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Inequalities like Opial’s inequality

Introduction, | have not been able to see Opial's
paper [1]. Simpler proofs of his inequality appeared soon
afterwards, by various writers and under various hypotheses
What follows is a brief outline of the literature, showing
what seem to be the main features of the subsequent deve-
lopments, but omitting many facets.

According to Beesack [2], Opial's original inequality
was (in a notation to suit the present paper):

If F(x) > 0 in (ab) . F(a) =0 = F(b) and
FE£ ClCa,bl, then

b b
CD fIF(X)F* (x)] dx 4 zr(b - a) fIF1(x)I 2dx.
a a
Beesack [2] also gave various extensions of this, in

which the hypotheses F(x) > 0 and Fe Cl[a,b] were re-



duced to the requirements that F be real-valued and abso-
lutely continuous on fa,b3. In one of these extensions

the right side of (1) was replaced by
b
C f pW F1(x)2dx

Ja

where p is a positive continuous function.

Among others, Pedrrsen [33 gave a very simple proof
of (1), with F complex-valued and absolutely continuous,
and F(a) = 0. The hypothesis that F(b) =0 was omitted
and the constant ¢(b - a) doubled in consequence; this
particular feature had also crept into some of the earlier
proofs.

Boyd and Wong [4] obtained an inequality of the form
(2) (below) with g =1, r=p +1 and

X
TH(x) = J f(t) dt.

They gave a fuller reference list than the one at the end
of the present paper.
Boyd [5] discussed best possible constants C and
extremal functions f for inequalities of the form
b b (p+q)/r
) ] MflplfIW 4 C (§ [flrdi2)
a a
where T is an integral transform; the measures ~ and *
were in most cases the same.
Fitzgerald C6] extended (1) in a different way, re-

placing the right side by
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b

C J |Fm) (x)i2 dx,
a *

where mis any positive integer, Fcc“[a,b] and certain
derivatives of F vanish at a and b in addition. It was
partly this work of Fitzgerald that moved nme to make the
investigations which led to this paper.

Hardy's Inequality, integral version £7: Theorem 327],
states that if f is a complex-valued function in Lr(0,00)»

lell is the Lr(0,00) norm and r > 1, then

In this paper | obtain first a generalization of
Hardy's Inequality, Theorem 1 (compare C7s Theorems 319
and 330]% Theorem 2 is a comparably general inequality
which has something of the character of Boyd's result, (2)
(above); it is proved from Theorem 1. Corollaries 1, 2, 3
are successive specializations of Theorem 2, the last of
these resembles Opial's Inequality.

Theorem 2 is not, however, an exact generalization of
Opial's Inequality. The specialization of it which is

closest to that inequality is

b b
(4) 1 IFG)F”u )1 dx $ 2cb - a) ~ 1P |2
a a

for complex-valued F locally absolutely, continuous in T.ab)
with F(a) = 0; this is Corollary 3 with m=1 and n = 0.

The main differences between (1) and (4) are that F(b) 0
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is not required in (4) and the constant 2(b-a) in, (4
is ouch larger than its counterpart in (1) The latter is
partly due to the former, but the main, reason for it is
probably the wastage involved in proving the much more ge-
neral result, Theorem 2* In particular, there is wastage
at (10), simply to obtain a neat constant} and in spe-
cializing Theorem 2 there is further wastage at (13)*
THEOREM 1. If s >r1 > 1, 0 ( a < , is real,
6j(x) is decreasing and positive in (a,b), f(x) and H(x,y)
are measurable and non-negative on (a,b), H(x,y)is homo-

geneous of degree -1,

X
(HH(x) = I H(x,y)f(y) dy
and
b
Ifs = ( ( f(x)rxr”1lcope dx)1/r,
then a
IlH f||r 4 c#f»s,
where
1 bt 1 _1
C = f HA,t)t“&r ( f xr“lu(x) dx)r s dt.
al/b \ a '

Here a/b is to mean 0 if a =0 or b = oo or both; and

bt is to mean oo if b =oo0.

Proof, (i) For a < x < b the homogeneity of H
gives
1
H f)(x) = f H((x,xt)f(xt)x dt =
alx
1
= f H@,t) f(xt) dt,
alx
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where t = “€. A3 a 4y4 x, then 0 <t ~ 1,
Using Minkowski's Inequality at (5), and the decreasing

property of u at (6),

b1 r \ 1Ur
tiHfilr = (\ ( f H(1,t)f(xt) dt) x“im>(x) dxj
a alx
1 b
(5) < f ( f Hd,t)rf(xt)r x*1lu<x> dx)1l/rdt
al/b alt
1 b
@ < J HCLOt-f/r ( f fCxtfCxtf"lu(xt) tdx)1/rdt
a alt
bt
(7) ];b HCIl,t)t-i>/r ( j" f(y)r y?_14yY) <) / ht
a

AN f H@A, ) t“Nrdt ( ( f(yrr yfrnrdy)
al/b a

If s =r this is the required inequality.
(ii) Suppose that s > r. By Holder's Inequality with

indices s/r and s/(s - r), the inner integral in (7) is
bt r

)
T 1t OIriyi-10§)} 810N} 8y
a

L LT oY1 sy i 1ncy)dy)s (J/71uwy) ayy !

;
N
) 4 llfHs ( EF oif) >

The required inequality follows from (7) and (8jL
Remarks. The constant C in Theorem 1 is greatly

simplified in the case s = r. Further it becomes inde-

pendent ofd), as well as of f.
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Hardy's Inequality (3) is the case of Theorem 1 in
which a =0, b =cc, |= 1, 8 =r> 1, u>(x) =1 and
H(x,y) = 1/x.

THEOREM 2. If p>0, q>0, p+q=r~.1#

ON a<b 4°° » X<r* wCx) is decreasing and positive in
(a,h), f(x) is measurable and non-negative on (a,b) , Imis

the Riemann-Liouville operator of fractional integration

defined by
= — <>
0. if rcog” T(1) dt for 0,
I f(x) = f(x),
and I~f is defined similarly for £> 0, then
b
(9) f [(Lf)<x)]P[UNF) Cx)]gx f“@p-f>¢* 1cj(x) dx »
a
b
( C [ [f(x)]r xf“lu(x) dx,
a
where
0 -orEHE DS P\ FV A YT
Proof. In Theorem 1 let
H(x,y) = Xér(?r,)_ for x>y >0 and @ >0.
Then Hf (x) = x 0O (x), and so
] x"Yf Cx)llr < Allfllr with A = a|7b v (~r t-f/r dt*

This inequality holds a forriori with A replaced by

EJlO) A - r N 14 AN rodt - S1.?).....
0“ O I (or) MNoc+ 1 - j/ir)*
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and the resulting inequality also holds for OC=0

obviously.

Similarly, for 0,

X -H ) C*llr 4 sOw r m th B0 .

rfyvH 2 r).
Using Holder's

Inequality with indices r/p

r/q, the left side of (9) is
b

and

j (x20CAf) (x)}p {x~CINT) ex')}4 x&-1co(x) dx
a

b 2
4 (fIx»*CNHae)}r X~A"10(x) dx)r
a

(|S{x-»(A)Oﬂlr N Cx) dx)*

= IX "N Pff) GOHA I x*ACIAF) O A

N

Apiifiip Bjttfij = Citfij.

COROLLARY 1. If a,b,£,p,q,r and U are as in

Theorem 2, mand h are integers, m> a > 0, F is complex-

valued and has (m-1) th derivative locally absolutely con-

tinuous in Ca,b), and F(a)= F4a) = ... = FAnf™Ma) = 0,

then
fifw IpIF@n) (x) I 1o dx
11) 8 b
N s - (Fo) N1 ok,
Uul-~m ~ Id“~r)niq 8
where (k) = k(k+I) (k+2X... (k+m-1) and (k~ = 1.
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Proof.
and £ = n. For

der gives, for

In Theorem 2 let f(x) = I~ (x)], oc= m
m> n> 0, Taylor's Theorem with remain-

a < x < b,

?20n-n)(x) X | <"><« it.

Ip(m-n)(Jt)j ~ 1 f(t) dt =

8

and the inequality between the extreme terms holds tri-

vially if n = 0. The left side of (11) is thus less than

or equal to

I T(NT)bl 3»[(J1 X*n « ax,

a

by Theorem 2, and this proves Corollary 1.

COROLLARY 2. If p>0, >0, p+q-=r>1

-ch<a<b<oo,

and F, mand n
b

o(x) 1is decreasing and positive in (a,b)

are as in Corollary 1, then

f IF(xVI pIF (mn> (x) lqu(x) dx

(12)

(@ Ur

Proof,

FMa J Ip(m) W Irco(xX) dx.
)/ Ul-1/r)n}qg a

(i) Suppose that a = 0. Taking 1 in

Corollary 1, the right side of (12) is greater than or

equal to

bmp+nqg
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I [FX)] Plp(mM n> (x)] <IX'Tp" n3(x) dx
0



b
e (f)!F(x) Ip IF (n*n) (x) Iq(l) mp+tnqu(x) dx

(13) > TIFGIP |FOTT) GYlawl) dx.

(ii) Suppose that a ™~ 0. Then (12) follows from (i)

by translation. For if ‘t(x) = co(x+ta) and E(x) = F(x+a),
(i) gives
b-a

T IE(s)]|piE(Mn)(6)]gT(s) ds

from which (12) follows by substituting s = x - a.
COROLLARY 3. If -oo<a<b<oot wand n are in-

tegers, m,n > 0, F is complex-valued and has (m-1)th

derivative locally absolutely continuous in [a,b), and

F(a) = Ft(@a) = ... =F@Mm'1)@) = 0, then

Froof. In Corollary 2 take p =1 =g and co(x)=1.
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