
E R IC  R U S S E L L  L O V E

Inequalities like Opial’s inequality

In tro d u c tio n , I  have not been able to  see O p ia l 's  

paper [ 1 ] .  Sim pler p roofs o f h is  in e q u a lity  appeared soon 

a fterw a rd s, by variou s w r ite rs  and under variou s hypotheses 

What fo llo w s i s  a b r ie f  o u tlin e  of the l i t e r a t u r e ,  showing 

what seem to  be the main fe a tu re s  o f  the subsequent deve

lopm ents, but o m ittin g  many f a c e t s .

According to  Beesack [ 2 ] ,  O p ia l 's  o r ig in a l in e q u a lity  

was ( in  a n o ta tio n  to  s u it  the present p a p er):

I f  F (x ) > 0 in  (a.b) . F (a ) = 0 = F(b) and

F £ C1 Ca , b l , then
b b

CD f I F(x)F* (x)| dx 4  zr(b -  a) f  IF 1 (x )l 2dx. 
a a

Beesack [2 ]  a lso  gave v ariou s exten sion s o f t h i s ,  in 

which th e hypotheses F (x ) > 0 and Fe C1 [a ,b ]  were re



duced to  the requirem ents th a t F be r e a l-v a lu e d  and abso

lu te ly  continuous on f a ,b 3 . In  one o f th ese  exten sio n s

th e r ig h t  s id e  o f  ( 1 ) was rep laced  by
b

C f  p W F 1 ( x ) 2dx 
J a

where p i s  a p o s it iv e  continuous fu n c tio n .

Among o th e rs , Pedrrsen [33 gave a very sim ple proof 

o f  ( 1 ) ,  w ith F com plex-valued and a b so lu te ly  con tin u ou s, 

and F (a) = 0 . The h yp oth esis  th a t F(b) = 0  was om itted 

and the con stan t ç (b  -  a) doubled in  consequence; t h i s  

p a r tic u la r  fe a tu re  had a lso  cre p t in to  some of th e e a r l ie r  

p r o o fs .

Boyd and Wong [4 ] obtained an in e q u a lity  o f the form

( 2) (below ) w ith  q = 1 ,  r = p + 1  and
x

T f ( x )  = J f ( t )  d t .

They gave a f u l l e r  referen ce  l i s t  than the one a t the end 

o f the presen t paper.

Boyd [5 ] d iscu sse d  b e st p o s s ib le  co n sta n ts  C and

extrem al fu n ctio n s f  fo r  in e q u a lit ie s  o f the form
b b (p + q )/r

(2) J IT f|p|f|W  4 C ( j |flrdti2)
a a

where T i s  an in te g r a l  transform ; the measures ^  and ^  

were in  most ca ses the same.

F itz g e r a ld  Сб] extended ( 1 ) in  a d if fe r e n t  way, re 

p la c in g  the r ig h t  s id e  by
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ъ
С J  |F(m) ( x ) i 2 d x , 

a *
where m i s  any p o s it iv e  in te g e r , F c c “ [a ,b ] and ce r ta in  

d e r iv a tiv e s  o f F vanish  a t a and b in  a d d itio n . I t  was 

p a r tly  t h is  work o f F itz g e r a ld  th a t moved me to  make the 

in v e s tig a tio n s  which le d  to  t h i s  paper.

H ardy's In e q u a lity , in te g r a l v ersio n  £7 : Theorem 3 2 7], 

s ta te s  th a t i f  f  i s  a com plex-valued fu n ctio n  in  Lr (0,oo)»

II • II i s  the Lr (0 ,o o ) norm and г > 1 , then

In  t h i s  paper I  ob tain  f i r s t  a g e n e ra liz a tio n  of

H ardy's In e q u a lity , Theorem 1 (compare C 7 s Theorems 319

and 3 3 0 ]%  Theorem 2 i s  a comparably gen eral in eq u a lity

which has something of the ch a ra cter of Boyd 's r e s u l t ,  (2 )

(ab ove); i t  i s  proved from Theorem 1 . C o r o lla r ie s  1 , 2 , 3

are su cce ss iv e  s p e c ia liz a t io n s  of Theorem 2 , the la s t  of

th ese  resem bles O p ia l 's  In e q u a lity .

Theorem 2 i s  n o t , however, an exact g e n e ra liz a tio n  of

O p ia l 's  In e q u a lity . The s p e c ia liz a t io n  of i t  which i s

c lo s e s t  to  th a t in e q u a lity  i s
b b

(4) i IF(x)f’u ) I dx $ 2Cb -  a) ^ I F* (x l | 2
a a

fo r  com plex-valued F lo c a l ly  a b so lu te ly , continuous in  Г.а,Ъ) 

w ith F (a) = 0 ; t h i s  i s  C o ro lla ry  3 w ith m = 1 and n = 0. 

The main d iffe r e n c e s  between (1) and (4) are th a t F(b) = 0
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i s  not required in  (4) and the co n stan t 2 (b -a )  in, (4) 

i s  ouch la r g e r  than i t s  cou n terpart in  (1) •  The l a t t e r  i s  

p a r tly  due to  th e form er, but th e  main, reason fo r  i t  i s  

probably the wastage involved  in  proving th e much more ge

n era l r e s u l t ,  Theorem 2* In  p a r t ic u la r , th ere  i s  wastage 

a t (10) ,  sim ply to  ob ta in  a neat con stan t} and in  spe

c ia l i z i n g  Theorem 2 th ere i s  fu r th e r  wastage a t (1 3 )*

THEOREM 1 . I f  s  >  г >, 1 , 0 (  a <  ,  i s  r e a l ,

ój(x ) i s  d ecrea sin g  and p o s it iv e  in  ( a ,b ) ,  f ( x )  and H (x ,y ) 

are measurable and n on -n egative on ( a ,b ) ,  H ( x ,y ) i s  homo

geneous of degree - 1 ,
x

(H f)(x )  = I  H (x ,y ) f (y )  dy

and
b

If»  = (  (  f ( x ) r xr ” 1 co(x> d x )1 / r ,
then a

II H f | | r  4 c # f» s ,

where
1 b t 1 _  1

С = f  H(1 , t ) t “ &/ r  ( f  xr“ 1u(x) d x )r s d t .  
a /b  \  a '

Here a /b  i s  to  mean 0 i f  a = 0 or b = oo or b oth ; and 

b t i s  to  mean oo i f  b = oo.

P r o o f ,  ( i )  For a < x < b the homogeneity o f H

g iv e s
1

(H f ) ( x )  = f  H ( x ,x t ) f ( x t ) x  d t = 
a /x

1
= f  H (1 , t )  f  (x t)  d t ,  

a /x
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where t  = “£. Аз a 4 у 4 x ,  then 0 < t  ^ 1 ,

Using M inkow ski's In e q u a lity  at ( 5 ) ,  and the decreasing

property o f u  a t ( 6 ) ,
b 1 r

tlHfilr  = (  \  (  f  H ( 1 , t ) f ( x t )  d t )  хГ“ 1и>(х) dxj
\ 1/ r

(5 )

(6)

(7 )

a a /x  
1 b

< f  (  f  H d , t ) r f ( x t ) r x*“ 1u<x> d x )1 /r dt
a /b  a / t

1 b
< J  H C ! , t ) t - f / r  ( f  f C x t f  C x tf"1u(xt) td x )1 /r dt 

-  ^  a / ta /b
b t

f  H C l , t ) t -î> /r  (  j" f ( y ) r  у? _ 1Ч У ) <*у) /  ht
a /b

^  f  H (1 , t ) t “ /̂ r d t (  (  f (y ^ r y f ^ ^ d y )  " .  
a /b  a

I f  s = г  t h is  i s  the required in e q u a lity .

( i i )  Suppose th a t s > r .  By H o ld e r 's  In eq u a lity  with

in d ic e s  s / r  and s / ( s  -  r ) , the inner in te g r a l in  ( 7) i s  
b t г г

f [ f  (y)l rlyî-1oXy)} 8{у̂ “1(Д7)} 8 dy
a

(8)

[ f  Cy)] Sy f “ 1^ C y )d y )s (  j / ” 1 u*y) dy) 
a • « '

r b t

4 llfHs  (  f o i j)

1 - !

^ - s

The required in e q u a lity  fo llo w s from (7 ) and ( 8jL

R e m a r k s .  The con stan t C in  Theorem 1 i s  g re a tly  

s im p lif ie d  in  the case s = r .  Further i t  becomes inde

pendent o f d ) ,  as w ell as of f .
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H ardy's In e q u a lity  (3 )  i s  the case  o f Theorem 1 in  

which a = 0 ,  b = cc , | =  1 ,  8 = r  > 1 ,  u>(x) = 1 and 

H (x ,y ) = 1 /x .

THEOREM 2 . I f  p > 0 ,  q > 0 ,  p + q = r ^ . 1 #

0 ^ a < b 4 ° °  » X < r *  wCx) i s  d ecrea sin g  and p o s it iv e  in
oc

( a ,h ) ,  f ( x )  i s  measurable and n on -n egative on (a ,b )  , I  i s  

the R iem an n -L io u v ille  operator o f f r a c t io n a l  in te g r a tio n  

d efin ed  by

(1*0.(x) = f —  f ( t )  d t fo r  <*•> 0,
i  ГСос)

I  f ( x )  = f ( x ) ,

and I ^ f  i s  d efin ed  s im ila r ly  fo r  £ >  0 , then 
b

(9) f  [(1°°f )< x ) ] P [(l^ f )  C x)]qx f “ 0Cp~f>q“ 1cj(x) dx ^  
a

b
(  C [  [ f ( x ) ] r  xf “ 1u(x) d x , 

a
where

о (  Г t-1 ^  A p f ,r  (1 - f / r ] у .0 -̂ rc«+ 1)- j/r)/ \,r(f.v -I - f/r)J 

P r o o f .  In  Theorem 1 l e t

H (x ,y ) = — — fo r  x >  у > 0 and OC > 0 .
Xе* Г (oc)

Then H f  (x) = х_ССЛ  ( x ) , and so

l | x " Y f  Cx)llr  < Allfllr  w ith  A = L  (V ( ^ r  t - f / r  d t *
a /b

T h is in e q u a lity  holds à f o r r io r i  w ith  A rep laced  by

(10) A -  Г ^ ------ t “ ^ r  d t -  S /.? )......
U 0 “ О Г (or) Г(ос+  1 -  j / r ) *

114-



and th e  r e s u l t i n g  in e q u a l i ty  a ls o  h o ld s  f o r  OC= 0 

o b v io u sly .

S im ila r ly , fo r  0 ,

II Х - Н Л )  C * )| lr  4  в 0 ш г  m t b  в 0 .  r | ÿ H  f ^ r ) .

Using H o ld e r 's  In e q u a lity  w ith in d ice s  r /p  and

r / q ,  the l e f t  s id e  o f ( 9 ) i s  
b

j (x ^ Û C ^ f) ( x ) } p { x ^ C l^ f )  ex')}4 х&~1со(х) dx 
a

b  2
4  (  f  1х” * С Л Н э е ) } г  X ^"1t0(x) d x )r

a

. (  | { x - » ( A ) 0 û l r  х ^ С х )  dx)*
s

= || x ' ^ i f  f )  (x)H ^ I! x“ ^ C l^ f) Cx)|'i ^

^  Ap iifiip B j t t f i j  = C i t f i j .

COROLLARY 1 . I f  a ,b ,£ ,p ,q ,r  and U  are as in 

Theorem 2 , m and h are in te g e r s , m >  a >  0 , F i s  complex

valued and has (m-1) th  d e r iv a tiv e  lo c a l ly  a b so lu te ly  con

tinuous in  Ca,b) , and F (a ) = F 4 a )  = . . .  = F^m“ ^ \a ) = 0 , 

then

f If w  I p If (m_n) (x) I qx̂ "mp_nq“1 o(x) dx

(11) 8 b
 ̂ -------- ( If cm) (x-) I гхГ“1 uCx) dx,

U l - ^ m ^  ld “ ^ r ) n iq 8

where (k) = k (k + l) ( k+2X . . .  (k+m-1) and ( k ^  = 1 .
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P r o o f .  In  Theorem 2 l e t  f (x )  = ! f ^ ( x )| , oc = m 

and £  = n . For m >. n > 0 , T a y lo r 's  Theorem w ith remain

der g iv e s , fo r  a < x <  b ,

,n-1
? 0n -n )(x ) Ж I  ,< " > < «  i t .

|p(m -n)( J t ) j ^ J  1 f ( t )  d t =
8

and the in e q u a lity  between the extreme terms holds t r i 

v i a l ly  i f  n = 0 . The l e f t  s id e  o f (11) i s  thus le s s  than 

or equal to
Ъ
I  [ ( Л ) ы З » [ ( Л х * л «  ax,
a

by Theorem 2 , and t h is  proves C o ro lla ry  1 .

COROLLARY 2 . I f  p > 0 ,  q > 0 ,  p + q = г >  1,

- c û < a < b < o o ,  o ( x )  i s  d ecrea sin g  and p o s it iv e  in  (a ,b )

and F , m and n are as in  C o ro lla ry  1 , then 
b
f  IF (xVl p IF (m_n> (x) I q u(x) dx

(12)

Г Т а  J  lp(m) W l r co(x) dx.
{ (1- 1/ r ) /  U l - 1/ r ) n} q а 

P r o o f ,  ( i )  Suppose th a t a = 0 . Taking 1 in

C o ro lla ry  1 , the r ig h t s id e  o f (12) i s  g re a te r  than or 

equal to
b

bmp+nq I  |F(X)| P|p(m" n> (x)| <1х"тр" п<1из(х) dx
0
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b
e f  ! F (x) | p |F (m“ n) (x) I q ( I )  mp+nqu(x) dx 

0

(13) > îlF(x)lP|FCm“n) (x)|qwU) dx.
0

( i i )  Suppose th a t a ^ 0 . Then (12) fo llo w s from ( i )  

by tr a n s la t io n . For i f  ‘t (x )  = co(x+a) and E (x ) = F (x + a ), 

( i )  g iv e s

from which (12) fo llo w s by s u b s t itu tin g  s = x -  a .

COROLLARY 3 . I f  - o o < a < b < o o t щ and n are in 

te g e r s , m,n >, 0 , F i s  com plex-valued and has (m -1)th  

d e r iv a tiv e  lo c a l ly  a b so lu te ly  continuous in  [ a ,b ) , and 

F (a) = F ł (a ) = . . .  = F (m” 1 ) (a) = 0 , then

F г  о о f .  In C o ro lla ry  2 take p = 1 = q and co(x)=1. 
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b -a
f lE (s )| p iE (m~n )(6 )| qT (s) ds

11?
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