)» (4), (8\
(7) we get

16 n(x+2y)«a?

16 n(x+2y)n(x) = [n(2x+2y) - n(2y)]2=

16[n(x+y) - n(y)]2 = 16[(a-b)2 ¢ b2] 2
16 n(x-2y)*a?2

16 n(x-2y)n(x) = [n(2x-2y)2-n(2y)] 2 =

16[n(x-y)-n(y)]2 = 16[(a+b”™+ b2] 2.
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Hence ENvirtue of 09), (8), (1),,(4) we have

162*64 ab»b2 = 162«64 a4 nCx)n(y) = 162.a4»16nCx)n(2y)=

162»a4 (n(x+2y) - n(x-2y)J 2 =[16 a2n(x+2y)- 16 a2»

*

n(x-2y)3 2 = [16<(a-b)2 + B2>2 - 16<(a+b)2 + b2>2] 2

A

162 [(-2b) (2a)(2a2+4b2)32 = 162.16»4 a2b2 (a2+2b2)2,
whence

a4 = (a2 + 2b2)2, i.e. a2 + b2 = 0.
Hence and from (22) we get

n(x+y) + n(x-y) = -ca-b)2'- (atb)2 = -2(a2 + b2) =0

2(@2 + b2) = 2a2 + 2b2 = 2n(x) + 2n(y),
which means that in this case condition (KO) is also ful-
filled. The proof of (10) is completed.

Condition (11) was proved by S. Kurepa in [1] in the case
when K is the set of real numbers. In our case the proof
is analogical and therefore we omit it.

THEOREM 1. A function n: X -*m K satisfies (4) iff
there exist and additive function gi X—» £ and a con-
stant a&X such that

16 n(x) = a[g(x)]2 for xfc X. (24)

Proof. Using (1) it is easy to verify that (24)
implies (4). If n =0 then (24) holds, of course. If
there exists ytX such that n(y) £0 then we put
a = [n(y)r\

g(x) = M(x)y) for xeX,
where Mis a function defined in (5). Using (4) and (11)
we get
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16 n(x)wy) = jn(x+y) - n(x-y)]2 = [M(x,y)]2 = [g¢xT)]2,
whence
16 n(x) = aC6(x)]2»

which completes the proof.

82. Now we shall consider the case where X is the
additive group of the set of complex numbers and K is the
set of complex numbers. It is well known, that the conti-
nuous additive functions fs C -w* C are of the form

fCz) = a*rez + b*imz for zfeC, (25)
where a,bcC are arbitrary constants.

The following lemma is well known (see for instance
[3], P.217).

LEMMA 2. An additive function f: C — C is conti-
nuous iff there exist p,ge C such that

f(z> = pz + gz for z¢C. (26)

In virtue of theorem 1.and lemma 2 we obtain the
following theorem.

THEOREM 2. A function n: C -» G is a continuous
solution of equation (40 iff it is of the form

ntz) = (az + bL;)p for ztC,

where a, b are arbitrary complex constants.
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