FRANTISEK NEUMAN

A note on smoothness of the Stackel transformation

Introduction, In 1092 P. Stéckel [1] proved that the
most general form of pointwise transformations of the
class Cn that convert the set of all solutions y of each
linear homogeneous differential equation of the n-th orter
(n > 2) into the set of all solutions z of dal ecpal:ion of
the same type is given by
(1) z(t) = fit) .yCh(y) ,
see also [2].

The aim of this note is to shew that if we suppose
that a linear transformation of the form (1), with oconti-
nuous functions f and h, transforms the set of all solu-
tions of a linear homogeneous differential equation of tre

n-th order onto the set of all solutions of d1 equation



of the same type then the n-times differentiability of the
functions f and h follows.
This is a generalization of the result for the second
order equations derived in [3] to an arbitrary order.
THEOREM. Let n be an integer, n> 2, and 1| ¢ R,
J ¢ R be two open intervals.
Suppose
yi: I —»IRi yieCnCl), i=1,...,n
and
zn —*R; zxftCn(J), i=1,...,n
are two n-tuples of real functions, whose Wronskians W[y3
and Wfz3 are different from zero on | and J, respectively.
Let
(2) z~t) = f(t) eyi(hCt)) ; tGJ; i=1,...,n]
be satisfied for continuous functions f and h defined on J
such that h(@) = 1.
Then
f>CncCJ), fCt) ~ 0 for all tej,
hftCn(J), dh(t)/dt ~0 for all t€-J,"
i.e., his a Cn-diffeomorphism of J onto I.
Proof.
First we have
(3) z](t)+..,+z~Ct) = f2(t)[y ]| (h(t)) +..,+y2(h(1))] .
where both expressions in square brackets are different
from zero for each te J, otherwise ziCtQ =0 or
yiChCt0)) = 0 at some J and for all i=1,...,n*
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Then

Wtz] (tQ = 0

or WI[y}(h(t0> =10 that contradicts
to our assumption.

Thus the relation (3) gives fCt) ~ 0 for all ttj.
Due to continuity of f on J, f

is always positive or al-
ways negative on J:
4) f(t) =s (£ z?2(@t) /I »

y2(hCt) 1/2, £= + 1, tfc
i=1 i=1 1

Consider an arbitrary tQe J,

Since  W[y] (bCtQ) C 0,
there exists (not unique for n > 2) a function

— const »i
such that

y(h(tQ) =0

and
Furthermore,

y4h(tQ) = 1.

let y be a function of the form
n

y(t) =E m , .(t), k. = const,,
i=1 11 1
such that

y(h(t0) =1

and
Due to continuity of y and h,

of tQf where

y'(h(t0)) = 0.

there exists a vicinity V(t0Q)
y oh is nonvanishing. Let U(h(to))
a vicinity of

denote
h(tQ , where y is nonvanishing.

Evidently

z (t) fit) *y (h (1) Cizi(t),

z(t) i= f(1) y(hty) £

i=1
are of the class cn(J), z(t0) =0

ki zi Ct)

and zQtQ = f(tQ ~ O
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Consider the relation
(5) TCy/lit) - y(x)ly(x) =0
for (t,x)e V(tQ x UCh(tJi) « Now, (5) is satisfied for
(tO,hCtO» , and

F(t,x) T: TCt)sz Ct) - y(x)/lyCx) &Cn(VCtQ x U (h(tow ,

gives

Fx ChCt0)) -y (hCtQ) * y(h(tc)) +Cy(h(t0))~2

-1~0.

Since
z(t)/z<t) - y(@d(t)) /yCh(tv) =0 on VitQ ,
the Implicit Function Theorem yields h 6Cn(V4Ct0)) for
some vicinity V (.tQ c¢ VCtQ of tQ, Because tQ&J was
arbitrarily chosen,
hbCn(J).
Due to the relation C4), also
ft Cn(J) .
Finally, if h4tQ =0 for some tQ&J, then (2) implies
z'(,tQ- = f'Ctry~hCt?) for i=1l»...,n,
and hence z?(tQ = [f'(tQ/f (tQ] . a~(t0) for all i.
However, this gives W [z](tQ = 0, contrary to our suppo-
sition. Hence
dh(t)/dt £ 0 for all tel,
and due to continuity of dh/dt,
dh(t)/dt is always positive, or

always negative on J
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Because h(J) I  was already supposed,

h is a Cn-diffeomorphism of J onzo I, Q.E.D.
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