
A N D R Z E J  G R Z Ą Ś L E W IC Z

On the solution of the equation 
[n(x+y ) -n (x -y )] 2= 16n(x)n(y)

§ 1 . In  t h i s  paper X denotes an abelian  group and К 

denotes a commutative f i e l d  su b jected  to  the fo llo w in g  

co n d itio n s

a) i f w II о then x = 0 fo r Х 6  К, (1)

b) i f 5x = 0 then x = 0 fo r XL К, ( 2 )

c) to each x & E rhere e x is t s у 6 К such th a t

* = У 2 . (3)

We s h a ll  con sid er the fu n c tio n a l equation 

[n(x+y) -  n (x -y )]  2 = 16 n (x )n (y ) . fo r  x ,y  & X , (4 ) 

where n i s  a fu n ctio n  mapping X in to  K . In the case when 

the v a lu e s  o f fu n ctio n  n are r e a l numbers equation (A) was 

examined in  [2 ] and [3 ]»

LEMMA 1 . Let n : X —► К be a fu n ctio n  s a t is fy in g  (4) 

and l e t  Ы: X * X  —►K be a fu n ctio n  defined as fo llo w s
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(5 )M (x,y) :=  n(x+y) -  n (x -y ) f o r  х , у & Х .

Then the fo llo w in g  co n d itio n s  are s a t i s f ie d

a) n (0 ) = 0 , (6 )

b) n (x) = n ( -x ) fo r x t x , (7 )

c) n (2x) = 4 n (x ) fo r xG  X , (8 )

d) [n (x) -  n c y )]2 = n (x + y )n (x -y ) fo r x ,y  e X , (9 )

e) n(x+y) + n (x -y ) = 2n (x ) + 2n (y) fo r x ,y  feX, (10)

f ) M i s  a fu n ctio n  symmetric and a d d itiv e  w ith

re sp e c t to  each v a r ia b le . (11)

P r o o f .  I f  i n ( 4)  we s et  0 in ste a d  o f x , у then by

(1 ) we ob tain  ( 6 ) .  I f  in  (4 ) we s e t  0 in ste a d  o f x then by

(в) we ob tain  ( 7 ) .  Now l e t  us put i n (4) x  inxtead o f X

and y .  Using (6 )  we g e t

(n(2x)J 2 = 1 6 [n (x ) ]2 fo r Xtr X , (12)

whence

n(2x) = 4n (x) or n (2x) = -4 n (x ) f o r  х е Х .  (13) 

I f  п (х) = О, then by (12) п (2х) = О and conclude th a t 

in  t h is  case (8 ) h o ld s . L et us suppose now th a t fo r  some 

x fcX  the fo llo w in g  co n d itio n  i s  f u l f i l l e d

n(x) ^ О and n(2x) = -4 n ( x ) .  (14)

By (14) and (13) we g e t

n(4x) = 16n(x) or n (4 x ) s  -1 6 n ( x ) . (15)

I f  in  (4 ) we s e t  2x in ste a d  o f  x  and x in ste a d  o f  у th en , 

using (14) we ob ta in

Cn(3x) -  n ( x ) ] 2 = -6 4 [n (x ) ]  S  (16)

I f  in  (4 ) we re p la ce  x  by 3x  and у by x  th en , u sing (14) , 
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C15^ and (1 )  we have

[n  (4x) + 4 n (x ) ]2 * 16n (3 x )n (x ) ,

1бп (Зз^пСх) = [2Q n (x)]2 or 16n (3x)n (x) = [ -1 2 n (x ) ]2 , 

whence

n(3x) «  25n (x) or n (3x) = 9nCx).

Hence and from (16) we g e t

2^ * 5 [ n (x ) )2 = 0  or 2 ^ [n c x )]2 = О,

which by (1) and ( 2 )  g iv e s  n (x ) = 0 what c o n tr a d ic ts  to

(1 4 ) .  From the above co n sid e ra tio n s and ( 1 3 )  we conclude 

th a t co n d itio n  ( 8 )  i s  s a t i s f i e d .

P u ttin g  in  (4 )  x+y in ste a d  of x and x -y  in stead  of у 

and using (8 )  and (1 ) we ob tain

[n(2x) -  n(2y)3 2 = 16 n (x + y )n (x -y ) ,

1 6 [n (x ) -  n ty)] 2 = 16 n (x + y )n (x -y ) ,

[n (x ) -  nCy)] = n (x + y )n (x -y ) , 

th u s co n d itio n  (9 )  i s  f u l f i l l e d .

New we s h a ll  prove co n d itio n  (1 0 ) .  In  v ir tu e  o f (4 ) and 

( 9 )  a s have

Cn(x+y) + n (x -y )]  2 = [n(x+y) -  n (x -y)3  2 +4n(x+y)n(x-y)=

= 16 n (x )n (y ) + 4 [n (x )  -  n (y)] 2 =

= [2 n (x ) + 2ncy)3 2 ,

whence

n (x+y) ♦ n (x -y )  = 2n (x) + 2n(y)

Or

n(x+y) + n (x -y ) = -2 n (x )  -  2n(y) fo r  x ,y  t X .  Cl7)
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Let us suppose th a t there e x is t  x ,y  X e such th a t

n(x+y) + n (x -y )  C -2 n (x ) -  2 n (y ) . (18)

L et a ,b  6 К be such th a t

a2 = n ( x ) ,  b2 = n ( y ) . (19)

Using (4) , (1 8 ) and (19) we get

Cn(x+y) -  n ( x -y ) ] 2 = 16 a2b2 (20)

and

n(x+y) + n (x -y ) = ■-2a2 -  2b2 , (21)

whence
p

n(x+y) = - ( a - b )  and n (x -y ) = - (a + b )2 (22)

or
2

n(x+y) =r -  (a+b) and n (x -y ) = - ( a - b ) 2 . (23)

Assume (2 2 ) ( i n  the case (2 3 )  the proof i s  analogous and 

th e re fo re  i s  om itted ),. I f  b = О then using (1 9 )*  (8 ) we

have

4a4 = L-a2- a 2] 2 = (nlx+y) -  n ( x ) ] 2 = n (2 x + y)n (y ) = 0 . 

Hence, in  v ir tu e  of (1) we g e t a = 0 and (1 0 ) h o ld s .

I f  a = 0 then using ( 2 2 ) ,  (19)»  (8 ) we ob tain

4b4 = ( -b 2-b 2 ) 2 = [n(x+y -  n (y)] 2 = n (x +2y)n (x ) = 0 , 

whence now b = 0 and (10) again  h o ld s .

Now l e t  us con sid er the case  a • b ^ 0 . By (19)» (4 ) ,  ( 8 \  

(7 )  we g et

16 n (x +2y)«a2 = 16 n (x + 2 y)n (x ) = [n (2x+2y) -  n (2 y ) ]2 = 

= 16[n (x+y) -  n ( y ) ] 2 = 1 б [ (а -Ъ )2 ♦ b2] 2, 

16 n (x -2 y )* a 2 = 16 n (x -2 y )n (x )  = [n (2 x -2 y )2-n (2 y )]  2 = 

= 1 6 [ n ( x -y ) -n ( y ) ] 2 = 1б[(а+Ь^+ b2] 2 .
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Hence in virtu e of 0 9 ) ,  ( 8 ) ,  ( 1 ) , , ( 4 )  we have

162 *64 a6 »b2 = 162 «64 a4 nCx)n(y) = 162 .a 4 »16nCx)n(2y)= 

= 162 »a4 (n(x+2y) -  n (x -2 y )J 2 =[16 a2n (x + 2 y )- 16 a2 »

* n(x-2y)3 2 = [16<(а-Ь)2 + Ъ2>2 -  16<(a+b)2 + b2 >2] 2 = 

« 162 [(-2b) (2a)(2a2+4b2 )32 = 162 .16»4 a2b2 (a2 +2b2) 2 , 

whence

a4 = (a2 + 2b2) 2 , i . e .  a2 + b2 = 0 .

Hence and from (22) we get

n(x+y) + n (x -y) = -c a -b ) 2 ' -  (a+b)2 = -2 ( a 2 + b2 ) = 0 = 

2 (a2 + b2 ) = 2a2 + 2b2 = 2n(x) + 2 n (y ) , 

which means that in th is  case condition (Ю) is  also f u l ­

f i l l e d .  The proof of (10) i s  completed.

Condition (11) was proved by S . Kurepa in [1] in the case 

when К i s  the set of rea l numbers. In our case the proof 

i s  analogical and therefore we omit i t .

THEOREM 1 . A function n: X -*■ К s a t is f ie s  (4) i f f  

there e x ist and additive function gî X —► £ and a con­

stant a&X such that

16 n(x) = a [g (x )]2 for xfc X. (24)

P r o o f .  Using (1) i t  i s  easy to v erify  that (24) 

im plies ( 4 ) .  I f  n = 0 then (24) holds, of course. I f  

there e x ists  y t X  such that n(y) £ 0 then we put 

a = [ п ( у ) Г \

g(x) = M(x,y) fo r x e X ,

where M i s  a function defined in  ( 5 ) .  Using (4) and (11) 

we get
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16 п (х)щ у) = jn(x+y) -  n (x -y )]2 = [M (x ,y )]2 = [gçx')]2 , 

whence

16 n (x ) = а С б (х )]2 » 

which com pletes the p ro o f.

§2 . Now we s h a ll  co n sid er the case where X i s  the 

a d d itiv e  group of the s e t  of complex numbers and К i s  the 

se t  of complex numbers. I t  i s  w ell known, th a t the c o n ti­

nuous a d d itiv e  fu n ctio n s  fs  C -w* C are o f  the form

f Cz)  = a*rez + b*imz fo r  z fe C , (2 5 )

where a , b c C  are a rb itra ry  c o n sta n ts .

The fo llo w in g  lemma i s  w e ll known (s e e  fo r  in stan ce

[ 3 ] ,  P .2 1 7 ) .

LEMMA 2 . An a d d itiv e  fu n ctio n  f :  C —► C i s  c o n ti­

nuous i f f  th ere  e x is t  p , q e  C such th a t

f ( z >  = pz + qz f o r  z ć C .  (2 6 )

In v ir tu e  o f theorem 1 . and lemma 2 we ob tain  the 

fo llo w in g  theorem.

THEOREM 2 . A fu n ctio n  n: C -► G i s  a continuous 

so lu tio n  of equation  (40 i f f  i t  i s  o f the form
ш p

n tz ) = (az + b z ) fo r  z t C ,  

where a , b are a rb itra ry  complex c o n sta n ts .
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