
J A N U S Z  K R Z Y S Z K O W S K I

On ordinary differential inequalities

1 . In tro d u c tio n . In  t h is  paper we j3h a ll  d eal with the 

d if f e r e n t ia l  in e q u a lity

D V n-1>> ÎCX.J.J ...J1”-11)-
In  the f i r s t  s e c tio n  we s h a ll  g iv e  some lemmas on 

D in i d e r iv a tiv e s  which w i l l  be needed in  the seq u el.

In  the second se c tio n  we shall prove some theorems on 

the d i f f e r e n t ia l  in e q u a lit ie s  using the n otion  of f i r s t  

in t e g r a l .  Those theorems w i l l  be g e n e ra liz a tio n s  of the 

r e s u lt s  from the paper [ 1] .

2 . The D in i d e r iv a tiv e  o f composed fu n c tio n . Let the

r e a l  fu n ctio n s ^2 * * * * • 'fn be defined in  fche in te r v a l

I  = ( a ,b ) .  Put

ф (х ) :=  (fyCiO ,'?2 (x ) » .» 4 ' f n 0 0 )  fo r  x < r l .
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Let th e fu n ctio n  f  he d efin ed  in  an open s e t  D c  R*1,  such 

th a t Ф Ш  c  D.

LEMMA 1 . L et th e fu n c tio n s  he d i f -

fe r e n tia b le  and l e t  he r ig h t-h a n d  continuous a t th e  

p o in t xQ f c I .  Assume th a t f  i s  d i f fe r e n t ia b le  a t  th e  p o in t

y0 = ( y 1 f « . y n ) = and *  ° -

I f  I f - ^ o 5 >  °» then
n n -

(1) D*Cf.<M (x0) = g | | j C 5 0) -  » H ; C j 0)D ł V V

I f *bf
< b , + ’ o> < tb e ”

«) D+(f = £  ffjCJo) • łi<v + H^(J0) D* V V  •

P r o o f .  I t  fo llo w s  from th e d i f f e r e n t ia h l i t y  o f f  

th a t th ere  e x is t s  a fu n ctio n  r  d efin ed  in  an open neigh

bourhood U o f the p oin t C 0 , . . . , 0 ) € R n such th a t 

г ( 0 , . . . , 0 )  = О, г  i s  continuous in  ( 0 , , . . , 0 )  and

n i h U i J  = ^  | “ (y0Xyi - J i ) + ^  17±-У±\ rCy-y0)

for j-j0s ü, у =

Hence, p u ttin g  j  = 4>(xQ+h) we have
(f*<t>)(x +h) -  ( f  «>ф)(х )

(3) -------------- 2------ г-------------------2 -  =

- U
cy0) +  sg n (^ 1(x 0+ h ) -y i ) »г(фСх0+ Ю -у о) ] ^  ) 7±

i =1 W l  

fo r  h >  О, ф (х о+ Ь ) -у 0 ь и . 

I t  i s  obvious th a t
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(4)
hio f  f e î (y°^ SSn4fiU° +h) - ^ ),г(Фио+Ь) ^ o Ü  — Р"К 1 y i =

= • V i ( V
fo r  i  = 1 , . . . ,n -1 .

I f  | § -С * 0) >  o , then

p-\-P 'i S  (x  +h)—y

(5) ł h5?o?  | lf^ (;y^ sgn(i Cx0+h) ^

= <̂ (y o)D +'ł'nCxo) •

I f  ? f - c v < 0 ’ then
П (x h) 0

(6) lim si^ p [| | -C y ^ sg n ^ C x 0+h> -y^* r(<Kx0+h) Уп=

* D+ W  •

Combining ( 3 ) ,  (4 ) and (5 )»  (б )  we have CD and C2 ) .

A sim ple consequence o f Lemma 1 i s  

COROLLARY 1 . Let g : I  -►  К , f :  K-*>R and le t  I , К

be open in te r v a ls  in  R . Assume th a t g i s  righ t-h an d  c o n ti

nuous a t xQ6 I ( f  d if fe r e n t ia b le  a t g (x 0") and 

f >C g (x 0)) 4 0 .

I f  f ' ( g C x Q)) >  0 , then 

C7) D+ ( f  » g)C x0) = t  CgCxQ)) D+ g (x Q) .

I f  f ‘ (gCx0)) < 0 , then 

8 D+ ( f  o g H x 0) = f ’ CgCx0)) D+ gCx^ .

R e m a r k  1 . I f  f* (g (x Q)) = 0 , then C o ro lla ry  1

i s  f a ls e f  as we can see in  the fo llo w in g  example:
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E x a m p l e  1.  Let

g (x )
У]хГ s in  j  fo r  x w R N A 

^  0 fo r  х ь А

where A = £ x : s in  ~  > 0 }  U ( o } ,
2

and f (y )  = y . Hence

( f  c g ) (x )
Ix ls in fo r  xfe-BVA

^0  f o r  xfc-A

The fu n ctio n s g t f  s a t is f y  the assum ptions o f C o ro lla ry  1 

a t the p oin t x Q = 0 except f ‘ ( g ( x 0)) 0 . A sim ple c a l 

c u la tio n  shows th a t D+g ( 0 ) = 0 , D+glO) = -  oo and 

D+ Cf о g ) (0 )  x 1 . T h erefo re , the fu n ctio n s  g , f  s a t i s f y  

n e ith e r  ( 7 )  nor C8 ) at the p oin t x Q = 0 .

R e m a r k  2 . C o ro lla ry  1 i s  not tru e  w ithout the 

assumption of r ig h t-h a n d  c o n tin u ity , as the fo llo w in g  

counterexample shows.

E x a m p l e  2* Let  B = { x :  x = j ,  n f c N ^ u  {о}

and

g 00

Hence

( f  o g ) ( i )

fo r  x fe В
, f ( y )  = 2y2 + y .

fo r  x fc R \  В

2X2 + x fo r x t  В

Л fo r xfe R N В
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The fu n ctio n  g i s  righ t-h a n d  d iscon tin uous a t the point 

xQ = О and D+gCO) = 1 , but f 4 g C 0 ) )  = f ' ( O )  = 1 and

D+ ( f o g ) ( 0 )  = + co . Therefore D+ Cf о g K O ) Ł f ’ CO)D+g iO ) .

Now we s h a ll  prove the lemma about the Dini d e riv a tiv e  

o f composed fu n ctio n  in  the case when the in te r n a l fu n ction  

i s  d i f f e r e n t ia b le .

LEMMA 2 .  L et the fu n ctio n s  g , f  be defined as in C oro l

la ry  1 and l e t  g be d if fe r e n tia b le  a t the point xQ 6 I  

and g ' ( x 0) £ 0 .

I f  g ’ (x 0 ) >  0 and g i s  continuous in  a right-hand 

neighbourhood o f the poin t x0 , then

D+ ( f  o g ) tx Ql S D+f ( g ( x 0)) . g 4 x 0) .

I f  g ’ (x Q) < 0 and g i s  continuous in  a le ft-h a n d  

neighbourhood o f the point x0 , then

D+ ( f  о g ) ( x 0) = D _ f (g (x 0)) . g1 (x Q) .

P r  o o f .  We s h a ll  prove the f i r s t  part of the lemma. 

The second part one can prove a n a lo g ic a lly .

L et g 4 x Q) >  0 and l e t  g be continuous in  a r ig h t -  

hand neighbourhood o f the p oin t x0 . Hence we get th at 

th ere  e x is t s  a p o s it iv e  number hQ such th at

(a ) g continuous in  [ x Q,x 0+ h0] ;

(b) g (x ) >  g (x 0) fo r  x t  (xQ,x 0+h0] .

From (b) we have

D+ ( f e g ) (x n) = lim  sup 
0 h-*-CT

f ( g ( x 0+h)) - f ( g ( x Q)) 
g tx 0+h) -  g (x 0)

g (x Q+h) -g ( x 0 ) 
--------- Б---------
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Hence, from the p ro p e rtie s  o f upper l im it  and from th e 

co n d itio n  g \ x Q) >  0 we g e t the in e q u a lity  

(9) D+ ( f  o g ) ( x 0> ^  D+f ( g ( x 0)) • g ‘ (x 0) .

On th e other hand, i t  fo llo w s  from the d e f in it io n  o f upper

l im it  th a t th ere e x is t s  a sequence {y n} such th a t

'n ~ — '■ e ( I o) +П-*-оо
and

. , f Cyn) “  f (g C x  ))
D f ( g ( V ) ■  . Ц »  .....g t , J(10 )

w П-*оО •'П 04“ 0'

I t  fo llo w s  from (a) and (b )  th a t th ere  e x is t s  a number 1 

such th a t e C C v x Q + h ^ )  = [ в О Д Д ] «  I t  i s  obvious th a t 

1 > g (x Q) • Without lo s s  of g e n e r a lity  we may assume th a t 

{yn} c  ( g ( x 0) , l ] ,  hence th ere  e x is t s  a sequence [ h ^  

such th a t h^-— -*■ 0+ and g ^ + h ^ )  = yn . Hence, from (10)
H^OQ

and from the d e f in it io n  of upper l im it  we g e t

n e (x 0y - « s c v >  B ł(fo
(11) g’(x ) *D+f (g (x  )) S lia

П-*оО ii

From (9) and (11) we ob tain

D+-(f • g) (x 0) = D+f ( g ( x Q)) • g‘ ( x 0) .

Bemark 3. If either g4xQ) =0 or g is dis

continuous in every right-hand (left-hand) neighbourhood 

of xQ, then Lemma 2 is fails.

E x a m p l e  3« Let  g(x) = -x2 and

for у > 0
f(y) J °

l  V=5У^у’ fo r  у < 0 

Hence ( f * > g ) (x )  = |x|. The fu n ctio n s  g , f  s a t i s f y  the as

sumptions od Lemma 2 at the p o in t xQ = 0 except
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g* U 0) ^ 0 . I t  i s  obvious th a t D+ Cf о g ) ( 0 )  S 1,

D+f  ( 0) = 0 , D _ f (0 ) = -o o . T h erefo re , Lemma 2 i s  f a l s e .

E x a m p 1 e 4 .  Let

„  f' A  * » x t , (k + l) f  * Ex]» k t N
g1 w  -  !

\  ̂ 0 fo r X = 0

and

" g1 (x) fo r xé [O, J )
g (x ) x •

fo r x к ( -  j , o )

The fu n ctio n  g i s  d if fe r e n t ia b le  a t the poin t xQ = 0 , 

g ' ( 0 ) s  1 ,  hut g i s  d iscon tin u ou s in  every  right-han d  

neighbourhood o f x0 .

L et

t ( y)

s in  — 
7

fo r  y ć 0

0 fo r  у = 0

Hence ( f ® g ) ( x )  = 0 fo r  x  fc ^ ) .  Therefore

D+ Cf о g ) CO) = 0 , but D+ fCO) = 1 . Thus D+ ( f ° g ) ( 0 )  Ć 

i  D+f ( g ( 0 ) )  « g  CO ).

R e m a r k  4 .  S im ila r  r e la t io n s  hold fo r  the other

D in i d e r iv a t iv e s .

3 .  Ordinary d i f f e r e n t ia l  in e q u a li t ie s . Let us con

s id e r  the d i f f e r e n t ia l  equation 

(12) 7 <n) = f  ( x ,y fy’ , . . . , y (n” 1>) fo r  x f e l ,

«here I  i s  an open in te r v a l .
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We assume th a t the fu n ctio n  f  f u l f i l l s  the fo llo w in g  

h yp oth esis

( i )  f  i s  defined and continuous in  a region  

D С I  * R11;

( i i )  the i n i t i a l  v alu e problem i s  uniquely so lv a b le  

in  D on I 5

( i i i )  there e x is t s  a f i r s t  in te g r a l  Е ( х ,у ,у ^ , . . . »УП_^) 

o f equation  (12) d efin ed  and d if fe r e n t ia b le  in
-p

D and such th a t —  > 0  in  D.
° 7n-1

к fu n ctio n  R: D —► H w i l l  be c a lle d  a f i r s t  in te 

g r a l of equation (12) ,  i f  and only i f  fo r  every so lu tio n
» (n -1) .

^ of equation (12) R ( x ,^ ( x ) ,  ^ ( x ) , . . . f ^  (X ) J B co n st,
fo r  x t  I .

D. Brydak has proved in  h is  paper Ql] th a t the fu n c

tio n  ф , d efin ed  and n tim es d if fe r e n t ia b le  in  I ,  i s  a 

so lu tio n  o f the d i f f e r e n t ia l  in e q u a lity

^ n) Cx) ** f  ( x ,  Y ( x ) , f  ( x ) , . . . ,  q/tn“ 1) (x )) 

i f  and only i f  the fu n ctio n

(13) ^ (x )  = Е (х,ц ;(х) , ф'(х) (x))

i s  an in cre a sin g  fu n ctio n  in  I .

We are going to  g iv e  a g e n e r a liz a tio n  o f th a t theorem. 

THEOREM 1 . L et h yp oth esis  H1 be f u l f i l l e d .  Let 

ф е с ^ п“ ^ ( 1 )  and l e t  i t s  graph l i e  in  D.

The fu n ctio n  ф i s  a s o lu tio n  o f the d i f f e r e n t ia l  

in e q u a lity

(14) D+4*ül” 1)(x) > f  (x , v (x ) , у ( x ) , . . . ,  ф(п“ 1) (x)) f o r  x  e I ,
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i f  and only i f  the fu n ctio n  on(x) , defined by formula (15) , 

i s  an in cre a sin g  fu n ctio n  in  I .

The fu n ctio n  Ф i s  a s o lu tio n  of the in e q u a lity  oppo

s i t e  to  (1 4 ) ,  i f  and only i f ,  the fu n ctio n  T( i s  a de

cre a sin g  fu n ctio n  in  I .

P г  o o f . We are going to  prove the theorem fo r  in 

e q u a lity  (1 4 ) . The proof fo r  the op p osite  in eq u a lity  i s  

s im ila r .

L et фе- ( I )  and x t l ,  In view of hypothesis

( i i )  , there e x is t s  a unique so lu tio n  vf of equation (12) 

s a t is f y in g  the co n d itio n s

(15) ^ (x )  = ф (х ) ,  ^  (x ) = фШ(х) fo r  i= 1 , 2 , . . . ,n -1 .

Denote

Z = ( х ,ф (х ) ,  ф'(х) (x )) .

From H. ( i i i ) , (13) and from Lemma 1 we get

D+^ (x ) = ^ | ( z 0) + ' ^ ( г 0 ) .ф '(х )+ . . .  + _ ^ _ ( z 0V

-D+ ^ tn" 1) (x )

'DE "DR in -1) (.x) +

and

+ % § ( V  * + * ' •  + ^ ^ U o) , ^ x) = 0

because R i s  a f i r s t  in te g r a l o f  equation (1 2 ) .

Hence

D+T|(x) = ^ ~ - j U 0) [D + f Cn‘ 1) (x ) -  f  Ы (х)| .

I f  i s  a s o lu tio n  o f (14) , then from (1 4 ), (15) and 

from d e f in it io n  o f ^  we g e t
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D+1t<x )>  • • « . f  ~1)<s)>] * Ol

Thus ^  i s  an in cre a s in g  fu n ctio n  in  I .

C o n v ersely , i f  *»£ i s  an in cre a sin g  fu n ctio n  in  I ,

then
^ q ) [ ^ )(x) _  ^(n) (X)J  ,  D+ ^ (x) ^  o .

Hence, from (.15) and from th e d e f in it io n  o f ч|> we have 

Df ̂ (n -1) (x) ^  ^  (n) (x ) = f  (X ,^ ( x ) ...........^<n" 1) (X )) =

= f  (x , (|/Cx), . . . ,  (x î) .

T h is  ends the proof of the theorem*

Now l e t  us co n sid er the second order d i f f e r e n t ia l  inequality

(16) D+ цЛх) >  f ( x , y ( x ) , 4>'(x)) f o r  z e i ,

We assume the fo llo w in g  h y p o th e sis  H2

(i)  f  i s  d efin ed  and continuous in  a region  

D C  I x B 2 !

( i i )  th e  i n i t i a l  v a lu e  problem, as w e ll as th e 

boundary v alu e problem f o r  the d i f f e r e n t ia l  

equation

(17) y" = f ( x » y ,y ')  fo r  x e l

i s  uniquely so lv a b le  in  D on I f  

( i i i  ) th ere e x is t s  a f i r s t  in te g r a l  В o f equation (17) 

d efin ed  and d iif fe r e n tia b le  in  D such th a t
7) R > 0  in  D.

Let F be the fam ily  o f a l l  s o lu tio n s  o f equation  (1 7 ). 

The fu n ctio n  ф w i l l  be c a lle d  à convex (concave ) 

fu n ctio n  w ith re sp e c t to  the f a n i ly .F  i f



ijHx) $ vfCx) (ф (х  V -f (x )) 

f o r  a l l  x1 tx2 , x 6 l  w ith x,, < x < x ^  where ^  i s  

such a s o lu tio n  o f the equation (17) ,  th a t ^ ( x ^  = ^ (X j) 

i  = 1 , 2 .

In  paper [13 there was proved the fo llo w in g  

THEOREM 2 . Let Ц» <- С1 ( I ) . and h yp othesis H2 be f u l 

f i l l e d .  Denote

(18) ^ (x )  = R (x ,q /(x > , ф*(х)) fo r  xfc I .

The fu n ctio n  4; i s  covex (con cave) w ith resp ect to  

the fam ily  F i f  and only i f  the fu n ctio n  ^  i s  in c r e a s ii^  

(d e c r e a s in g ) in  I .

From Theorems 1 and 2 we g e t the fo llo w in g  

THEOREM 3 .  L et the h yp oth esis be f u l f i l l e d  and 

Ф fc ( I ) , such th a t i t s  graph l i e s  in  D.

The fu n ctio n  ф i s  a so lu tio n  o f in e q u a lity  (16) i f  

and only i f  i t  i s  convex w ith resp ect to  the fam ily F .

The fu n ctio n  ф i s  a so lu tio n  o f the in e q u a lity  op

p o s ite  to  (1 6 ) - i f  end only i f  i t  i s  concave w ith resp ect 

to  the fam ily  F .

L et us con sid er the d i f f e r e n t ia l  in e q u a lity

(19) D+ f(x )  ">, f (x ,iy (x ))  fo r  x 6 1 .

We assume the fo llo w in g  h yp oth esis

( i )  f  i s  d efin ed  and continuous in  a region  

D С I  X R;

( i i )  the i n i t i a l  valu e problem fo r  the d iffe r e n 

t i a l  equation
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(20) y 1 s f ( x ,y )  fo r  x  e l  

in  uniquely so lv a b le  in  D on I j

( i i i )  th ere e x is t s  a f i r s t  in te g r a l  R o f equation

( 2 0 ) ,  d efin ed  and s t r i c t l y  in cre a s in g  w ith  re 

sp e ct to  second v a r ia b le  in  D.

THEOREM 4 .  Let ty € C (I)  be such th a t i t s  graph l i e s  

in  D and l e t  h yp oth esis  be f u l f i l l e d .

The fu n ctio n  ф i s  a s o lu tio n  of in e q u a lity  (19) i f  

and only i f  the fu n ctio n

(21) ^ ( x )  = R (x ,Y (x )) 

i s  in cre a sin g  in  I .

P r o o f .  L et ф«=- C ( I )  be a so lu tio n  o f (19) and 

l e t  x ^ X g f c l  be such th a t x^ < From h yp oth esis  Hj 

th ere e x is t s  a unique s o lu tio n  of equation C20) s a t is f y in g  

the co n d itio n

( 22) Ф(х^) * f ( x , ) .

Hence, by a b a s ic  theorem on ordinary d i f f e r e n t ia l  inqua

l i t i e s  [2 t  Theorem 9 . 5]  ф(х) >  ф (х ) fo r  x  Xj# 

consequently ^CXg) >  vf (Xg) •

Whence, from ( 2 2 ) ,  from th e d e f in it io n  o f f i r s t  in te g r a l ,  

h yp oth esis H  ̂ ( i i i )  and (2 1 ) we have

<i|(x1) = R (x1 ,^ (x 1)) = R (x 1 ,vj»(x1)) = R ^ ^ X g ) )  $

Ś R (x 2 , v|;(x 2)) = T j ( x 2 ) .

Now l e t  ^  be in cre a sin g  in  I  and x Q6 I .  We have to  

show th a t D+ ty(xQ) f ( x 0 ,<|/(x0)) . Let ^  be a so lu tio n  of

(20) such th a t ^ ( x Q) = lp(xQ) • S in ce  ^  i s  an in cre a sin g
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fu n c tio n , thus

^ (x ) = R (x f(x )) V Н(х0 ,Ц)(х0)) = ^ ( x 0) fo r  x >  x0 

by v ir tu e  o f (21) ,  and

R (x0 , 4;Cx0)) = R (x0 ,vf(x0)) = R(x,vf(x)) fo r  x & I ,

because ^ (x Q) = ф (х0) and R i s  a f i r s t  in te g r a l . 

Therefore

R ( x ,4>(x)) V  R (x ,vf(x)) fo r  x  >, xQ.

I t  fo llo w s from h yp oth esis ( i i i )  th a t

Ф (х) V  »f(x) fo r  x V  xQ.

T h is  im p lies

в+ф (х 0> v  .

and

^ ( x 0) = f ( x 0 ,«ç(x 0 )) = f ( x 0 ,łf(x 0 )) 

because ч|> i s  a so lu tio n  o f ( 20) and 4j>(xQ) = ^ ( x c) .

Thus

D+4>(x0) V f ( x 0 ,ł|4x0)) .

References 1 2

[1] Biydak D . ,  A p p lica tio n  of gen era lized  convex fu n ction s 
to  second order d i f f e r e n t ia l  in e q u a li t ie s , General In
e q u a lit ie s  4 ,  B irkhÊser V e r la g , B a s e l, S tu t tg a r t  and 
New York ( t o  ap p ear).

[2] S z a rsk i J . ,  D if f e r e n t ia l  in e q u a li t ie s , PWN, Warszawa 

1967.

107


