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Rational iteration groups

A b s tr a c t . Let f  be a continuous s t r i c t l y  in creasin g  

fu n ctio n  mapping a c lo sed  in te r v a l I C R  onto i t s e l f .

In the paper a co n stru ctio n  of a r a tio n a l i te r a t io n  group 

f ^ ,  t  «r Q o f f  i s  p resen ted . A necessary and s u f f ic ie n t  

co n d itio n  fo r  t h i s  group to  be continuous i s  a lso  g iven .

I t  i s  shown, by applying th ese  r e s u l t s ,  th a t every c o n ti­

nuous r a tio n a l i te r a t io n  group can be extended to  a c o n ti­

nuous r e a l i te r a t io n  group. F in a lly  Zdun's problem i s  in ­

v e stig a te d »  Can every r e a l i te r a t io n  group f t , t t l R  be 

w ritte n  in  the form f^  = f ^ ^  , where f u, t e  1R i s  a 

continuous r e a l ite r a t io n  group and 4* i s  an a d d itiv e  

fu n c tio n . The answer i s  "n o " . A necessary and s u f f ic ie n t  

co n d itio n  fo r  t h is  to  be p o ss ib le  i s  a lso  g iv en .



1 . Let I  be a c lo se d  in te r v a l in  IR = (Ru{-<so,oo} and

f : I  —► I  a s t r i c t l y  in cre a sin g  continuous fu n ctio n  such

th a t f ( I )  = I  ( i f  -o o & l or o o fc l we assume th a t

f ( - 00) = lira f ( x )  = -00  or f(oo ) = lim  f  (x) =00  r e s -  
X-VOO x-*-o©

p e c t iv e ly ) .  By F [f}  we denote th e s e t  o f  f ix e d  p o in ts

o f f .  The s e t  FTf) i s  c lo se d  ( c f .  [4-]) and hence I  >■ F [ f ]  

c o n s is ts  o f at most denumerably many d is jo in t  open in te r ­

v a l s .  For any fix e d  x e l ' F C f )  we denote by (aCx) ,b (x )) 

a maximal open in te r v a l such th a t x e  (a lx) ,b lx ) )  c  I s E t f L  

In other words (a (x ) ,b (x ))  denotes an in te r v a l such th a t 

xfc-(a(x)  ,b (x )) , f (a (x ))  = a ( x ) , f (b (x ))  = b (x ) and

f  (z) Ł z fo r  z & (a (x ) ,b (x ))  . I f  xfc F C fl then we put 

a(x)  = blx)  = x .

7/e in troduce the fo llo w in g  d e f in it io n s  ( c f  ОЭ and C53).

DEFINITION 1 . The i t e r a t e s  f “ , n o  t  o f  f  are d efin ed  

as fo llo w s

f °  = i d j  , f 0* 1 = f  o f 11 f o r  n=0 , 1 , 2 f . . . ,

f n" 1 = f ” 1 e f n f o r  n=0 , - 1 , - 2 , . . . ,

where f  denotes the fu n ctio n  in v erse  to  f .  Throughout 

t h is  paper upper in d ic e s  w i l l  denote i t e r a t e s .

DEFINITION 2. A family of continuous functions 

{ f * s  I—► ! , tfc IR (ff*: I — ► I, t*Q}) is called a real 

(r a t io n a l)  iteration group of f whenever f**e f8 = f*+e 

f o r  t,sblR (t,seQ) and f1 = f.

DEFINITION 3. A real (rational) iteration group 

{f̂ , to E] ((ffc, to Q}) is said to be continuous if for
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every x  ê 'I  the mapping Ш * t  —► f^ (x )  & I  

( Q $ t  —► f*4 x ) & I )  i s  continuous.

A r e a l (r a tio n a l)  i te r a t io n  group w i l l  be w ritten  sh o rtly  

as r . i . g .  ( q . i . g . )  and a continuous r e a l (r a t io n a l)  i t e ­

r a tio n  group as c . r . i . g .  ( c . q . i . g . )  r e s p e c t iv e ly .

2 . In t h is  se c tio n  we are going to  in v e s tig a te  a ra­

t io n a l  i te r a t io n  group. At f i r s t  we s h a ll  d escrib e  the 

co n stru ctio n  of a r a tio n a l i te r a t io n  group of f .

THEOBEM 1 . Every q . i . g .  o f  f  can be obtained by

p u ttin g

( i ) f 1 = f ,

(Ü )

1
f Cn+1)! = f o r n& N,

where if»n i s  an a rb itra ry  continuous and s t r i c t l y  in

cre a sin g so lu tio n  o f th e equation

№ n) nt1  .  f  h
1/

•

( i i i )
■— /  рт\ш(п—1 ) ! 

f n = ( f * 1) fo r n e N, me 2 .

P r o o f .  Every q . i . g .  o f f  s a t i s f i e s  obviously the 

co n d itio n s ( i )  -  ( i i i )  •

We are going to  prove now th a t the co n stru ctio n  (.i) -

( i i i )  d e fin e s  a q . i . g .  o f f .  S in ce f ( I )  = I  we have by 
1

( i i )  f ^ ( l )  = I  fo r  n&N  ( c f .  [4] p .2 97 )»  which im plies

/  JTT\m(n-1)!
th a t the fu n ctio n  v * /  , n e N ,  m e 2 maps I  onto

tfr ?.?.}£,«____
V  The gen eral continuous s t r i c t l y  monotonie so lu tio n  

o f the equation ,|n= g i s  given  in  [ 4 ] .
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To show th a t the fu n ctio n  f r , r t  Q i s  "w e ll d efin ed " 

we must prove th a t f r  i s  independent o f the rep resen ta ­

tio n  o f r in  the form r = - ,  i . e .  we must prove the 

e q u a lity

CD

Making use o f the p ro p e rtie s  o f i t e r a t e s  f o r  in te g e r  ex­

ponents we o b tain  from ( i i i )

= [ f w n - ] Cnp- 1 > lB P .

m mp
f 11 *  f  np fo r  n , p e N ,  me 2 .

npCnp-1) . . .  (n+1)1 ( n -D  !m
)'

But by C ii)
1 __  1

"npTj np _ f  (np-1 ) !

[ f C n p -D ! ] np“ 1 = f (n p -5 H t

[fT5Tin]n+1 _ f nT<

Applying t h is  e q u a li t ie s  we g e t

[ [ f  (npYijnp n̂p-D  • • • Cn+1)^(n-D !m

-  ( ( [ f * 4 r r ] np^ 1 ) - ^ ]  (n” 1) !m .

_ (np-ll’l ] ̂ P-D * • ‘ to+1)J (n“1) !

Зт1<пИ) ! ■
m

= f n .

Л ce



Time (1) i s  v a l id .

I t  i s  necessary to  prove y e t th a t f s о f _ f s+ t f or
пц nu

s , t  €rQ. We may assume th a t s  -  ^ -i, t  = ne N,

Then we g e t from ( i i i )

f s  . t *  -  A  = (fH r)" -!  Cn- 1) !

= ( Д г у т1+т2К п " 1) ! _ f“ 3H ^ = f s+té

R e m a r  k .  A continuous and s t r i c t l y  monotonie 

s o lu tio n  o f the equation vj>n = f  in  a n o n - t r i v i a l  case 

where FCf] Ł I  depends on an a r b itr a r y  fu n c tio n  ( c f . [ 3 ] ,  

Theorem 1 5 « 7 ) .  Hence, i t  fo llo w s from Theorem 1 th a t a 

n o n -t r iv ia l  ca se  a q . i . g .  o f  f  depends on denumerabiy 

many a rb itra ry  fu n c tio n s .

THEOREM 2 . I f  { f ^ ,  t f c Q }  i s  a q . i . g .  o f f  then the 

fu n ctio n  Q J t  -*• f*4 x) i s  constant fo r  x t  FCf] . s t r i c t ­

ly  decreasing i f  f ( x )  < x and s t r i c t l y  in creasin g  i f  f ( x ] > x .

P г  о о f .  As i t  i s  known ( c f . [4] , p .2 9 S ) ,  i f  a 

fu n ctio n  gs I  —*• I  i s  continuous s t r i c t l y  in c r e a s in g  

and such th a t g ( I )  = I ,  then fo r  every s t r i c t l y  monotonie 

and continuous so lu tio n  ^  o f the equation =■ g we have 

.|>(x) s  x  fo r  хь F[g]

and i f  g (x) <  x ( g ( x ) >  x )  then .fez) < z C^C2  ̂ > 2 

r e s p e c t iv e ly )  fo r  z *  (a (x ) ,b (x ))  .

Consider now the q . i . g .  { f fc, tfc Q] of  f .  I f  x e F [ f ]  

then making use o f  ( Ü )  , in  view o f the above remark, we
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g et f ^ ( x )  = x fo r  n fe N ana consequently by ( i i i )  

f fc(x) = x fo r  t t Q .

Consider now an x q ê- I v F C f ]  and suppose th a t 

f ( x Q) < xQ ( in  the other case co n sid e ra tio n s run sim i­

la r ly )  .  Then making use o f ( i i )  and the remark at the be­

ginning of the proof we ob tain  by in d u ctio n  
1

I ^ C X )  < X fo r  x fr (a (x 0) ,b (x Q)) , nfrN , 

whence, by app lyin g ( i i i )  we g e t

f fc(x ) < x fo r  x ç (a (x Q) ,b (x 0)) ,  t f c Q , t  >  0 ,

Let t^ < t 2 , t ^ t j S  Q. We have in  view of the l a s t  in ­

e q u a l i t y ,
t p - t .

f  1 ‘ * 0> 4  *o
and con seq u en tly , as f fc i s  s t r i c t l y  in cre a sin g

t»,. t . - t .
f  2 (x 0) = f  1 ( f  2 1 (x 0)) < f  4 x Q) ,

which means th a t the fu n ctio n  Q5 t  —► f^ (x 0) i s  s t r i c t l y  

in c r e a s in g . ПИ

3 . We s h a ll  co n sid er a c . q . i . g .  of  f .

THEOREM 3 . Assume th a t f \  t  frQ i s  a q . i . g ,  o f f

and
1

(2) lira f ^ ( x )  = x fo r  a l l  x f c l .
П-*0О

Then f fe, tfc Q  i s  a c . q . i . g .

P г о о f .  We ob ta in  immediately from ( 2 )
_  1

(3) lim  f  ° ^ (x )  = x  fo r  a l l  xfr I .
U-+00

1
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Making use o f Theorem 2 , (2 )  a n d '(3 ) we get

lim  f^Cx) = x fo r  x e I  
t ^ O

and con seq u en tly ,
t  t - t _  t  t

lim  f c (x )  = lim  f  ° ( f  ° (x ))  = f  ° ( x )  щfo r  x e i ,
t - * t  t - * tо о

which means th a t the fu n ctio n  Q 9 t  —*• f ^ x )  i s  continuous. 

The fo llo w in g  c o r o lla r y  fo llo w s d ir e c t ly  from Theorem 2 

and Theorem 3*

COROLLARY 1 . L et f \  t e Q  be a q . i . g .  o f f .

I f  th ere  e x is t  lim  f*4 x ) fo r  a l l  xfc I  then f t , t& Q  
t -»-0

i s  & c*c [* i«g»

F г  о о f .  Consider an; x e i  and suppose th at the 

fu n ctio n  - i ► fk (x ) i s  d ecreasin g  ( the proof in  the

other case  i s  s im i la r ) .

Then we have

lim  f t (x) V  f ° ( x )  = x >  lim  f fc(x) , 
t  —0+ t - 0“

whence, by applying the assumption we get

lim  . f fc(x) = x fo r  a l l  ха I ,  
t-* -0+

which, in  v ir tu e  o f Theorem 3» proves the a s s e r tio n . СИЗ 

THEOREM 4 .  I f  PCf] ^ I ,  then th ere e x is ts  a d iscon­

tin u ou s q . i . g .  o f  f .

P r o o f .  Consider an: x0 & I  \  F [ f ]  . Without lo s s  

o f g e n e r a lity  we may assume th a t f ( x 0) < xQ. Then 

f (x )  <  x fo r  a l l  x e  (a (x0) ,b (x Q)) * I t  fo llo w s from Lemma 

1 5 .6  o f [4] (p .2 9 7 )  th a t fo r  a rb itra ry  x^ e (a (x 0) ,b (x 0))
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with f ( x Q) < < x 0 every continuous s t r i c t l y  in crea sin g

fu n ctio n  [x 1 fx0l —*■ [a (x Q) ,ЬСх0Я  such th a t

X 0 > > xv  Ч'Сх1) = f Cx0) and f n (x 0) = fC x ^  can

be extended £ o  a s o lu tio n  of the equation ^  = f .

We are going to  co n stru ct a q . i . g .  o f f .  Put 
xn -  f ( x )  .

^ = — — 2--- • “4; for n=i, 2,...

1
ńTand choose f n * , n=2 in  such a manner th a t

1 1

f (a+1> ! U 0) = ^ ( х 0> + £n+1 fo r  n=1 »2 , . . .

Then we have f o r  n >  2

f  (x Q) + £L> + • • « + £n < f  (x Q>

СЮ

. E
i =1

x„ -  f  (x > х л + f ( x J  
_ f  IX0) + 2 = 5 ^ xo *

Ey a p p ly in g  Theorem 1 (more p r e c i s e l y  by ( i i i ) )  we ob tain

q . i . g .  o f  f .  S in c e  

1 З С Л  + f t x j  
f n - ( x 0) < - 2 - 2 ------ 2-  < x0 ,

we have l i a  f n ‘ (xQ) £ x Q, which proves th a t t h is  group
n-*-OQ

i s  d is c o n t in u o u s ,  C D

We are going to  g iv e  another co n d itio n  eq u ivalen t to  

the c o n tin u ity  o f a q . i . g .  But f i r s t  we s h a ll  prove a very 

u s e f u l  lemma.

LEMMA 1 . L et f , t e Q  be a q . i . g .  o f f .  I f  the se t 

( f ^ i x ^  , t fe Q }  i s  dense in  [a (x 0> ,b (x 0)] , then the
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o s c i l la t io n  o f the fu n ctio n  Q э t  ^ ( х 0) vanishes et 

every t Qe E .

P r o o f .  For xQe F [f]  the statem ent fo llo w s d i ­

r e c t ly  from Theorem 2 . Assume th a t x0 & F [ f ] .  Then, in 

v ir tu e  o f Theorem 2 the fu n ctio n  Q J t - *  f fc(x 0) i s  

s t r i c t l y  monotonie. We mey assume th a t i t  i s  d ecrea sin g .

Hence fo r  every t  fcE  there e x is t  lim f fc(x > ,
°  t ^ t + . t a Q  0

lim  f fc( x J  and obviously
t - H £ , t * Q  0

lim  4 lim  f * 4 x j  .
t - t  + 0 t - t  "  0о о

Suppose (con trary  to  our a s s e r t io n )  th a t the o s c i l la t io n  

o f  the fu n ctio n  Q ■> t  —*■ f fe (x Q) a t the poin t t ct  IR is  

g re a te r  then zero . Then there must be

lim  f b (x  ) 
t -* -t  + °

lim  f fc(x rt) 
t * t  "  °о 0

f 1 (x  ) 4 lim  f ^ x )  
°  t -* -t  + °

fo r  r  > t c , ~<=Q,
о

f  (x  ) lim  f r Cx ) 
0 t -* -t_  °

fo r  X <  t 0 , T feQ .
О

с»*

f  Cx0) «r (a (x 0) ,b (x 0)) fo r  every ТГ€ Q*

Hence the l a s t  th ree  in e q u a lit ie s  prove th a t the se t 

(f*4 x0) , t  fc Q} i s  not dense in  La(x0) ,b (x 0 ]̂ , which 

c o n tr a d ic ts  our assum ption.

THEOREM 5 . A q . i . g .  o f f  i s  continuous i f f  fo r  every 

x f r l  the se t  { f fc( x ) ,  1 1 Q} i s  dense in  [ a ( x ) ,b t x ) ] .
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P r o o f .  Consider an xQ 6 l  and assume th a t the 

s e t  { ^ ( х 0) , t & Q ]  i s  dense in  [a (x 0) ,b (x 0)] . By Lemma 1 

the o s c i l la t io n  o f  the fu n ctio n  Q Э t  —*• f*4 xQ) van ishes 

a t every t t  B ,  which proves th a t i t  i s  continuous ( c f . [ 2 ]

P -5 2 ) ,

Assume now th a t f fc, 1 1 Q i s  a c . q . i . g .  o f  f .  I t  means 

by d e f in it io n  th a t fo r  every x & I  the fu n ctio n  

Q 9 t —►f^'Cx) i s  con tin u ou s. Consider an xQ fe 1 ^  F [ f ]  ,

We may assume th a t f ( x 0) <  xQ. Suppose, to  argue by con­

t r a d ic t io n , th a t the s e t  { f ^ C x ^ ,  tfc-Q } i s  not dense 

in  [a C x ^  ,b (x 0)l  . I t  means th a t  th ere e x is t  

c ,d  t [ a t x Q) ,b (x Q)] , a (x 0) £ c < d 4 b (x Q) such th a t

f t (x Q) 4 c or f, t (x0) >  d fo r  every t  6 Q. The fu n ctio n  

Q s t  —► ft (x 0) i s  s t r i c t l y  d e cre a sin g . Moreover,

lim  f “ (x  ) = a (x  ) and lim  f “ n (x ) = b (x  ) ( c f ,  f 4 l ,
П-*-ао П-*>°°

p . 2 l ) .  Hence a (x _ ) < c ,  d <. b ( x .)  and so there e x is t
°  t 2

such th a t f  CxQ) 4 c and f  (x Q) V  d . Put 

t Q = sup ( t e Q :  f^C x Q) < } c  , 

where the supremum i s  taken in  B .

Making use o f the m onotonicity o f the fu n ctio n  

t  —1► ^ ( х 0) we g e t

(4) ^ С х 0) < c fo r  t  >  t c ,  ^ ( х 0) >  d f o r  t  <  t Q,

Consider two r a tio n a l sequences ( t n) —► t 0 , t Q < t Q 

and l ^ ni  —̂► t Q, CCQ >  t Q.  Then we have by (4 )

f t n (x0) > d, ^ п ( х 0) <. c
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and con seq u en tly , as every fu n ctio n  f  , t e Q  i s  s t r i c t l y  

in c r e a s in g .

(5 )  f T“ ‘ t n (d) .  < f Г п (* 0) 4  o .

But ct _  -  t - * -  0 and so th ere  must he n n

lim  ' f La t n (d) -  d ,
П-*-оО

which c o n tr a d ic ts  ( 5 ) .  L_,J

4 . In  t h is  se c tio n  we s h a ll  prove th a t a c . q . i . g .  of 

f  d e fin e s  uniquely a c . r . i . g .  o f f .

THEOREM 6 .  Every c . q . i . g .  o f f  can be extended to  a 

c . r . i . g .  o f f .  T h is  exten sion  i s  unique.

P r o o f .  L et f fc, t s Q  be c . q . i . g .  of f  and le t  

x f c l .  Then, in  view of Theorem 5» the se t  [ f ^ O O t  tfe q } 

i s  dense in  [a tx ),b (x )3  and so by Lemma 1 the o s c i l la t io n  

o f  th e fu n ctio n  Q Э t  —►f^'Cx) van ishes a t every t Qfe IR. 

But i t  proves th a t t h is  fu n ctio n  can b e , in  unique way, 

extended onto the s e t  К ( c f .  [2 3 , p .5 4 ) .  We put
t  Ж.

( 6) f  ° (x )  :=  l i a  f  ч х ) fo r  t f c  E ,  x fc l .
t ^ t 0 ,t fe Q  0

t .
We are going to  prove th a t the fu n ctio n  f  , t 0t  |R i s  

con tin u ou s.

Consider f i r s t  an x .fc I ' F [ f ] ,  
t  0

The fu n ctio n  f  i s  in cre a sin g  as a l im it  of in crea sin g , 

fu n c tio n s . Hence th ere  e x is t

lim  f t o (x) = : f t o (x  “ ) ,  lim  f t o (x ) = : / ° ( х 0+)
x - x 0

4*
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and

(7) f t o (x  - )  4 f t o (x„> 4 f t o Cxft+ ) .0 '  ^ ' “ O' ^ —о
Suppose to  prove by c o n tr a d ic tio n  th a t

f t o (x D“ ) < f \ x 0+ ) .

Assume th a t f ( x Q) < x Q (th e  co n sid e ra tio n s in  th e case 

f ( x Q) >  xQ are a n a lo go u s). The fu n c tio n  t  —*>f^C x ) 

i s  d ecrea sin g  fo r  xt* £a(xQ) tb (x 0)] and s o , in  view o f ( 6) 

f fc(x )  4  f  ° ( x ) 4  Cx) fo r  xe- [a (x Q) »bCx0)] , 

t .T f e Q , t  >  t Q, «С < t 0 .

These in e q u a lit ie s  y ie ld  the fo llo w in g

(>8) f t (x 0“ ) 4  f t o (x 0“ ) 4 £ “ (x 0” ) fo r  t . T € Q , t > t 0 ffC < t 0,

(9) f r (x 0+ ) 4  f  ° ( x 0+) 4 f  Cx0+) f o r  t l‘C b Q , t > t 0 , 'C < t 0.

Making use o f the c o n tin u ity  o f the fu n ctio n  f * ,  t ^ Q  

(w ith  re sp e ct to  x )  and combining to g e th e r  ( 7) ,  ( 8) and 

(9) we get

f t (x 0) = f fc(x 0“ ) 4  f  °Cx0" )  < f  ° ( x Q+) 4 f L( ï 0+) = 

fo r  t . t w Q , .  t  >  t 0 , < t<  t Q.

Eut t h i s  means th a t th e s e t  ( f fe(x  ) : tfc-Q } i s  not dense

in  [a (x 0) tb (x Q)3 » which c o n tr a d ic ts  Theorem 5 . Hence 
t  t

f  ° (x  “ ) s f  ° ( x  + ) and so , in  consequence o f ( 7 ) the

fu n ctio n  f i s  continuous a t xQ.

L et now x q € F [f ]  . Denote by < a ,b >  a c lo se d  in te r v a l 

whose ends are a and b ( i t  may be as w e ll a 4  b as 

Ъ 4 a ) .  Consider a t Qfc- E  and f i x  t ^ , t 2 & Q, t^  < t Q< t g .
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In virtue of Theorem 2 we have then
t n t. t3

(10) f °(x)&<f 4x),f 2(x) > for Xfcl.

Making use of continuity of the functions f̂, teQ and

applying Theorem 2 we get
t .  t .

lim f '(x) = f 4x ) = x , 

x ~ xo
tp  tp

lim f d(.x) = f d(xQ) = xQ.

These co n d itio n s to g e th e r  w ith  (10) y ie ld  th e r e la tio n
t

lim  f  ° (x )  = x . 
x -» x „

t
But x0 feFCf] and th e r e fo r e , in  view of ( 6 ) ,  f  (x Q) = x Q.

T h is  com pletes the proof o f the co n tin u ity  of the fu n ction  
t

f  (x )  (w ith  resp ect to  x ) .
-  t*  tp

We s h a ll  prove now th a t f  ® f  = f  fo r  t^ tp fc

We have by ( 6 )

(11) f V 2 (x )) = lim  f fc( lim  f^Cx)) .
t —t ^ t & Q  T —t 2 ,qifeQ

Making use o f the co n tin u ity  o f th e fu n ctio n  f L end of 

th e  fu n ctio n  —► f  Cx) we ob tain

(12) lim  f^ ( l im  f ^ (x ) )  »
t-*-t̂,tfeQ (C*»-t2,'IfeQ

s lim (lim f ^ f ^ x ) ) ) .
f  tv te Q x—12, xeą

S in ce  th e fu n ctio n  IR* t  -*• f*4 x ) i s  continuous we get

(13) lim  f ^ O r t  = f V * 2 ( * > .
t - t ^ ' f t g . t . T f e Q
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and consequently ( c f .  СзЗ )

(14) lim  f t+X Ы  =
t /C fc Q

= lim  f ^ f ^ (x ) )  *
t . 't w Q

= lim  ( lim  t b( t \ x ) ) )  .
t - H ^ t  6 Q 4 -*  t 2 , t b  q

G athering to g e th e r  (11) f (12) , (14) and (13) we have

f V 2 ( s »  * f t l + t 2(x )  fo r  t 1 §t 2 e E f x f r l . O

5 . At th e XVIth  In te r n a tio n a l S y m p o sia  on Functional 

Equations (Graz 1978) C.M . Zdun posed the fo llo w in g  

q u e stio n .

Problem. Does fo r  every r . i . g .  f ^ ,  tfc E o f f  e x is t  

a c . r . i . g .  tt| R  o f t h i s  fu n ctio n  and an a d d itiv e

fu n ctio n  vf : E - ^  E  such th a t

(15) f*  = ? ^ (t) f o r  a l l  tfeffi ?

We are going to  show th a t th e  answer i s  "n o " . We f i r s t  

co n sid er a n o n -s in g u la r  case where F [ f ]  4 I» A s in g u la r  

case  FTfl * 1  w i l l  be con sid ered  n e x t.

THEOREM 7 . L et F [f3  i  I .  Then a r . i . g .  f * ,  t € E  

o f f  can be w ritte n  in  the form (15) i f f  th e  fo llo w in g  

co n d itio n s h o ld .

(a) The q . i . g .  f \  t € Q  i s  con tin u ou s,

(b) F [ f l  c  FCf*] f o r  a l l  t *  E ,

(c) There e x is t s  xo e I ^ F C f ]  such th a t fo r  every 

t 0 , t ^ é  E th e e q u a lity
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l i a  f ^ x )
t - V  t 6  ^

im plies the equality

Cx0)

l i a  f c(x) = f  Чх) for a l l  x e l .
t-*« t0 , tfc Q

P г o o f .  We prove the su ffic ien cy  of conditions 

( a ) , (b ) , (c) .

77e show that the function IR э t -*■ f t Cx0) , xQ€ I 4 FCfD 

maps E  into (aCxQ) ,b(xQ)) . We have by Qb)

f fc(a(xQ)) = a(x0) , f fc(bCxo)) = b(xQ) for a l l  tfc E .

Moreover, as the function f fe, tél R is  in vertib le  and 

continuous, i t  is  s t r ic t ly  monotonie.

Thus f ^ ( xq) t  (a(xQ) ,b(x0)) for a l l  tfc E .

I t  follow s from (a) and from Theorem 6 that the 

q . i . g .  f ^ ,  t t Q  can be uniquely extended to a c . r . i . g .

tfe E . This extension is  of form ( 6 ) .  As we have shown 

in  the proof of Theorem 6 the function E э t  —► 7 “(x0) , 

x0« r I 4 Flf]  i s  s t r ic t ly  monotonie. This i s  immediately 

seen from C6 ) . Moreover, i t  follow s from (6) and from the 

density of the set { f fc(x0) :  t * Q ]  in  (a(xQ) ,b(x0V) for  

x0 f c I ^ F [ f ]  that the function E  * t  —► 7 fc(x0) , xQè I \  F t i l  

maps R  onto (a  CxQ) ,bCxQ)) .

L e t x0 fe I> * F [fl be an element s a t is f y in g  condition i c ) .  

In  view o f the above co n sid e ra tio n s fo r  every tfc E  there 

e x is t s  e x a c tly  one element sf(t)fr E  such th a t

(16) ^ ( х 0) = T * (t) ( x 0) .
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fo r  1 1 E ,  xfc I

We are going to  prove th a t

(17) f fc(x ) = ? ^ Ct) (x )

Making use o f (16) and o f the c o n tin u ity  o f  the 

fu n ctio n

Est —*• ?t(x0)
■we get

lim  f  (x_) = lim  Г^С х.) =
•c-MCt) , Q 0 ,tt q 0

.  ? * C t)( x 0> = ^ С х 0) ,

whence, by (c ) we ob tain

lim  f 4 x )  = f fcCx) fo r  x f r l ,
X  - » -̂ Ct) .T fe  Q

Thus
yfC t) (x ) = lim  T^Cx) =

*t-** vf(t) ,X  6 Q

= lim  i  Cx) = f fc( x ) .
ТГ-*. vf(t) , 'tfe Q

We have to  prove y e t th a t ^  i s  a d d it iv e . Applying (16) 

and (17) we get
t „ + t .

-o ' -  1
4 ( t J

= Ï  1 ( T  ? ( i J  =

4ttx,+tp) с '1+ь?
?  1 2 ( x j  = f  1 2 (x  > = f  4f 2 (X )) =

= T ^ t 1) + ^ct2)
Cxn) ,

which y ie ld s  the e q u a lity

^(t^j + t 2) = ^ (t^ ) + >Ç(t2) •

C o n v erse ly , assume now th a t a r . i . g .  f fc, t 6 IR can 

be w ritte n  in  the form (1 5 ) . Consider an x 0 & I ^ P f f ] ,

In  v ir tu e  of Theorem 2 and Theorem 6 the fu n ctio n

168



( R s t  —•* 7*Чх ) i s  s t r i c t l y  monotonie (se e  a lso  to [ 11) .

Moreover,

7*C1)(xJ = f1U  ) = f(xj = 71(x0).о о о о
Hence ^(1) = 1  and consequently ^>(t) = t  fo r  a l l  t t  Q, 

«hence we get

(18) 7t(x) = f*(x) for all teq, xel.

C on d ition  (a ) r e s u lt s  immediately from ( 18) .  Consider an 

FTf3 . In v ir tu e  of Theorem 2 and (.16) we have 

7t(xy)> = x̂  fo r  a l l  t t  q.

But the fu n ctio n  E 3 t  -*■ f 'C x ^ ) i s  continuous. Hence 

7“(x̂) = x̂  fo r  a l l  t& IR ,

which means th a t co n d itio n  (b) i s  s a t i s f i e d .

To prove ( c )  suppose th a t fo r  given t Q, t ^ ^ E  there holds 

the e q u a lity
tlim  f C(x  ) s  f  (x ) .

t - t Q, tfe Q  0

In view o f (18) and (1 5 ) t h i s  e q u a lity  can be rewritten c

t  „ 4 C t J
lim  fr (x) = 7  " (x ) ,
t - t 0 , 1 6 Q °  0

whence we g e t

But the fu n ctio n  

Hence

t  4 < t J
7  °(хл) = 7 ‘ Cx ).
E s t 7 4 x 0) i s  s t r i c t l y  monotonie.

(19) ■ łft ,)  = t ,

Making use o f (1 8 ) , o f the co n tin u ity  of the function  

В  > t  —*■ 7*4x) , (1Ç) and ( 1 5 ) ,  we obtain



lim  f * ( x )  = lim  Tt Cx) =
fc—t Qf t t  Q tfe

t rt *Kt«> t„
= ?  ° (x )  = 7  1 (x )  = f  ' (x) .C Z J

C on d itio n  (c )  in  Theorem 7 can be rep laced  by a more

v is u a l c o n d itio n .

THEOREM 8 . Let F [ f ]  /  I .  Then a r . i . g .  f b t t *  IR 

of f  can be w r itte n  in  the form (15) i f f  co n d itio n s ( a )  

and (b ) are s a t i s f i e d  and

v.d) For every x ,y  & I \ F [ f ] ,  * T i 2 e E  fcile

fo llo w in g  r e la t io n  holds
w fc t  t

f ^ x K  < f  1( x ) , f  2 ( x ) >  i f f  т Ч у ) е < Т  1c y ) , f  2( y ) > 2 /.

P r o o f .  Assume th a t co n d itio n s ( a ) ,  (b ) and (d )  

are v a l id .  We s h a ll  prove co n d itio n  ( c ) . Suppose th a t fo r  

seme x0 &- I 4' F [ f ]

+• t„
(20) lim  f z ( x j  = f  " ( x J  .

t — t o t t & Q °  ^

Sin ce  the fu n ctio n  Q * t  -* • f ^ ( x Q) i s  monotonie we g e t

from ( 20)

f t l (x 0)fc < f b ( x D) , f \ x 0) >  fo r  t.'trc  Q, t  < t 0 4 V  , 

and hence, in  consequence o f co n d itio n  (d)

f t l (x)& < f t ( x ) , f C ( x ) >  fo r  t ,T &  Q, t ^ t ^ ,  x f r l .  

On the other hand we o b tain  from Ca) by app lyin g Theorem 5

and Lemma 1

2 /  < a ,b >  denotes as in  the proof o f Theorem 6 
a c lo se d  o n terv a l whose ends are a and b .
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fc T
lim  f  (x) = l i n  f  ( x )  fo r  x c - I .

t 0~ ,  t  6 Q ^  Q

Thus we have

lim  _  f fe(x ) = f  1 (x ) = lim  f*C x) fo r  x t l ,
t - t 0 ,  t b Q  ^ t Q+ , 'C 6 Q

which proves ( с ) .

Assume now th a t a r . i . g .  f*1, tfe fi can be re-pre­

sented in  the form (1 5 ) . Consider x ,yfc I n F [f]  and

suppose th a t
t  ь л Ь2f x'( x ) f e < f  n( x ) , f  ^ ( x ) >  fo r  some t  

Making use o f (15) we ob tain

u ) , / " 2’

and con seq u en tly , as the fu n ctio n  B i t  - 

to n ic ,  we ob tain

4 » t2 fe Q» t  fe E .

( : : ) >

-*■ ï fcCx) i s  mono-

v f ( t ) t  <^(fcr  ,v f(t2) > .

Applying once more the m onotonicity o f the fu n ctio n

E J t  ? t (y) we get
г/.Л ĈtJ H>(tJ

ï^tt(7)L<ï 1 Cj),T 2 Ы >

i . e . ,  in  view o f (.15)
t  t -i t p

Г Ч у > « < *  4 y ) , f  * 4 y ) > .  C D

Now we are going to  prove a theorem which i s  a gene­

r a l iz a t io n  o f Theorems 7 and 8 .  I t  co n ta in s a lso  the s in ­

gu la r  case  F [ f ]  = I .

L e t f fe, tb-IR be a r . i . g .  o f  f .  Then every fu n ctio n  f fe, 

tfe В i s  a monotonie b is e c t io n  o f I  onto i t s e l f .  Let us 

f i x  a t Qe E  and put
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(21) g*4x) = f t o t (x ) fo r  X f t I ,  t t r R .

I t  i s  c le a r  th a t then the fam ily  gt , t f e E  i s  a r . i . g .  

o f the fu n ctio n  g = f t o . The r . i . g .  gte, t e  R i s  c o n ti­

nuous i f f  th e  r . i . g .  f fc, t t R  i s  con tin u ou s.

THEOREM 9 . A r . i . g .  f c , te- R o f f  can be w ritte n  

in  the form ( 15) i f f

(22) f fc(x) s  x fo r  a l l  tfc R , x & I ,

or there e x is t s  t 0 fe IR such th a t F [ f t o ] jé I  and a r . i . g .
4»
g , t b R  defined  by ( 21) s a t i s f i e s  co n d itio n s (a) , (b) ,  (c).

P r o o f .  The case (22) i s  t r i v i a l .  Assume th a t 

F [ f to ]  ć  I  and a r . i . g .  g * , t e  R d efin ed  by ( 21) s a t i ­

s f i e s  co n d itio n s ( a ) ,  ( b ) , ( c ) . Then, in  v ir tu e  o f  Theorem 

7 there e x is t  a c . r . i . g .  g o f g and an a d d itiv e  func­

t io n  IR —► E  such th a t

(23) gr (x) = g 1 (x) fo r  a l l  tfc IR, x f c l .

Put t

(24) 7  = g 0 , >̂Ct> = t 0 f o r t  f tR .

G atherin g to g e th e r  (21) , (23) and (24) we o b ta in  fo r  t e  IR,

t  h  + 1 ^ )  * {t)
Г Ч х ) = g ° (x ) = g 0 (x) = g 0 (x ) s  T  ( x ) .

C on v ersely , l e t  us suppose th a t a r . i . g .  f fc, tft IR

can be w r itte n  in  the form (15) and th ere e x is t s  t Q6 IR 
t

such th a t F [ f  ° ]  = I .  S u b s titu t in g  r e la t io n s  (21) and (24) 

in to  (15) w. get e q u a lity  ( 2 3 ) .  Hence, in  v ir tu e  of
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Theorem 7 th e  r . i . g .  f * ,  t 6 R s a t i s f i e s  co n d itio n s C a ), 

C b ), Cc) •

I t  fo llo w s  from Theorems 7 and 8 th a t co n d itio n s ( a ) ,  

( b ) ,  (c )  and co n d itio n s ( a ) ,  C b ), (d )  are eq u iv a le n t.

Hence conditon  Cc) in  Theorem 9 may be replaced by condi­

t io n  ( d ) .

As a c o r o lla r y  from Theorems 4 and 7 we ob tein  the 

fo llo w in g  statem en t.

THEOREM 1 0 . I f  card I  > 1 then there e x is t s  a r . i . g .  

f**, t t R  o f th e fu n ctio n  f ,  which cannot be expressed in  

th e form (15)*

P r o o f .  Consider f i r s t  the case where F [ f ]  t  I .  

Then, in  v ir tu e  o f Theorem 4 th ere  e x is t s  a d iscontinuous 

q . i . g .  f fc, t e  Q. Making use o f Hamel b a s is  we d efin e  an 

a d d itiv e  fu n ctio n  ^ : IR —►Q such th a t vf(1) = 1 . We put 

f * = f f o r  to  R .
pjł-

I t  i s  c le a r  th a t f  , te  R forms a r . i . g ,  o f the fu n ction  

f  and t *  = f fe fo r  t f r Q .
<s»f

Sin ce  th e  q . i . g .  f  , t e  Q i s  d isco n tin u o u s, the r . i . g .  

f ^ ,  1 6 E  cannot be w ritte n  in  the form ( 15) » .

Suppose now th a t F [f ]  = 1 ,  i . e .  f (x )  = x fo r  a l l  

x f e l .  Consider a s t r i c t l y  monotonie and continuous func­

t io n  g :  I  —► I ,  g ŁI) =.• I  such th a t F [g ] Ć I .  In view 

o f Theorem 4 th ere  e x is t s  a d iscon tin u ou s q . i . g .  g*”, t& IR 

o f th e fu n ctio n  g .  F ix  a t oe By applying Hamel

b a s is  one can d efin e  an a d d itiv e  fu n ctio n  s R — Q such



th a t f(1 ) = 1 , ^ (^ —)  = 0 . Then a fam ily  g ^ , tfc R
о

d efin ed  аз fo llo w s
~ t  _  g 4>Ct) f o r  t e  E

i s  a r . i . g .  o f  g which cannot be w r itte n  in  th e  fo rm (i5) .  

I t  fo llo w s  from Theorems 7 and 9 th a t a r . i . g ,  f*3, t a  R 

defined  by ( 21) cannot be expressed in  the form (1 5 )•

In  th e case where f  has e x a c tly  two f ix e d  p o in ts  

Theorems 7 end 8 can be e s s e n t ia l ly  s im p lif ie d , namely, 

co n d itio n s ( b ) , ( c ) , (d) may be om itted .

THEOREM 1 1 . Assume th a t I  = £a,b ] and f ( x )  £ x  

fo r  x « r (a ,b ) . Then, a r . i . g .  f t  fr R  o f the fu n c tio n  f  

can be w r itte n  in  the form (15) i f f  the q . i . g .  f fc, tfc Q  

i s  con tin u ou s.

?  г  о о f .  As we know every fu n ctio n  f ^ ,  t f c R  i s  

co n tin u o u s, s t r i c t l y  in cre a s in g  and i t  maps Ca,b3 onto

i t s e l f .  Hence

f fc(a) = a , f fe(b) = b fo r  a l l  to  R ,

which proves th a t co n d itio n  (b ) i s  s a t i s f i e d .  We are go­

in g to  prove th a t co n d itio n  (d) i s  s a t i s f i e d .  Suppose, fo r  

th e proof by c o n tr a d ic t io n , th a t th ere  e x is t  x ,j,X g  e (a ,b ),

t Qe S ,  t 1 , t 2 e Ç such th a t
t .  t*  t 0

f  ° ( x 1)fe < f  Ч х ^  , f  e"(x ^ )>

but
t .  t .  t 0

f  ° ( x 2) f e < f  4 x3) , f  2 (x 2» .

S in ce  th e  fu n c tio n s  f ^ i  t t R  are co n tin u o u s, th ere
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e x is t s  t ( x ^ ,x 2 ) such th a t
t  t .  t

f  ° ( x 5 ) = f  4 x3 ) or f  ° (x 3 ) = f  2 (x3) .

t oAssume th a t f  (X j)  = f  (x 3) . Then we have fo r  a l l  t t - R

f  ° ( ^ ( х 3 )) = ^ С ^ ° С х 3)) = ^ ( ^ 1 Сх3 )) = f t 'i( f t (x3 )) .

The s e t  { f fc(x3> :  t  tr Q_} i s  dense in  Ca,b] (see Theorem 5 ) .

Hence we g e t from th e la s t  eq u a lity  
t c

f  ° (x )  s  f  (x) fo r  a l l  xfe [ a ,b ] ,

fc0 Ц
Thus f  ( x ^  = f  tx 2) , which c o n tr a d ic ts  to  (25)»

Theorem 8 com pletes now the p ro o f, d l

6 .  Theorems 7 and 8 can be app lied  to  prove s u f f i c i e n t  

co n d itio n s fo r  a r . i . g .  to  be continuous.

THEOREM 1 2 . Assume th a t a r . i . g .  f t , t& E  of the 

fu n ctio n  f  s a t i s f i e s  co n d itio n s (a) , (b) and (c) or C d ) ,  

and th a t th ere  e x is t s  x 0 € l > - F [ f ]  such th a t the fu n c t io n  

E î t  -► f* 4 x 0) i s  m easurable. Then f u, t s R  i s  a c . r . i . g .

P г  о о f .  A r . i . g .  f ^ ,  t & R  can be w r i t te n  in  the 

form (1 5 )»  We are going to  prove th a t the fu n ctio n  | 

occurin g in  (15) i s  m easurable. V/e may assume th a t  the 

fu n ctio n  E  ■? t  —► Ï  (x ) i s  s t r i c t l y  d ecrea sin g . Con­

s id e r  a t „6  R . We have

( t a  Es ^ ( t )  < t 0]  = [ t & E î  T^’Ct) (x 0) > T ° ( x 0)} =

= {tfc Rs ^ ( х 0) > ? t o (x 0)}  .

The l a s t  s e t  i s  m easurable. I t  proves th a t vf i s  measurable 

and hence continuous ( c f .  t1 ] )*  But ^Ct) = t  fo r  t e  Q

175



(se e  (18)) . Thus = t  fo r  a l l  t  € Q. T h is  e q u a lity

and (15) prove the a s s e r t io n . I------ 1
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