
F R A N T IS E K  N E U M A N

A note on smoothness of the Stâckel transformation

In tro d u c tio n , In 1092 P . S të c k e l [ 1] proved th a t the 

most gen eral form of poin tw ise transform ations of the 

c la s s  Cn th a t convert the s e t of a l l  so lu tio n s  y of each 

l in e a r  homogeneous d i f f e r e n t ia l  equation of the n -th  order 

(n  >  2 ) in to  the se t o f a l l  so lu tio n s  z of an equation of 

th e  same type i s  given by

(1 ) z ( t )  = f i t )  .yCh(t)) ,

see a lso  [ 2] .

The aim o f t h i s  note i s  to  shew th a t i f  we suppose 

th a t a lin e a r  transform ation  o f the form (1) ,  with conti

nuous fu n ctio n s  f  and h , transform s the s e t o f a l l  so lu 

t io n s  o f a lin e a r  homogeneous d i f f e r e n t ia l  equation of the 

n -th  order onto the s e t of a l l  so lu tio n s  o f an equation



of the same type then the n -tim e s d i f f e r e n t ia b i l i t y  o f the 

fu n ctio n s  f  and h fo llo w s .

T h is i s  a g e n e r a liz a tio n  o f the r e s u lt  fo r  the second 

order equations derived in  [ 3]  to  an a rb itra ry  o rd er.

THEOREM. Let n be an in te g e r , n >, 2 ,  and I  c  R ,

J  c  R be two open in te r v a ls .

Suppose

y i : I  —► IRi y i e C n C l ) ,  i = 1 , . . . , n

and

z ^  J  —*• R;  z± fc Cn( J ) ,  i = 1 , . . . , n  

are two n -tu p le s  o f r e a l fu n c tio n s , whose Wronskians W[y3 

and Wfz3 are d if fe r e n t  from zero on I  and J ,  r e s p e c t iv e ly . 

Let

(2) z ^ t )  = f  ( t )  •y i (h C t)) ; t  G J  ; i= 1 , . . . , n |

be s a t i s f ie d  fo r  continuous fu n ctio n s f  and h d efin ed  on J  

such th a t h ( J )  = I .

Then

f > C n C J ) ,  f C t )  ^ 0 f or  a l l  t e j ,  

h fc Cn ( J )  , d h ( t ) /d t  ^ 0  fo r  a l l  t € - J ,  ' 

i . e . ,  h i s  a Cn-diffeom orphism  of J  onto I .  

P r o o f .

F ir s t  we have

( 3) z | ( t )  + . . ,+ z^ C t) = f 2 ( t ) [ y | ( h ( t ) )  + . . , + y 2 (h (t))]  ,

where both ex p ressio n s in  square b ra ck ets  are d if fe r e n t  

from zero fo r  each t e  J ,  otherw ise zi C t Q) = 0  or 

y iC h C t0)) = 0 at some J  and fo r  a l l  i= 1 , . . . , n *
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Then Wtz] ( t Q) = 0 or W [y }(h (t0>) =l 0 th a t co n tra d ic ts  

to  our assum ption.

Thus the r e la t io n  ( 3 ) g iv e s  f C t )  ^ 0 f o r  a l l  t t j .  

Due to  c o n tin u ity  o f f  on J ,  f  i s  always p o s it iv e  or a l 

ways n egative  on J :

(4) f ( t )  = s ( £  z ? ( t )  /  ^  y ? (hCt)) 1 /2 , £ =  + 1 , tfc
i =1 1 i =1 1

Consider an a rb itra ry  t Qe J ,  S in ce W[y] (b C tQ)) Ć 

th ere e x is t s  (not unique fo r  n > 2 ) a fu n ction

0 ,

such th a t

— const » i

y ( h ( t Q)) = 0 and ÿ 4 h ( t Q)) = 1 .

Furtherm ore, l e t  y be a fu n ctio n  of the form
n

y ( t )  = E m ,  . ( t ) , k.  = c o n s t , ,
i =1 1 1 1

such th a t

y ( h ( t 0)) = 1 and ÿ ' ( h ( t 0)) = 0 .

Due to  c o n tin u ity  o f ÿ and h , th ere e x is ts  a v ic in i t y  V ( t 0) 

o f  t Qf where y o h  i s  nonvanishing. Let U (h (to)) denote 

a v ic in i t y  o f h ( t Q) , where y i s  nonvanishing.

E v id en tly

z (t) f i t )  *y (h (t)) Ci Zi ( t ) ,

z ( t )  i=  f  (t) y (h tt)) £
i =1

k i zi Ct)

are of  the c lass Cn ( J ) , z (t0) = 0 and z QtQ) = f ( t Q) ^ 0.
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Consider the re la tio n

( 5) î Ct) / l i t )  -  y ( x ) / y  (x) = 0

f o r  ( t , x ) e  V ( t Q) x  UCh(tJi) • Now, (5 ) i s  s a t i s f ie d  fo r

( t 0 , h Ct0»  , and

F ( t , x )  î :  î  Ct) / z  Ct) -  y (x ) /y C x )  & Cn (V C t0) x  U (h (t0W ,

g iv e s

Fx ChCt0)) = -y  (h C tQ)) * y ( h ( t c)) • C y ( h ( t 0)))~2

= - 1 ^ 0 .

S in ce

z ( t ) / z < t )  -  y(Jd(t)) /yCh(tV) = 0  on V t t Q) , 

the Im p lic it  Function  Theorem y ie ld s  h 6 Cn (V'4C t0)) fo r  

some v ic in i t y  V (.tQ) c  V C tQ) o f t Q, Because t Q& J  was 

a r b itr a r i ly  chosen,

h ь Cn ( J ) .

Due to  the r e la t io n  C 4 ) , a lso

f t  Cn ( J )  .

F in a l ly ,  i f  h 4 t Q) = 0 fo r  some t Q& J ,  then (2 ) im p lies 

z ' ( , t Q)- = f ' C t ^ y ^ h C t ^ )  f o r  i =1 » . . .  ,n ,  

and hence z ? ( t Q) = [ f ' ( t Q) / f  ( t Q)] . a ^ ( t 0) fo r  a l l  i .

However, t h i s  g iv e s  W [z ](tQ) = 0 , contrary to  our suppo

s i t i o n .  Hence

d h ( t ) /d t  Ł 0 fo r  a l l  t  e J ,  

and due to  c o n tin u ity  o f d h /d t ,
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d h ( t ) /d t  i s  always p o s i t iv e , or 

always n egative  on J



Because h ( J )  = I  was already supposed,

h i s  a Cn-diffeom orphism  o f J  onzo I ,  Q .E .D .
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