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Abstract. In this paper we present theorems on the existence of continuous
solutions of the functional inequality (1) in the case where the continuous
solution of the corresponding functional equation (2) is not unique.

In the present paper we shall deal with the problem of existence of con-
tinuous solutions # of the functional inequality

P[f(2)] < Gz, 9 (=), 1)
in the case where the continuous solution ¢ of the corresponding functional
equation

olf (@)] = Gz, o(2)) (2)

depends on an arbitrary function.

Some problems connected with continuous solutions of nonlinear functional
inequalities have been investigated by D. Brydak in [3], [4], [5] and also by
K. Baron in [2]. But these results concerned the case of uniqueness of continu-
ous solutions of (2).

1. Let I = (£, a), where £ < a < 00. We assume that

(i) The function f : I — R is continuous and strictly increasing in I. More-
over
E<flzy<z, zel.

REMARK 1

Hypothesis (i) implies that lim,_, f*(z) = £ for every z € I (cf. [6],
p. 21). Here f™ denotes the n-th iterate of the function f.

As to the function G we assume
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(if) G: Q2 — R is continuous, where 2 C I x R is an open set.

(iii) For every z € I the set

Qp:={y: (z,y) €} 3)
is a nonempty open interval and
G(.’L’,Qw) C Qf(w)- (4)

Let J C I be an interval such that £ € clJ. We shall consider the solutions
of inequality (1) and those ¢ of equation (2) such that their graphs lie in ,
ie.
P(x),p(z) €Q, forzedCl

The class of this solutions we shall denote by ¥(J) and ®(J) respectively.
Moreover

Iy := [f* (@), f¥(z0)] for zo € I, k € NU{0}.
At first we shall prove an important property of the set 0 which is implied by
the above condition.

LEeMMA 1

Let us assume that the open set @ C I x R is such that (iii) holds. Then
for two arbitrary points (z;,y;) € Q, i = 1,2 such that x1 < x2 there exists a
continuous function ¢ defined in [x1,z2] such that o(z) € Q for z € [z1,22]
and p(z;) =y; fori=1,2.

Proof. The lemma results from known facts from the theory of multivalued
functions, cf. Propositions 3 and 2 on p. 81 of [1]:

The multifunction F' : I — n(R) (the family of all nonempty subsets of R)
which has the open graph admits a local selection, whence so does the function
® : [21,22] — n(R) defined by

F(.’IJ), S ($1,.’L’2),
®(z) = {yl}, r =12,
{y2}7 T = 2.

Thus there exists a continuous selection ¢ : [z1, z2] — R, having the properties
stated in the lemma.

It is known (see [6], p. 68) that if the given functions f and G fulfil hy-
potheses (i)-(iii), then the continuous solution of equation (2) depends on an
arbitrary function. It means that for an arbitrary zo € I and an arbitrary
continuous function g : Iy — R fulfilling the conditions:

wo(z) € Qy, (5)
wolf(20)] = G(@0, Yo(0)) (6)
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there exists exactly one continuous solution ¢ € ®((&, zo]) of equation (2)
such that
p(x) = o(z) for z € Iy. (7)
If we assume additionally that

(iv) For every z € I the function G is invertible with respect to the second
variable,

(v) The function f fulfils condition f(I) = I,
(vi) For every z € I the following condition is fulfilled
G(.’L’, Qw) = Qf(w)a (8)
where Q, is defined by (3),

then for an arbitrary zo € I every continuous function g : Iy — R fulfilling
(5) and (6) may be extended to a continuous solution ¢ € ®(I) of (2) (see
Theorem 3.1 of [6]).

We are going to present corresponding results for inequality (1).

2. Let us assume (i)-(iv). Hypothesis (iv) guarantees the existence of the
function G~1(z,-) inverse to the function G with respect to the second variable.
We introduce the sequence {gi} defined on 2 by the formula

9(z,y) =,
gr+1 (.’L’, y) = G(fk(l'),gk(fl,', y))7 keNu {0}

If we assume (v) and (vi) additionally, then we may put
9-k-1(z,y) = GH(fF (@), g-n(z,y)), k€ NU{O}

It is obvious (by virtue of (4) and (8)) that the above sequences are well defined.
By induction we see that

9)

91(7,y) € Qpr(yy, k€ L.
Moreover, if ¢ is a solution of equation (2) then
olf*(@)] = gu(z,0(2)), k€NU{0} (10)

We omit elementary proofs of the above properties.
Now, we shall prove the following;:

THEOREM 1
Let hypotheses (i) - (iii) be fulfilled. Then for any xzo € I and for an arbitrary
continuous function 1y : Iy — R fulfilling the conditions

Yol f(20)] < G(@o,%0(0)), (11)
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Po(z) €Qyy, z €L (12)
there exists o continuous solution ¢ € W((&,zo]) of inequality (1) such that
P(z) =vo(z), =z €, (13)

This solution is given by the formula

P (@)] = Ml[fH(@)] + gr(2,90(2)) forz € lo, ke NU{0}  (14)

where A : Iy, — R are arbitrary continuous functions fulfilling the following
conditions

Xo(z) =0, =z €Iy, (15)

Xe[F*(@)] + gk (2, %0(2)) € Qpi(ay, €, ke NU{0}, (16)

A7 ()] + gk (2, 90(2)) < G(FF1 (@), Ap—a [F771 (2)] a7
+ gp—1(x,0(x))), =z € ly, k€N,

Ak[FF(20)] + gr(2o, Yo (20)) = Ae—1[f*(0)] (18)

+ 961 (f(20), o[ (20)]), k€N

Moreover, all continuous solutions ¢ € W((£,zo]) of inequality (1) may be
obtained in this manner.

Proof. Let us fix 2y € I and an arbitrary continuous function ¢ : Iy — R
fulfilling the conditions (11) and (12). Moreover let us fix an arbitrarily chosen
sequence of continuous functions g, : Iy — R fulfilling conditions (15) - (18)1.
If we define the function % by formula (14), then we have (13) from (15) and
P(z) € Q, for z € (€, x0] by virtue of (16).

Now, let z € (&, f(zo)). If k € N and t € I are such that z = f*(¢), then
(17) implies

»lf (x)] PLFFD] = Mera [P ()] + gra (2,90 (2))
G(FH(®), Ml (@)] + gn(t, 90 (2)))
= G (z,9(2)).
Consequently formula (14) defines a solution of (1) in (&, zg]. Now, we shall
prove that ¢ is continuous in (&, zo].

The function ¢ is continuous in every interval (f+!(zq), fi(z0)), i € N. By
(13), (14), (18) and the continuity of the functions f, G, A it follows that

lim ¢(z) = 9[f'(z0)], i€N (19)

z— fi(zo)

Indeed, we have

1 As to the construction of {A\g}, cf. the Remark 2
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z)= lim  9[f¥()]

m
z— frtl(zo)t z— f(zo)t

= M (@0)] + gr (f (20), o[ f (z0)])
= Apt1 [fk+1 (-’1»'0)] + gk+1 (-’1507 o (.’L’o))

= ¢[fk+1 (.’I:o)],

wafkhql(wo)_ ¢($) - wl—lglo_ d}[fk(x)]
= Apt1 [fk+1 (-’1»'0)] + gk+1 (-’1507 o (.’L’o))
= Y[ (20)]-

This completes the proof of (19).
Let us now assume that @ € ¥((&, zo]) fulfils (1). It is sufficient to put

Yo(x) :=¢(x) for z € Iy, (20)

Melf*(@)] = Pf* (@)] - gr(z,9(2)) forze€ly, ke NU{0}, (21)

to see that conditions (11), (12), (15)-(18) hold and that the solution v is
represented by formula (14). This ends the proof of the theorem.

If we assume (iv)-(vi) additionally, then we may prove the following:

THEOREM 2

Let hypotheses (1)-(vi) be fulfilled. Then for any xzo € I and for an arbit-
rary continuous function vy : Iy — R fulfilling (11) and (12), there ezists a
continuous solution ¥ € W(I) of inequality (1) such that (13) holds.

This solution is given by formulas (14) and

PIFH@)] = Wl @) + g-k(2,o(2)) forz €y, keN (22)

where A\ : [y, — R, I : I_;, — R are arbitrarily chosen continuous functions
fulfilling conditions (15)-(18) and moreover the conditions

lo(x) =0 forz € Ly, (23)

W5 (@)] + g-k(@,%0(z)) € Qp-i(yy, €Iy, KEN, (24)

L1 [f 71 (@)] + gp—1(2,%0(2)) (25)
<G * (@), k[f*@)] + gz, v0(x)), z€lh, kEN,

L [F75 1 (@0)] + g—k—1 (20, Po(20)) (26)

= [f 7 (@0)] + g—r(f (20), tho[f (z0)]), ke€EN.

Moreover, all continuous solutions 1 € ¥(I) of inequality (1) may be obtained
in this way.
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The proof of the above theorem runs analogously to that of Theorem 1 and
will be omitted here.

REMARK 2

Contrary to the situation with continuous solutions of equation (2) in I, a
continuous function )y fulfilling (11), (12) cannot be extended uniquely to a
continuous solution of inequality (1) in I. This follows from the fact that the
sequences of continuous functions {A\z}, {l} fulfilling (15)-(18) and (23)-(26)
may be chosen in various ways.

We show a construction of a sequence of continuous functions Ag : I, — R
such that conditions (15)-(18) hold.

Let us take a continuous function g : Iy — R fulfilling (11) and (12). We
put

y1,0 := o[f (o)] — G (0, Yo (o))

Let us fix a y1,1 < 0 fulfilling additionally the condition
y1,1 + G(f (o), %o[f(@0)]) € Qs2(ay)-

It is possible since {2¢2(,,) is a nonempty open interval and

G(f(@o),%olf (z0)]) € Qp2(z0)-

Thus we may take (by virtue of Lemma 1) a continuous function g : [; = R
such that the conditions

mlf(@o)] = vo[f (o)),  m[f*(xo)] = y1,0 + G(f (o), %o[f (o)),
wmf(@)] € Qpey, z€lp
hold. For the function
Alf(@)] == m[f(2)] - G, tho(2)), z€lo
we now put

(@) = % @) - \@)), zeli.

It is obvious that A\; : 1 — R is a continuous function such that the conditions
Mf@o)] =v0, Ml (@) =91, Mi(2) <0, zel,

Mf(@)] + Gz, ¥o(2) € Qpmy, z€ Do
hold. If we assume that we have continuous functions Ag,...,Ar_1 defined on
I;,5=0,...,k — 1, respectively, and fulfilling

AilfH(@)] + gi(, o (2) < G(F7H (@), hima [F77 ()] + g1 (2, %00 ())),
zelyi=1,... k-1

Xl fi(@)] + gi(z,v0(2) € Qpigyy, z€ly, i=1,...,k—1
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Ail £ (o)] + gi(2o, %0 (w0)) = X1 [f(20)] + gi—1(f (o), Yol f (z0)]),
i=1,.. k-1

then it is sufficient to put

Yko = Me—1[F*(€0)] + gr—1(f (@), Yo[f (€0)]) — gr (2o, Yo(20))
and fix a yp,1,

yr1 < G(F* (o), Ae—1[F* (20)] + gr—1(f (€0), o[£ (z0)])) — gr(f (€0), Yo[f (x0)])
fulfilling the condition

Yk + gr (f (o), Yol f(20)]) € Qf’“+1(:co)'

It is possible because of the relations
G(f* (o), A1 [F*(20)] + gr—1(f (), Yol f (0)])) € Qprt (5),
g (f(@0), %o [f (20)]) € Qpr1(gq)-

Thus we may take, again by Lemma 1, a continuous function py : Iy — R
such that the condition

[ (20)] = yr,0+ 9k (@0, Yo(0)), e[ FF (20)] = Yk +98(F(20), Yo f(20)]),

p[f*(@)] € Qpr(eyy 2z €D
Now, for the functions v, H defined by formulas:

VF* @) = ulf*(@)] = gr(2,%0(2)), = €I,
H[f*@)] = G(f* (@), -1 [F 7 (@)]+ 951 (2, %0(2))) — 9 (2, %0 (2)), @ € Lo,

we put

M(@) = 3 (1(a) + H@) ~ (@) - H@)), 7€

It is easy to notice that Ay : [y — R is a continuous function such that the
conditions

Al (@0)] = yro, Al (=0)] = yr,1,
Xe[F*(@)] < G (@), Mea [F5 7 (@)] 4951 (2, %0 (2))) — gr (2, 900 (2)), = € I,
Me[*(@)] + g (@, %0 (2) € Qpr(ay, = € o

hold. This ends the inductive construction of the sequence {Az}. In a similar
way we may construct a sequence {l;} fulfilling (23)-(26).

3. Let us assume (i)- (iil) again. We will consider the following assumption
stronger than (iv):
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(vii) For every z € I the function G is strictly increasing with respect to the
second variable.

In this section we shall characterize continuous solutions ¢ of inequality (1)
which fulfil additionaly the following condition

LY[f(z)] € G(z,Q;), z€l, keN. 27)
where the sequence {L¢} is defined by the reccurence formula

{ §(z) = ¥(=),

LY, (z) = G Y, LL[f()]), kEN.
It is easy to notice that (cf. (vii)) the sequence {L¢} is decreasing and if ¢

is a solution of (2), then L{ (z) = ¢(z), k € N.

Moreover if 9 is a solution of inequality (1) then we obtain by induction
that

(28)

P[fH(@)] < gr(@,9(2)), keN (29)
and that the function gi(z,-) is also strictly increasing.
Now, we may formulate the following

THEOREM 3

Let hypotheses (1)-(iii), (vil) be fulfilled. Then for any xo € I and for an
arbitrary continuous function v : Iy — R fulfilling (11), (12) and, moreover,
the condition

Yolf (z0)] € G(zo, Nao) (30)

there exists o continuous solution v € W ((&,x0]) of inequality (1) fulfilling (13)
and such that

LY[f(2)] € G(a, %), = € (&), k€ NUO}. (31)
This solution is given by the formula
B[f*(@)] = gr(@, v (2) +9ho(2))  for x € Iy, k e NU{0}, (32)

where v are arbitrary continuous functions defined in Iy and fulfilling the con-
ditions:

Y(z) =0 for z € Iy, (33)

the sequence {y} is decreasing in Iy, (34)

V(%) + to(z) € Q. for z € (f(z0), 20, k € NU {0}, (35)

Yelf (@o)] + Yol f(z0)] € G(20,9,), kEN, (36)

9r(20, Y (20) + Yo(20)) = gr—1(f(20), Ye—1[f (z0)] + o[f(20)]), ke€N. (37)

Moreover, all continuous solutions v € W((&,zo]) of inequality (1), fulfilling
(31) may be obtained in this manner.



General continuous solutions of a nonlinear functional inequality 27

Proof. Let us fix g € I and an arbitrary continuous function ¢ : Iy — R
fulfilling (11), (12) and (30). Moreover let us fix an arbitrarily chosen sequence
of continuous functions {73} defined in Iy and fulfilling conditions (33)-(37) 2

If we define the function 9 by formula (32) then we have (13) from (33) and
we obtain (31) from (30), (32), (35), (36). Indeed, let z € (§,zo]. If £ € NU{0}
and ¢ € Iy are such that z = f*(t), then formulas (28), (32) imply

LY[f(@)] = B[f(@)] = YL @] = graa (& e (8) + Po(8)) € grra (8, Q)
- G(fk(t)agk(ta Qt))

C G(f* (1), Qprpy)

= G(z, Q).

Thus (31) holds for & = 0. Now, we introduce the sequence {h;} defined by
the formula

ho(z,y) = v,
{ hij,z; G (@U@, kN, %)
It is easy to prove (by induction) that
LY[f(2)] = hi (e, 9[f* @)]), @€ (& 20], k€ NU{0} (39)
and (9) with (38) imply
hi(z, g1 (2, Q)) = G(2,9Q2), 2 € (§,20], k€ NU{0}. (40)

Let us fix a k € N. From (39) and (40) we have

LY[f(@)] = h(z, ¥ [T (2)]) € Pr(@, 911 (2, Q) = G2, %), € (€30

Consequently condition (31) holds.
Now, let z € (&, f(20))- i k € N and ¢ € I, are such that z = f*(¢) then
the monotonicity of gi(z,-) and (34) imply
PLf(@)] = PIFO] = gera (& Yo () + o (1))
< g1 e (8) + o(?))

= G(f*(@®), g (t, 1 (t) + $o(1)))

= G(z,9(z)).
Consequently, formula (32) defines the solution of (1) in (§,zo]. The function
1 is continuous in every interval (fi1(zo), f(20)), ¢ € N, and it is sufficient to
show that (19) holds. The proof of (19) runs analogously as that in the proof
of Theorem 1 and it will be omitted here.

Now, let us assume that ¢ € ¥((£,zo]) is a continuous solution of (1)
fulfilling (31). It is sufficient to define 1)y by (20) and to put

2see Remark 3
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Y(2) == LY (z) — tho(x) for z € Iy, k € NU{0}. (41)

Let us notice that (33), (35)-(37) hold. Inequality (1) implies also condition
(34). We may prove by induction on p that:

LY IfP(@)] = gp(z, LY (2)), forze€lp, p=0,1,....k k€N,

This implies that ¢ may be represented by formula (32) and ends the proof of
the theorem.

We have also the following theorem corresponding to Theorem 2. Its simple
proof is omitted.

THEOREM 4

Let hypotheses (1)-(iii), (v)-(vii) be fulfilled. Then for any zo € I and for
an arbitrary continwous function vy : Ip — R fulfilling (11) and (12), there
exists a continuous solution v € W(I) of inequality (1) such that (13) and (27)
holds. This solution is given by formula (32) and

¢[f_k(x)] = g—k(xa nk($) +¢0($)), A Io, keN

where v, N are arbitrary chosen sequences of continuous functions defined in
Iy such that (33)-(37) and, moreover, the conditions

mo(z) =0 for z € Iy,
the sequence {n} is decreasing in Iy,
ne(z) +o(z) €Q, forzely, k€N,
9k (f(@o),me[f (z0)] + Yo[f (20)]) = g—r41 (20, Mk (@0) + Yo(20)), Kk EN,

are satisfied. Moreover, all continuous solutions v € ¥(I) of inequality (1)
fulfilling (27) may be obtained in this manner.

REMARK 3

We may construct a sequence {~;} fulfilling conditions (33)-(37) in a simi-
lar way as in Remark 2. However, having taken a solution % € ¥((&, zo]) of
(1) defined by formula (14) and fulfilling (31) we may also define a sequence

{7} by (41), cf. (28).
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